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PREFACE. 
----_——— 


Tue present Work was originally intended as a Supple- 
ment to a ‘Translation of an Elementary Treatise, on the 
Differential and Integral Calculus, from the French of 
Lacroix, which was published in 1816: in the course of its 
progress, however, it was thought proper to enlarge the plan, 
and to make it a collection of Examples illustrative of all the 
more important analytical applications of the Differential and 
Integral Calculus, without any particular reference to the 


work in question. 


The principal object of this undertaking is to remedy _ 
a defect, which exists in a greater or less degree, in nearly 
all the foreign works on this part of analysis, in which the 
theory is most frequently exhibited in its most general form, 
without the illustration which particular examples are cal- 
culated to afford: the student is consequently bewildered in 
the generality of the relations which are presented to his 
mind, and he either rests contented with a vague and im- 
perfect comprehension of the subject, or abandons a study 
which becomes repulsive and fatiguing from its obscurity and 
difficulty. 


The works of Euler, however, form a distinguished ex- 


ception to this observation, as they every where abound with 


the utmost fulness of illustration; his two great works on 
this subject, the Institutiones Calculi Differentialis, and the 
Institutiones Calculi Integraliis, are remarkable both for the 
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number and the elegance of their Examples, which have 


been borrowed with little scruple or acknowledgement by 


succeeding authors: but rich and various as are the stores 


which*they contain, they cannot be considered such, as to 


render the present Work unnecessary; for not to mention 


their bulk and rarity, and the numerous additions to the 


_ science made since their publication by Lagrange and other 
_ analysts, they contain much that is unnecessary, at least, to 
_astudent, and much that is capable of being exhibited in 


a better form. 


Whatever has been borrowed from other authors, has 
been generally acknowledged, and a very slight inspection of 
this work would shew the great extent of our obligations $ 
we say generally, for we have omitted, for the most part, any 
reference to examples taken from the great work of Lacroix, 
and in some other cases when the authors from whom they 
were taken, were not considered worth consulting: our 
object being to eriable the student to refer to the original 
authors, whenever he may find any difficulty in the solution 
of a problem, or may be anxious to obtain more complete 
information on the subject of it. 


There are several portions of this Work, particularly of 
the first part of it, which ‘upon more mature consideration, 
we. should wish to see omitted or abridged, as useless: or 
{ redundant; we refer more particularly to the examples con- 

‘nected with Maclaurin’s theorem, and the developement of 


¢ 


functions. 


The integrals have been taken almost entirely: from the 
Integraltefeln, or Tables of Integral Formule, of Meyer Hirsch, 


of Berlin, a work remarkable for its extent, accuracy, and 


Vile Be 
ee 
“yo 


PREFACE. Vv 


elegance. The utility of this portion of the Work, might’) 
have been materially increased, if some notice of the method ; 
as well. as the formule of solution, had accompanied each, 
class of integrals. ; 


The same anxiety for compression, induced us to omit 
all notice of the important subject of Definite Integrals: if 
ever this Work should be honoured by a second edition, we 
hope to be able to supply these defects, which we cannot but 
consider as very considerable. 


There is one subject, for the omission of which we need 
make no apology, as the Work has already been performed by 
a gentleman incomparably better calculated to do justice to it, 
than ourselves ; we mean the Calculus of Variations: as the 
learned and interesting treatise of Professor Woodhouse 
upon this subject, which -has long been before the Public, 
is accompanied by a collection of excellent examples, it 
would have been useless as well as impertinent in us, to have 
attempted to add to their number. 
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PART IL. 


ON THE DIFFERENTIATION OF ALGEBRAICAL 
FUNCTIONS OF ONE VARIABLE. 


Arr. 10. (1). Let u=a x+bu%+cu+e: its differen- 
tial, or du=3aa*dr+2buadutcde. | 
Art, 11—17. (). Let g=xr (142). 
dux=(1+22) ax. 


(3). Let w=2* (a+27)’. 
du=B3at+5x) (ata) x dx. 
(4). Let w=(a+z2)y (6+2)". | 
du=jnb+mat(atm) x} @tayr)o+a"7hdx. 
(5). Let «=(1+2" G +2). | ah, 
du= {4+6x%+10 27 } (i-+2*)? (+r) da. 
(6). Let w=zr (1+2) (1+2”"). 
dum § 14224302 +493 bdr. 
(7). Let v=(e+x) (6+) (c-+2). 
du= {abt+actbct+2(atbte) r4+3a%} da. 
e + A 


9 


(8). Let e=(2—2) G—2) (4-2). 
du=— § 26—182+3 2" da. 


(9). Let bt? (a+.x)3 (6-—a. 
du= {2ab—6a—5b)r—Q a? } x (at+ay(b—-2y AES 


(10). Let e=@+5a") (+h 2"). 
du § mnbaa*—*4+m'n' b'aa”—1 + (mn+m'n) 


bb am tY—1} x(apbary?—1 aH 2” y"—1 de. 


(11), Let w=(a+ba")” (ab 2”y” (a! by" 
—duz {mna' a" ba®—t 4 m'n' aa! ba 14m" naa b! an —1 
+(mntm' nya batt’ —14 (matm n’)ad bb ar —4 
(min am! n') a Bb at 1 + (man tan + mn’) 
OTR A gua oe nado Ok Whew Cae eC cau at CMe wk ae ae iC 


aD yet ie ee 


ie * The differentiation of complicated functions is sometimes 
. _ rendered much easier by means of the following theorems. 
a A (1). Let w=v", where v = f(x) : we readily find 
aaa) u 
du=-.ndo. 
o 
74 — @), “Let w04. 09. 03+... ty : in this case, we have 
a 2 dv ad ty Be 
ee © Sane ps at ot te +o 
oy 
0 e 0 e 0 eee On ° e 7 
(3). Letu= ene : in this case also, we find 
U4. Vg. Vg. . 00m | 
duz $+ 2 + te gy dv, dv’, do i 
ae D4 Ce Un v4 v's Dn 


These theorems were first given by Maclaurin in his - 
_ Fluxions, Arts. 715. and 717. 


(12). 


(13). 


(14). 
ét 5); 
(16). 
a 


(18), 


Let wu =-. 
adx 
du PRE, Nec x ° 
Tet ee 
(a—x)* 
a 3adx 
(a—x)* 
Let w= he tieee 
1+27 
dus {ge 
G-fa) 
het ceca 
1+2° 
_ (-2)dax 
ie. ae, 
Let u Bab ast 
b4+x 
7 ieee (b—a)dux 
~ (b-42/ 
Let vu = 142° 
ae 
(1—«2*) 
Let. u= ek 
(pay 


i 


A 


(19). pres Ge lo 


du = : a (7-2) dar. 


até x”)" 
(20). Let w= aa 
tae = 
(a’ 4+)’ net 


_ weer 
(21). Let u meee coe 
du = Divert 402-1} de ® 
_ x?-a2+1 
(22). Let wu = art : 
4 2(«a?—1)dx e 
u=TarstTyt 
(x* +2+1) e 
] 
(23). Let u = oS ik 
du = pr / 
2 xt 
(24). Let vw = (a+<)2. 
re ee 
~ Q(a+x)i 
Baer 1 
25). Let. ee, 
(25) a Sho 
3dzr 


5 
(26). Let u = (atb4+c%*)i 


du b 


bot adx 

3 (ath ate x”); 

Leibnitz. Epist. ad Oldenburg. Jun. 21, 1677 

(27). Let u = (a—bae4+c%3)3 
ie 3§3cex- ou : 

8 x2 (a— bxt-e x2) 


(28). Let wu = (1+2) 7 (1-2). | 
_(-S32)dzx 
SET OD 
(29). @ Let w = (1—2),/(1+2%). 
ie ee —(222—xr4+1)dx 
(30). Let # = o/ (1-2) of (14+2”). 
; dua ~isv—2et1 id 
2 f/(l—2z), Vtey 3 
1 3 
(31). Let u= Asa 
Suge ae sec 
du =a! 
x 
Dr Let “= a—as y 
pps (2—sme) dx 
¥ 


Q(1— x)" 


Foye ry aia data 
(33). i = a 


(34). 


(36), 


(37). 


(38). 


multiplying numerator and denominator by { —4/(a*— 27) } 2. 


6 


ee ST eee 
du = ae 
; gs 
Let u = as aaah’ 
322d x 
du = ———_- - 
(1 —2?)z ay" 


AY CU+2) 
Let u = 7 ORT 


decd aoe 
(1-2) / (1-2?) 


Let ie / OE): 
xv 


re. —ardr 
x2 J (@*— 27) 
x2 
J (at +24) 
by Qatxdax 
(at+ a4) © 


Let u = 


l ; 
Let u“ = —_—— Ee BO 
L+4/ (a*— 2x?) 


au = 12> 
(2 2? —a?? J (@—2 ~ 


zt 


t+ / (+a) 


dy a tex) de 
co AOE) 


(39). Let u = 


—Q2xrdx. See Ex, 38. 


_~ AY (+2*)—x 
(40). Let w= CE) Fe 


ae —2dx 
Or f(Ult+e)f f(l+2%4+ 2} 2 


J (1+2)+/ (1-2) 
(41). Let eee aay UTES) 7 (=a) 


: _VO+2%)+Y7U-2%) 
(42). Let w= LY ety, 


 ¢8./ (1— 24) ae 
tbhar+ceu%)? 
OS. ete eg 
=: (+¥atea®) 


Pye fa b—al+2(ac—ac')r+Wc—be')a*}da 
7 P(atbetex (a 4h x4 x3 


(44) Let w= = / (3 poeet. 


(a+b) (ab—2*) dx 


ae (aga) (b- —2)t./ (atx) of (b4+2)° 


g Q 
- (45). Let um tt ee *) 
¢ 


pe _ (a—d) § (a@+b)(ab+a7)x—(ab—x*)? } dx 
CER CF 


(46). Let jbvie-watep 
(xu? + x*)3 


6 f/f (1-2) { 7-1-2”) } (a? +03) 


(47). Let wz fr—-of (x-/ (1 —27))}. 


du a 12V G-MV e- V O-2°) ~@ty 1-2) da 
ASA 2*)/ ft J (18) (Ba / @—V (1-2) E 


(48).* Let wm {rt ji xr+// { x+XKc. in infinitum }. 


ia See 
g r+ ) . 
/( 4 \ 
(49).* Let wu = ; 
x 
1+ 3 
tee 
1+.&c. in infinitum. 
du peat Ne ce xd 


mee) 


a 


* See Wood’s Algebra, Arts, 374, 375. 
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x / (1 —2) rE 


(0), “Let jg ab a 
ae ae AC Bay eee 


eae, 
eee Cyber: xe t Sten 


ack so 51st 8B al Gee) et 
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On successive Differentiations. 


ART. 18. (1)... Let.u =‘a29, 


The differential coefficients are, 


du . Lig oa de thi" : 
eS OR Ta re Cie ae Pe ee 


(2). Let uw = b+c (w—a)’ 


ot ne x—a)”—} 

ce en(a— le (n—a)"—?; 

oC: ss &e. 

anu 7% (10 — Db) sine s 8-02. bee. 
d x” 


(3). Let wu = axt+a, 43+ a 17-05 144, 


du 


—— = 4a 2°+3 a, x27+2 a, ata; 3 
dx a 


* 
B 


"rags 
WNT 
ize De 


10 


oe = 4.3 32743. 20,742: 1. G03 


du : 
4-3 - Darts. 2.1.m; 
sek SOE POC 
Cer uae tee 
(4). Lee, 
| x 
ens 
dx a 
au’ 2st 
dx?” ~— 3 


d x3 x* 

&e. = &c 

du ,n(m—1)....38.2.1 

ae eh a+} 
4 
a 

(5) Lett 
du Q2a*x 


dz — (a®---a2)? 


du —2 a4 6 a2 2? 
d x? (a? 4+ 42%)3 
du Mhat*x—Qh g? 73 
das (a? 4-42)4 


dtu _ 24 a°—9240 a4 2°-+4120 a? x4 
d xt (atx?) 


eee eS 


: 


1] 
du _ — 720 a°x+2400 at 19-720 a? x x 
qa "<P (2-4-0550 


Ke. Ske. | 
Euler. Institutiones Calculi Di iferentialis. Pars I. Cap. V. 
Art. 177. 3 | 
F (6). Let de ee a ar-+ce x?) ; to find an expression for 
Be 
Assume 
poatbaeter’, and p =b+2cr: 


it is obvious (Art.21 and NoteB) that ge » is the coefhcient 


dx 
of a , in the developement of 
te re SRP 
fptpdr+cda}": 

“consequently 
a : , 5 n(n—1) cp 
ae er (rl)... (re rm nD 14 
aear ey cee A RS i ya Gn Tye 

fe DG 2) Oe BY LRT 

is wee p* 

n (n—1) @eee .(n—5) c.f 

eee Sees 7° OF + ke (a). 


This expression may be put under a more convenient 
form, in which p will only appear as a factor common to 
all its terms. 

Assume 
exztac—-ParApe— p'?: 
this assumption gives us 

(atpdr+cdz?y= 


| 12 
| 2p 4 p? 
The developement of this expression will give us, 


a “=2r(2r—1).. (2r—n+1)(Z ) pt “Fa + 


,S gn 2 
P 9 ier ata Shs 


HALA oat BIR Moh cet O n(n—1)(n—2) (n—3) e2 


1° @r@r-1 p2 1.2 ° Br@r—-N@r—H@r—3) ps 


Ha lccatb lee) ONS eat ttn iments S (6) 


Laie 2 Zr (2 r—1)eseeee (Qr—5) p'® 
| | n+-1 
2 


This series will terminate after oH or 
according as n is an even or an odd number. 
If 2r be a positive whole number less than n, and of 
the form 2m-+1, the formula just given becomes = mo 
and is therefore not applicable to the determination of the 


° d” Uu ° 3 ° ° . 
expression for ee without some previous modification 
: 8 


(Art. 52). In this case, we shall find, when 2r=2m+1, 


Bu (19. n (N—V) ee ($9) (2 MET) (2 M—D)eeeeB 1 
er ak. nee SP luk eee 
‘m—2m—% pr—n m1 5 __ —2m—2)(n—2m—3) ek 
a? # nes Ne 2.(m+2) pe 

2 m— 2) (n—2 m—3) or. (n—2m—5) 6? 

22.2.3. (m+2) (m+3) rE: 

(n—2m—2)(n—2 m—3 Ween (n—2m—7) a i 
7.2.3.4. (mt Dm) mth pores © 
¢ 


SO Te a ae es eT 
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e e e e }— n—2m— ] 
This series will terminate after he toh A ip te eta 


9 


~~ 


terms, according as 7 is an even or an odd number. 


The formulz (a) and (4), were first given by Lagrange 
in the Mémoires de 1 Académie de Berlin for 1772. 


(7). Let w=(a+dxy: by the formula (2), we get 


Char (r—1) ae ahewe we (r—n-+1) b” (ab ny”. Gy 
x 

Also, by the second formula (4), we find 
d” u BE sar | 
Por See ee Re 2r— b pe 
apa leetllp (2r—n-+1) ©) (a+ x) 


Te ia (n—1) eri n(n—1)(n—2) (n—8) 
: 1° 2r@r—1) 1.2 2r(2r—1)(2r—2)(2r-3) 


— ice. } (2). 


From these two results, it appears that 
2r— Ba: 20 ee (27 — 
y(ra—n1)....-. tara” Mee Ute A ED 


Oe n(n—1) err) 


2 (n—1) (n—2) (n—3) 
Qo 2r@r—l) 


1.2 ° 2r(2r—1)(2r—2)(2r—3) 
—_ sc. } ‘ (3). 
If n=r, we have 


gn 2N(2n— 1)... (M41) 41 n (n—1) 


1.253 :(2 an ina boul) 
n (n—1)(n—2)(n—3)_ m1) 2. 3. -  (= 9) 
1:2.2%.(2n—1)(2n—3) 1.2.3.2°.(2n—1)(2n—3) (2n—5) 
4- xe. } ees (4). | 
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Since 
se n(n—1) . n(n—1)(n—2) 
Le, US men a eee 
and 
2n(2 ee a rb) = Eee € at a 


the last result may be put under he piel curious 
form, 


— 1) nia— Vin 2) 


1+n+ 
.2 ER eS 
ais rica PERE Nid 2 
is CEA 5 CSE 
Va n(n—1) n(n—1) (n—2)(m—3) . 


1.2.(Q@n—1) | 1.2%. 9%. @n—1) (2n—8) © 


n(n—1).... (W—5) 
1.2.3.2 .(2n—1) (Qn—3) (Qn—5) miss adh 


(8). Let w=(ca*): by the formula (a), we find 


dior (208 Wy 2. @%-—2+ War at 2 1+ 
dx” : 7 
n(n—1) 1 n(n—1)(n—2)(n—3) 1 


i@ont+l)' ® ence oe ae 


n(n—t).... (n—5) 
12.38 (er mei) (r—n +2) ° B oo + &e- } (1). 
Also, by the formula (5), we have 
a” u 


<——=2r(2r—1)....(2r—nt1) ca"%—% (2), 
Ie (2r—1) Cr-nt+l) ea (2) 


1d. 
Consequently, by equating these two results, we get 


Qr(2r—1)....(2@r—-n4+)=r(r—]).. range $ 14 


n(n—1) 1 n(n—1)(n—2) (n—3) 1 rr te. 


_— 


1(v—n+1)° 2° 1.2.¢—n+1)(r—n+2) 24 


if we make r=n, we get 
an Gg). CP = n(n—1) 1 
172 ....0. 2 reid toms aL” a 


n.(n—1)(n—2)(n—3) 1 ,n(m—1)....(m—5) 1 
ORE WE, SARI of a tee 7.92. 3? - 5g + &e. 


Pep ECDy + (a 7, + fe. 


L218 
ssi (aye 4 
ace fei Jed are fe =e of ites Os (4) 
(9). Let u= Fa by formula (5), we obtain 
“od aa ER Sapa We" 1 n(n—1) 
da" (la? +2 tore Aue. zt 


1.3 n (n—1) (n=2) (n—3) , 1.3.5 739 _n(n—1) wees (N—5) 


O54.. pl ee 73 24 va" 2.4.6 °1.2.39.4.5.6.25 


fe 


: Lee toa 1 n(n—1) 
xe. ¢ Sted tales 22 lak 
“f ~“G—ay +3 ; Q2° a2 


1 n (n=1) (n—2) (n—3) 
97 54? . = = Kc. § 

Euler. Inst. Calc. Diff. Pars. 1. Cap. V. Art. 177, 
where this expression is found by induction: Lagrange, 


Mémoires de [f Acad. de Berlin. 1772: Lacroix, Traite-du 
Caleul. Diff. et Integ. Chap. I, Art. 37. 
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(10). Let w= ./(1+a22): by formula (©), we get 


au - (= 1" sn(n—)) 65. 201 se) a (n—2) (n—3) 


Taeon 21-22 2. OF x 


(n — 2)(n— 3) (n—4)(n— 5) (n—2)(n—3)....(n—7) 
2 9?) 22" 84) a8 98, Q2 32, 42, a +o. § 


In this case, 2 must not be less than 2. 


(11.)5" Moet u=(1—22)F35 by the. same formula, we 
find 


au (—1)f'—1.n(m—1) 7.2.4.5 .3.1. EPA 
Se ee 
4 93 (1 — yas 


(n—6) (n— 7) (n—6) (n— oe (n—9) 
ai Aa eg rs 92.9.3 .405.04 ee s 


In this case, » must not be less than 6. , 


(12). Let w=(Q2v—x?)?: in a similar manner, we 
get 


a" CN iB LK Gl AI NS a PEN Me. i+ 
me Q2 (1 — a2)" 4 : 


(n—4) (n— 5) (n—4) (n—5) (n—6) (n—7) 
2.2.3(1—ae* 22 .2.3.3.4(1—2)4 + &e.$ 


In this case, ‘n must not be 1s than 4. The ex- 
pressions for the other values Bt n may be found by formula 


(a) or (2): ; 


| ca ye Ope 

(13). Let Uo aera by formula (4), we obtain 
Mais ll Oo Spee aes a a (n-+1) x” Una so i 
ino Oe at 


1M 
n(n—1)(n—2)(n—3)  n(n—1).... (n—5) . 
BAe Mi GIT k PRWAN AO. 5 50. go + &e. f 


(See Example 5). 


14). A I a eee: 
(14) et wu Crane by formula (4), we find 


Pdi (= 1S < Senders ei ied) (at2ay" 
a es ' Lot 
Ls ea QW" (ax+ xyes 


4 


2 3.5 neal) (n—2)(n—3) a ) 


n(n —1) a ) 
ah eee eee at2x 


3 
i384. at2ur 


3.5.7 n(m—1)....(n—5) aie 
YY ik Oe ae ee aie 


(15). Let uni in this case 
2 l—wW 


BAL 2D Sai eee & et (bern 
arr. and consequently eg | oo aad : 


therefore, by formula (a), 


PT NE OLR AN BE n 


dx Clay et 


(16), het. uv = Fans’ 


Since 


we have 
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v 


and therefore, by formula (0), 


PU OG, . Cb lat S14 3 (n—1) (n—2) Ul 
dx" eee er ee eer eee 
eee j@=) Cee hha cd (a= 4) 1 Be. a 
2.4 3.4.5.64' § 
(atbxy 
(17). Let vu =————... 
( y Se (al xy” 
Assume 
=atba, p'=a'+)'r POAT 
Pre WY cies ? ~ bp 


by a process somewhat similar to that employed in deducing 
formula (a), we shall get 


d"u uy & (r—1) ah oe (y—n-+1) bP pt” Ste 


dx p yr 
Cen SO EPG LOIS hn Cle EE 
1° n+) 1.2 (r—n+l) (—n+t 2) 
vr’ (r' +1) (r' +2) n (n—1) (n—2) 34 ae en | 


4 Or ~ ee e 
Dist co (r—2 +1) (r—nr+2) (r—n-+3) J 
This series evidently terminates after (n +1) terms. 


This formula may likewise ‘be put under the following 
form: 


LO Core Oana edie 28) ie ee DBE 
pee 
r n , 1 ,r(r—1) n (n—1) te gil 


® oe 


orl ecm ale | ey” "(ba — 1) ("+2 2) e2 


r &—1) (r—2) n(n —1)(n—2) ry | 
[po Soon Shae Oe eo THK LO 
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If r be a positive whole number less than n, the 
formula (d) will become 


@_(— 1" nn }).. orp G1). tar ye bo 


Vi aioe 
$1 A! (’ uaa r(r—1) (+n —r)(r/+n—r+ 1) 2 
Mlitaerel) Wales etree arto 


cr r—-l)r—-2) (+n—r) (rf +n—rt+)) WH +n—r42) 
1.2.80 ©  (n=r-1) (n—r42) (2-743) 


+&e. ‘ha Chi). 


This series will terminate after (r+-1) terms. 


(18). Let: % = JC ="): by formula (¢), we get 


l—a 


ei CAE 11 9. AD 8) © a ‘l+2 
ax 2 Ll +4y—3 /(1—2) (2 a 


2 


? 


l—27- 

1.3 n(n—1) l+a 

: rs Bara (2n—3) (2n—5)- (ity 
pee wag n (n—1) (n—2) 1+2 is) 
1.2.3 ° (@n2—3)(@n—5)@n—-7) | are re) +e} 


(19). Let. ce Sead by formula (d), we find 


(1—x)? 
a" u _(—1"-11.3...8 0-5) 6, 5 n EES 
qe" POtaHG owe U1 Gane)’ Goa 


Diced ee AIPA) A Obey 2 
tye (2n—5) (2n—7)° Acme, 


Bice. 9 n(n—1) (n—2) l+2 agri, 
3. 3" (2n—5)(2n—7)(2n—9) © Gea) oe ; 
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1 
Jf =2) f/U+2) 


same formula will give us 


We i Mah) 


Let u= 


(20). 


1 


al oO ree an Ere AY yh ae (*) 
de Qa" (1—2x)" of (1-2?) (gn—1) \l—a@ 
eae So os n(n—1) Feo cnr 
+5 2 (Q@a—1)(@n—-3) \1l=x ) 
pepe, _n{n—1) (n-2) 71423 
aoe 3° (Qn—1) (2n—3) (2n—5) re) + &e. t 
CAG HG al Bost ast prom Soy by formula (/), we find 
d*u _n(n—1)(m—2).4.5....m5) 3 ntl 1+2 
ada (l—az)" +1 ae Cie (8 
ate 2 (+1) (+2) 1+a 
ri 12a) (n—2) (n—1) Gey ¥ 
3.2.1 (n+1) (n+2) (n+3) cn 
12S (n—2) (n—1)n 


In this case m must not be less than 4, 


(2+3x)4 
22). tus ———__~_; 
(22). Let wu ($4 4a) by the same formula, we 
get | | 
du _(— 17 n@—1)(a—2)(m—3) 10. 11. (+5) 34404 
dat S+4ary +6 

$14 4. _ +6) i end baad 

"3 a—3)) S+4x 
4\2 ‘(n+6)(n+7) 724322 
6 i) sh ee oe 
ep (2—3) (n-- 2) See, 


Ree Geen the 


) 
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i 74\3 (N+-6)@+7) (2+8) | 24324 
fe G) " (n—3) (n— 2) (n—1) GS) + 


é ae, (n-+6) (n-+7) (n+8) (n+9) L1G +3 aye 
(n— 3) (rn—2) (n—1)n 3+42 ‘ 


It is evident that m must not’be less than 5. 


It is possible to construct formulz for the n” differential 
coeflicients of functions much more complicated than any we 
have yet given: of this kind are the functions 


(a+ bu+e x?Y aan (at rte x*td xy 
(d+batcay  @4Eatea +d ay” 
_ The preceding examples, however, are sufficient for the 
exercise of the student, and it is unnecessary to embarrass 
him with the investigation and application of the formule 
corresponding to these cases, which are of great extent and 
very little simplicity. 

Art. 19. The theorem which is deduced in this article, 
was first given by Maclaurin in his Fluxions, Art. 751: it is 
of considerable use in the developement of functions, though 
it does not always enable us to discover the general term of 


the resulting series. ‘The reader will find other examples 
under Arts. 36. and 37. 


(1). Let «= (a+-2)?: In this case 
c oa", od, U,=3 «2a, [ieee 721; U=0; Xa. 
_ Consequently 


x2 
u=a4S a 188 et ae le ; 
12 i aa 


(2). Letu=+s):: : this case 
] i ee 3.5.7 
Uy=1,U,=35 Ug= — se — =i cong aa ae a e t= Te Oss 
&c. therefore 


ee ee | rei 2 8 x3 3.5 a® 
wal =e em se SE 
Mie; ie eS 10a 8 ee ey oA O'S rir 
CU iY a? 
Cos aro BA Ae et 
1 
(3). Let Lie tieormes| the same process gives us 
Tg ake ng Oey crenata tn. Bi, Mtoe pees 
] ieee Ria 1.2.5.4 


+ &e. 


(4). Let w=(atb rte x): : by means of the formulz 
eiyed under the preceding articles, we get 


72 2 __ 32 3 
uaa} + ia e (Aac—F) pancho an x? 
La ae OS Pee 23 , a ages 

3 (4a.c—b2) (4ac—5 82) fe 

eA es ee deo eee. mes 

ae ire EC aa 

5.3.6 (4ac—B%) (12 ac—7 22) as 2 
i A | es OU 

las 1.2.3.4.5 5 


the general term being 


_ (=I nmi. 2018? hae B) 


On 1 qn—Ft 


(n—-2)(n-—3) (4ac—b?) 
aS ey 


(x — 2) (n—-3) (1—4) (n— 5) @ ac—bhy 


SR AE IY en 
(n—2) (1-3) ....=-7) (Aac—2*) ae 
go? 3? ae ea Loree 


It is evident that m must not be less than 2. 
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(5). Letus (a + atx — 2°)5: 
Newton. pistola ad Oldenburg. Jan, 26, 1676, 


Jos he 4 XO ASD x 4.9.14 a* 
Bede Gra oe oe 5s ath Oo 3 wb are eos 


eee [419 Sako 8 ede sess fe 
Yi 5 a® Sag gie gheR ae es 


the general term being 


=(— Wrath 4 ..-. (62 - 6) — 


Ca) 1.4 b ae (5 n—96) n (n—1) (n—2) (2-3) 544+ 
3 — 
3 BOOT) 1 4h: Ga 46) a(a—2),.... (2-7) 5 — 


» (2— 12) (n—13) (n— 14) 


+ &c., t > paaw 2h 


Dil + amen’. (Sais Wis, “Agena fe Oe} 


| 2 
(6). Let ung / fiver}. 
Liha 
Newton “ De Analysi per 8 quationes numero terminorum 


infinitas.” 1669. 


.1.4...(52—66) n (n— 1)...(n— 11) 514 


2 
w=14(a+b)—— 48 (3 +2 ab—a") ~ 
Q nf x6 
BD Bl Do SD Beg mB gee GS) ce a 
Ns dy Dlg i: eas mi 


7.5-3.3(5.70445.48a—-2.3, 2art4ha3 — 5 a4) 


, SSE ET ie 
Se a GF Ba © 0G Sse r 


‘OA 


the general term being 


=H (3....(22—-)P +1 3....(2n=8) n=. mt am 
C ’ Litwek as} Zz 
bo S70... (22 +6) 2 (N24) Se * a + 
BAe Ae 
Bg oes a ty ee) acca a — &e. 


weet (— 1)" 1.70.1.3.00.(2N— 5) ba" 4(— 1)" +2 a" 1.3.02 n—8)¢ 


8 aD Wee Giga 


etl) ae Lietow = by means of Exam. 20, Art. 17, 


we get 


PIE MY - 
poets) Te ee 


2 
u=1+72+56 <5 +378 


5 6 
“s 4271440 ___* _ 4. &e. 


27720 : 
ike Ge peer Trias S 


2.0% 4,5 


the general term being 


=4.5....nin(n—1)(n— 2)4+3(m74+ 1) n(m— 1) 


S(n+2)(n+1)n+mM+3)M+2)H+41)}. 


: : it is evident that the theorem 


i] 


(8). Let- «= 


we are now exemplifying, is not directly applicable to the — 


developement of this function, since uw becomes infinite, when 
x=0: a very simple artifice, however, will remove this 
difficulty. Assume 


mars oo: 


25 
expand w, in the ordinary manner, and we shall get 


a: ie 2 
War oS : eo Mit tha: Me + 
a 


Dias haa) Q ater TS Rese 
i Bi Wee x 
Q3 1.2.3 s+ &e. § 
(9). Let went: in this case, « being multi- 
plied by x, we get 
TR moony YE fe SOL 


@— ae' 


if we develope w,, as in the preceding examples, we find 


u, 1 
uxt = = +11 + 130 - 75 + 1650. - —;+ 
x3 
gD Orono eS 
the general term being 
, hi 
10. eae (+8) (@n+9) .- ao 


(10). Let w be an implicit function of x, determined by 
the equation 


Uu—-xrUm~aaO: 


we shall readily find 


1 Bol Ss 
U4 /-2; U,=- em ce Une =0, U,=- $a 42 av? 
2 
U,=0, Tienes ve oh &e. 
A’ az 
and therefore 
1. @ 1 x? 17.3 x 
use tf/atn.-t —— ° 
‘gS 2°17 4 fa 1.2” a8" 1.2.3.4 
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od 


92 Fo ky ae ee eee dee x8 
Bye peat Ok Gao) Ga Pe Gk ole" See 
+ Xe. 


This double series expresses the two values of u, which 
are contained in the given quadratic equation. 

This however is not the only form in which this develope- 
ment may be effected: by conssdering w as a function of a, 
we shall find 


Oo 2 2 3 
Bi eer DR ayes 8 7 arc igi yaad mal a i 
Ane | x bie x? 129.3 
1.3.5.23 a* 
: &c. 
qi | Pa” ses: a 
or 
te bd 8 ee 1.3.2 . 
=o = <3 a Thott ore ee eS + &c. 
m ee | a i. 2 x Ji tae ah 


The first series results from considering U, as equal to 2, 
and the second from considering Uy as equal to it being 
evidently susceptible of both those’ values. 


(11). Let wu bean hang function of x, determined by — 


the equation 
ue—xu—1 =O. 


In this case, we find 


epee Um U,=0, Uy= 5; TE oe “ 5 ee 
and therefore 
, Ee tony ae 7 
The other two values of w, are 
x a Ma 
ties Po =. Larrea (2). 


Se ee - 
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and 
3 4: 
v x A 
inte gp UES. ht yg ose Ag oe 3), 
Us a~ + m) 34+ 35 a2 XC (3) 


where « = tt and a? oo i ad which 


are two cube roots of unity. 


If the equation which determined u had been 
- ur — LU—-a=O0, 
we should find: — 
r oe at 
3 ak B 3ta 95 


I 
U=as + 


a series which evidently admits of three values, arising from 
the successive substitution of the three cube roots of a. 


This theorem, however, is not very readily applicable to 
the developement of implicit functions, and its use for that 
purpose is entirely superseded by the more general theorem 
of Lagrange: we have given the two preceding examples 
merely as introductory to those which will be given in illus- 
tration of the theorem to which we have just alluded. See 
Note E. and Examples to it. 


Art. 21, 22. The series, which is the subject of these 
Articles, was first given by Brook Taylor in his Method of 
Increments, published in 1715: he does not appear to have 
been aware of its importance, but dismisses it without remark 
in a Corollary to the Proposition from which it is deduced. 
The use of this theorem in the developement of functions 
is nearly superseded by the theorem we have just been con- 
sidering, and by other methods of greater generality : we shall 
_ put down however a few examples of its application, in addi- 
tion to the one which is given by our author, particularly as 
they sometimes lead to curious results: the student is re- 
ferred to Art. 37. for other instances involving transcendental 
functions, | 
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(1). Let w= (a+): in this case 


du _ oP d? u Re ee” 
Te TNH Tas me—Yers 
a u | 2 — 3 

73 = n(n — 1) (n— 2)(a + zy’ —%, &e. 


and therefore 


apa hr=@tay tn (apay—thpn(n— later? Oe 


+n (n—1) (n—2) (a+2)"—3 : se 3 + &c. 


If we make i = — a, we shall get 


—1 
aa(atay—= (a+ay—t Pe eee (atay—* o*—&e. 


=(e4+ay$1-7 (=) ell i (2s 8 ” 
es Cel ee 
or 
(e+-2 cea (=)+ at? Co hi 


| AEAIED. CE ete Peo 


By a similar process, we shall find 


(e-faPaa Site. (—)+ eae oo 


n(n+1)(n+2) (#8 —_ 
Soa apr aera =) + &e. } (2). 


1.2.3 


99 
If we put ¢” in the place of a, and ~ in the place of , 


we shall find 
(r+ayrae} i+ &. ae An ae Ore. Cy Pa 


1. (m+1) (2 m+1) \ hla 
ere ee eae +8 $ ) 


or making x negative 


(@aFaef1—2. (2) +e -(m+1). x) - 


m \e"—x 1 me 


1.(m+1)(2m+1) er \3 
hs ig: Le WE eer ad =—) + &e. ¢ (4), 


1.2.3. 


These series converge with great rapidity when ¢” is very 
large compared with x, and consequently furnish formule 
‘sufiiciently convenient for computing the roots of numbers. 


Thus, suppose it was required to extract the square root 
of 50: in this case a=7, x=1, and therefore 


: BIRT ah | 
50 =7$i44. ig a, —_—_—,. oo ie 
sR) 50. 8" S07 fog Gok SS 


collecting together the four first terms, we find 


/ (50) = 7 .0710675, 


% 


which is accurate to 6 places of decimals. — 


Again, suppose it was required to extract the cube root 
of 750: we shall find 


2210, andr -21 ¢ 


30 
consequently 


YTB) = ofits. =) ts 97.1.2 2° Ge + 


41.5 
6341.2. 8° an) + &e. f 


the addition of the four first terms of this series gives 
a7 (750) = 9 . 0855923911, nearly, 


a result, which is accurate to 6 places of decimals. 


This subject, however, is foreign to our present design, 
and we have merely mentioned the preceding method of ap- 
_ proximating to the roots of numbers as an incidental use of 

the series which we had investigated. ‘The reader will find 
other and more convenient formule for this purpose, in” 
Euler’s Institutiones Calc. Di iferentialis, Pars. II, Arts. 237, 
238 and 240. | vi 

The preceding formule were deduced from the general 
series of Taylor, by making h= —r: as it will be frequently 
very convenient to make this hypothesis, it may be worth 
while to remark the form which that series assumes in con- 
sequence of it. Since 


du h. du fh? du 13 


eel ile lemanae oy shh mee rs chs 
+&e. 4 €a). 
if we make = — x, we shall get 
du «, du «x? 

esta secede MY Rue Ree a pablo y xadiys i 2 
f@— 2) =f 0) = Uy =u—s— ee a 
Bu x3 | 
Tis cise eet : (8). 


3l 


(2). Letu=s/{atbe+ea®}: by formula (@), and 
those given under Art. 18, we shall get 


a 2,1) (O+2cxr)c 
Sa= Jf fatbarteca? } Bee fa badcnty 


1 (2 Wh aicyer® io 3 (b?~4.ac)(b+2cx) x3 
iE 


fSatbate x? }2 


aE Aas el sca ae tn CUO te 


1.2.3.4.24fatbr4cu2} | 
Multiplying the whole equation by 7 
| J/iatbeter?} 
amar 3 aa 
we shall get 
. ] bx 1 (62—4 a c) x? 
7 2% =—_ —- —— . — 
Ree er nha Fait 2 12.2% {atbr+cx? } 
i 3 ee ae 
1.2.3.8  (a¢bat+cx2y j 


— Euler Jnst. Calc. Diff. Pars. If.- Art.77. 


1 . 
(3). Let u= J (—#)' by means of Ex. 9, Art. 18, 
‘and formula (B), we get 
2 2 2 
Saye PhP ce Gort nd eo Ma flO 
AS Sai Fd 1—2? 5 (1—a*)? 1.2 


3 (2x3+8 x) x3 4 SS att2Aw $3) | x 
(1 —2)8 E. 23 (1-~x?)4 1.2.3.4 


The student will find other exemplifications of this, formula 
under Arts. 36 and 37. 
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On the Differentiation of Transcendental 


Functions. 


ArT. 30, 31. (1). Let u=log. § r+ /(?—1)}. 


dx 
OS GD. 


€2.) Let u = log. nea ae 


—dz 


a4 = S70) 


(3). Let w= log. § ref (—L)+/ (1-22) } . 
_dx 


Ot Soe 
Sa ah od) 


(4). Let u=log. fr /(—)—V (1—22) b. 


ian eee hs 
NI 


du 


(5). Let wu = log. { f (1+27)+./ (i—a?)}. 


(6). Let w= log. $2}. 


L-w@ 


Qdx 
1—x2 


dus 


33 
My Let u = log $.@41=1 
(7). et wu = log etEiyed 
dy Ae a is 
rf (x?7+1) 
- J (4? -1)—- 1 
(8). Let = log cee Fis. 


Qxdx 
(a8 2) (/ (a? 1)” 


(9). Let u = log paves 


—2dx 
(242—1)./ (—2?) 


dus 


du= 


bial hy Ro ) 
(10). Let « a 5 be og 1 a IG Be Aah ae ee 
‘ a dx oO 
du Dds Coety. (Art. 162). 
+ iv: § /b+a)+./(b—a) x 
as & — YN 
Be ore \/(b2 — a?) we U/(b+2)— /(b—2) a 
2de (Note K). 


=a atb+(ua—6) x? 


(12). Let u = 7" a". 
du-x—ta'duv{vloga+n}. 
(13). Let u =e* (x—1). 


duae ude. 


Euler. Inst. Calc. Diff. Pars I.. Art. 190: 
Ey 


34 
(14). Let wu = e (a? — 24+ 2). 
duseatd x. Id. 
(15). Let w= ec? (43-3 x?+6 x—6). 
dux=exdz, Id. 
Ite 


toe ewxdxr 


~ +a)?’ 


(16). Let y= 


(Art. 191). 


he Let ua. 


evdar 


dt = int 


(+ a2—2%). 


(18). Let w= x log x. : 
du=du{logxr+1}. : 
Euler. Jnst. Calc. Diff. Pars I. Art. 185. 


7 


(19). Let w= 2x" logxr — ‘a 
m 
du =a log eds, ~ dd. 
(20). Let u = 2” (og 2)’. | 
du =x" (log 4"! { mlogzinidar. Id. 


a* (logiay: at ioe ar |. 28 
rary ie cae 


. det: 22 : 
(21) © a5 


du = a3 dx (log x). 


(22). Let wu = log log x = log x. 


ax 


(23). 


(24). 


(25). 


(26). 


7). 


(28). 


(29). 


(30). 


35 


Let wu = log? x. 
OD ee ee re 
— x log x .log? x . log? x. log+ x 


Let u = & log? z. 
a 


are log? x + dx 
log x 


Let uv = <* log x. 


duaedx si + log 2} 


Let uw = ¢'% * 


du = ¢' radia . 
@ 


Let wm ae! *, 


du = (Dyas he \* d x: 


Vict ee 
e* +] 
i520 @ 
ee Ee, 

—1 
senoe fezth 

Let wv = log FP] 

Qedx 
du=3-F" 

Let woe: 
PED OP ies 


Art. 532, 33. (31). Let usin. 22. 


du=2cos2xdx. 


36 
(32). Let w= (sin x)". 
du =n(sin x)!’—! cos xdz. 


(33). Let w=cos x sin 2x. 


du = (cos x cos 24+ cos 3x)dx- 
« ® 
(34). Let wu = (tan ry’. 4 


dyat (fan ey Ow 
(cos x)? 


(35). Let wu = log sin x. 


du =cotx.dz. 


(36). Let u = log tes roe 


(Art. 208.) 


(37). Let wu = log \/ ( —— ay 


du= ie %, . (Art. 208). 
sin 2 


dus da 


($8). Let w= -- 
“ 2 


du = (sina) dx. 


sin n x 
(sin x)” ° 


(39). Let u= 


ve _—nsin(n—1)x¢x.dx 
Bs (sin xy? +1 


sin 22 


(40). ‘Let u= (cos x)" . 


ncos(n—1)xdx 
du = ——____— 
(cos x)* +4 


37 ire 


G1). Let a= eh ny Ly an 


Ta 


du=e™* cosardz. 


\ (42). Let wu = log { cos r+./(—1)-sina}. 
du=+dx/(—1) . 
(43). Let wu = log § cosr—/(—1)sinz}. 


du=—duar vv (—1). 


j 
ua 1+ ./(—1) tan @ 
| (44). Let u = log teenies 


du=2duxV/(—1). 


Base Let uvton | k= Osea yt 


— 
ae Ms cos 7d z 


BS et a ee ed ee aR 
Q(sinz)? /(l—e sm) { 1—Y(l—e ane) } 


tuler. Inst. Calc. Diff. Pars I, Art. 207. 


EV l—) 46 —F4/(—)) 


\ (46). Let u = log { : }= log cos w. 


(1—e ¥(—0) dx 


V(-NU Fev 9) =tanxv.diz, 


PAT ee 


: a Let u = cos (log -). 


du ILE sin (log ae 
. (48). Let wu = cos (sin =cos sin 2. 
du=’—dzxcos2x. sin sin 2. 


—= —dxcosx, sin? a. 


 * 


, (49). Let w=sin sin sin x = sin3 x. 
du —dvr cos & cos sin 7 COs sin? x. 


(50). Let « = sin tan x. 


du = cos tan x. 


dx 
(cos x)? 
(51). Let u =cos log sin x. 


du = — dx cot z sin log sin a. 


. : 1—2? ; | 
(52). Let wu = sin — 1 — nae » or in other words, let | 
1 +2? . | 
' ( : 1-2? 
u = arc ( whose sine = —3) 
1 +2? 
tee 
Make see =e 
1 +2? 
consequently, 
qe de ade 
/ (1 —v?) 1+ x? 


Euler. Inst. Cale. Diff. Pars I, Art. 207. 


(53). Let uw = sin—} / -S): 


—dvx 


dae SO yay Id. 
Oe Mara, 82 Nor 
(54). Let w= $i1n ‘Jars 
dgde ee 
1 +2? 


wf (55). Let w= cos? (4 x3 — 3 X)s 


—3dx 


dus aes ae 


39 


(56). Let w = cos.—1 (32 46 — 48 a*4 18 2% — 1). 
—6dzr 

JV {i-s?y 

ary 

Eee al 


du= 


(57). Let w= tan! 


Qdux 


dus ’ 
] + 2? 


2 Big x: a 
(58). Let wu =tan 13 Bar ALE Mi 

1—10277+5 «4 
5dx | 


du=——__, 
1 +272 


1 


59). Let w= sec! ? 
(59) Qa%— 


(60). Let w= tan —1} eens 


ee & 
~ 2 +22)" 


(61). Let wu stan—?{ /(1+27)—7}., 


du = say: 

(62). Let w= pier ay ee pe hate 
du= as (Note X). 

(63). Let u= rer, Baa peenieeey 
du = eee (Note K). 


40 


g /(a~5) / (1 —cos 2) 


| BL yes Eb ee) NOT ey af A ee 
(64). Let u = TEL tan Gh Osean 
dite eee (Note K). 


at+bcos.2x 


ety dee 
J (=a?) 
(66). Let wu = log sin—! 2. 
dz : ) | 
Sit any ee eee : | 


du aes ¢ sin 


du= 


| 
(67). Let w= / (1 — 2%) sin—1 &. : 
| 


aes 
Api —— 
u x Aiae 
1 aera _; 3#ag 
(68). Lett evant ye 3¢ 1-429 
dx 
LiL Sone prmet fe 


(69). Let w= log ( eee 


(1+2a4)+ 2 Silay Lif QZ 
/( BLES ) ¢sin— vf 


4/22? dx 


18 Tat / Oa) 


oe 4 
(70). Let u= ye x? siner cos 4 x} z 


| €* : 1—1¢ : 
files eye Sind COS 7 oa eee se De $e (w—1) + 


n(1—log x) — log sin x — log cos~1 x } sing costar 


| ‘sin © 
§ cos 7 cos— } i. 


vives = 


AL 


Arts. 36, 37. and Note D. In addition to the examples — 
given by our author of the application of Maclaurin’s theorem 
to the developement. of transcendental functions, we subjoin 
the following, which may serve as good exercises for the 

student, in the various processes of differentiation. 


(1). w= (cos x)” 
n x2 a* 
eo Le (3 ne ZY) 
ate ny ore a 
76 


FU SAC er APR 


n{15(n — 12 +1} - 


8 
n (105 n3— 420 n2 + 588n—272) poe = &e.. 
The general term of this series . 


ah (Cate 5 = +n(n — 27°” + 


Oa Ley aoe 


n (n— 1) plage 1) (n— 9) \ (n—6yn +8. }; (1), 


Bie Re 2 3 
4 , e+ 
the number of terms being limited to Z r ate : 


according as 7 is an even or odd number. 


Or under another form, it is 


ol ei ee Mi) 2B GEE) sep 
1.2..(2m) 1.2..(Qm) T<2 ie 


_ (m—2—2n) | 2pen Beg eae ana 


m Dad Ses 
i ide a —3 1) ann. -(2m—5) eros. Sid wo. 
m He. ie Oh: 
Bo ( ee er) oy 
bs Grace ® 


A2 


where Uy Uz, Uy .... Urn are the values of 
d2u dtu MAP 7 
TV AR ein GLEN ce wage oA oS a 
adx* dx* dae 


This formula may be exhibited under a form still more 
convenient for calculation, if we make ao, ag, 44) +--+ Fem 
respectively, equal to 


Peele U, x Sak: 
CTEM A Sas SY RMT Oe 8k STS ROR 97, 


or the several coefficients of x in the series : this assumption 
gives us the general term 


2 


® Lom — 4 


eae gon fw (m—2—2n) 


Cie | oot ak Reh Ly) eee ee 
(m—3—3 Nn) 


i hisgo 18 AMR OL, ek 


(—1)".§ 1—(m—1) 1 $} pied rot 2 RACAL tae 


Woo. ee (en = ek eh a Beene Oe 
(3). 
(2). ux seca = (cos r)~ + 
one x fp 5a Glix? 1385 ge 


es ee ae 2.3.4.5.6°1.9.5.4.5.6.7:8 


50521 xr 2702765 «12 
Sasa er &c. 
Tk ON (oniedan Wes a? = 


This series was first ie Be James Gregory, in a‘letter 


to Oldenburgh, in 1671: See Commercium Epistohcum | 


Johannis Collins et aliorum de Analyst promota. 


The general term of this series is 


(—1)" 22°” | a aaa ot 2 ie 
bE co) me _gtn 4 goer Tete og 
a: ee 73 aie “f oh 4 


AS 


or, 


= 


es 


gum +2 gum 1 1 1 ise 
= Sie 5 5m +1 fi amt 1 “ Be} 


ee on™ +1 


or, from the formula (3), in the last example, we find it 


= 


— 4 yen — xin § fons de’ am— 4 Ae an —6 
oe Pag Bj 2es4 1.2°791475.6 

Be oe he "dati andl WAGE Na PE Comal BSE Ol 

POs 2. Age). 1s ease, Gm)5 

(3). u = log sec r = — log cos x. 

ee fs 2 x4 a2) Out® 6oC 17 a 

Mio 1 064 4 ie Cin aa ea ton . tae 
128 X62 2x 

ar SAS Paarl | &c 

TRE Gl OS TIKOE 


James Gregory, Letter to Oldenburgh. 1671. 


The general*term of this series is 


(— Ly? +1 yu 


i y2"—-1 LL yem—¥ fa 2m hee 427-1 ot &e. } : 
1A) hehe) 


or, under another form, 


— oe a OI Te RO Roe rose aarameey 2n — 
22 WAM IE ATER? Goa eT a 

ae) Bla es ee 5 a aS 
PSS) ANS 36 1.9% (2 m—2Q) 


as Coiba Peak } 
2 ERAS ATS 


(4). Let w =(sin x)": it is evident from the series for 
sin x (Art. 36), that the first term of this developement will 
involve x”, or that the first m terms of the series of values 


ae AA 
U,, U, .... U,—, will be severally equal to nothing : it will 


therefore render the operation much easier, if we assume 


pen ate 
ter eS aes a 


and then develope w’ in the ordinary way: we shall thus get 


vA , n 4 
gee os eee Gime Pict eae 
1.2.3 3 1.2,3-4.8 


n (35 n? — 42n + 16) gh +6 = 


32 REDO Bey 
n (175 03 — 420 n? + 4042 — 144) Dee eae 
3.9 CU ans GUN ani a 


The general term of this series is 
a ( Pith ite ay” -+- 2m 
rai O ain DU ere (at Sr 


nt nin — grr + 


n (n—1) (n ~ 4yee” _ n(n 1) (n—2) (n-- 6)? +2” "i &e r 


ee 123 §? 
; : : : WR Hod aie 
the series being restricted to j Oa terms, according 


as nis an even or an odd number, 


Or, under another form, 


= In + om SIs 
gE C(m—t nm) (m—2—2n) My 2 
sap NUTEER EP ai rd An on — 2 2 
Ue LZ 6.3 1 re BC es Bice, 


(m—3—3n) 


TT @ eer ee " n+ 2m—5— KC, De 
(—1)” §1—(m—1)n} ; (—1)” mn 
+ « ay Libs Siebel 5B EP MMO n Se Is +, q 
1.2.... (@m—1) Merve, Oma dy ce 


(5). Let w= cosec + = (sin x)—1!: consequently by © 


means of the preceding example, we obtain 


1 x 14 23 744 08 
=- + -+ at es 
x | ae Aa PD ae BG br mR a se 
100584 a7. 
on ee ie 
The general term of this series 
See a en 
Gom—% &e. 


ney LE Sak pa aam—5 4 
D2. BL ee osuaee 1h 2.98 4.5.0,7 
ial ES oD a 
B20) le 2 emeDS 


(G)as 4S \( tan 2)" 
o3n (50+ 
tava he a” t 4 


Qn 
$2 
Fc SS wa Be Bes wee 6 


FAP Op. By 
2° n (35 n? + 147 n+ 124) gr +6 
Drepenniede cies cin £3 


OT Lin § Nis TCE Ty AACE ee hate 


rag 


the general term is 


= an 4-2 2m Ther ay 


an 2 €(N4+2 m—2) 22 (n+ 2m —4) 
= ant ae ee 4 
m 1.2.3 Te eStats B 


24 (n+2m—6) 
Ppp deat g Eitan hanes trees co 


(—1)"2?7"%—*(n+2) (-1)" +1 Gem —% 
ee oe aly Non om rig RRR Ae PS RR MY 
Pee oman 1.2.2... (@m4l) 


AG | 

(7). Let wu = cot @ = (tan x)—1: by the preceding | 

example, we get . | 

1 2 ; ot 20 QO. haan 

uae eet eee PO? 
x 1.2.3 1.2.3.4.5.6 bet ee 


98 3.x 2 910 1029 


tea Srna teed — &e. 
Ae ee LO 1.2) See 


See Art. 411. Appendix. 


(8). w = (sin x)” (cos 2)”. 


Emeke m+) pete 4 (5 Omi tn) +30 m (n—1)—27} a : 
122229 3.1. 2. Se aie 


— § 35 (n3 + 27 m3) — 42 (n? + 45 m?) + 16 (n + 63 m) , 
f 


erick 
952 (5m — 3n) | ———___——__,, 
ee Oe Pata eriae 


+ £175 (nt + 81 m4) — 420 (n8 + 135 m’) 
+ 4 (101 n? + 1984 m2) — 144 (2 + 255 m) 
+ 2100 (n? + 9m?) xm — 1260 (7 n+-33m) mn 


a +8 


LRN TE f 


+ 9450 m? n? + 23640 mn } 


The law of derivation of this series admits of no very) 
simple expression: it may be indirectly exhibited in the 


following manner: let 


(cos xy” = 1 + a3 a? + ay Pe Ee ae, 1? P-L &e, 
and | 
(sin aya" aga” t2paya"t*+ ...... + cig a +7748, 


then the general term of the series 


=— Aye tas t 


ome it -- 2 y ; 
mite Pt day + agGgy—9 + 4 4q,—4 + ag Ag y—~ 


+ &e.., aed sy sicete + a2 %,—9 + a9, }. 


(9). uw ot iain aa 
=(+5$1- a ab (a?—ab+s?) xt 
oF 1.2 > (a+b)4 a ae 
_ab(at—11 a9 b421 a? b? - 11a 53-454) x6 Z 
~ (a+b7 PP RSI 4 US 
ab (a — 57 a5 54-393 a* b2?—673 a? 63 +393 a? b4—57 ab? +5) 
| (a + 5)? 


Spams nema tea 


The general term of this series 


se Re i 


yrm rf foley 
—  2m-(atb) S(2 m ~~ 2) aagm 2,4, +(2m —4:) Bom —4 ay a &c. 
ms 


44g Gym — 4+ % Oy By m— q+ (— 1)” + ———_—________ } 
4 4, a, a, m 2 a) (1.2 EET 


C10) S COs at ae 


Sk ee ee ae 1.3 Dee 

pe 9 4-205!) 22 4.9.53 BMS 

Cis 6 Eos eso. 7 «9 . 
Q3 1 ny ga = 8a 9g vi 


(11). ua E C8 # 


x? 4, x Ble? a= 
122° -1..2.3'. ae Ps2 B+ 4 s. 6 Shale RR 


& -6556%° 4150349 xt ai ae 2 
roe rio es a 


48 


The general term of this series is 


eee 2 7% 


a) Gam —4 a.m —6 
= Gi ea m 2m ee 
Drannor t [ie7g) Ahoy g la Se 


Ly Ber 


RS LOD lice eens eas) 


(12). wens 


: a2 Bats 8 ae 3 16 
= [ekg + oe 

+ ee eae 122), 3 AREA SAE Be CL a ES: Ae Bae 

4. 56 at 217 x 36 x9 
hp a 4-322 rel Tease. SS 
10 
9959 x on 
Bi 2: 10 


The general term of this series is 


m7 Se Hi 
at Got 8 a mes May ey pre ac.t 
er ak oe ste eTace 
(13). Fey 8 
Ox 523 15 x* 52 x 


a \itet et Setrpeatia se at : 


188 6 1 847 x7 4004. x8 
Pie 2a as. Ob Pee est LS ae 


+ &c. t. 
The general term is 
poe ts 


a an—y Ine & 
a Cool Ce 
mS i+ 4n—-2,+— ao ce 1.2.3 + 


Resist. 226 | Basi” Ale at | ee hey «, 


The general term is 


Bee) apart ss (ih mo 2 r), 


+1 
my 2n—2 an —4 ea L) 74) 1 
m4 —— OR ore ct ee Oe 
Son [noc eg Bae oe Sunes 1.2...m i 


or, (if m = 2r-+-1), 


rial ai ar aa ean eign 
BE A oer ae eee OC, ekg Ot oe ee 
ies 1.2.3.4 1.2.2... (m—1) 
] ; } 
2 ms 
CYS). uz /(1+eé). 
7 x? 9 a4 


: 4h 
ey); sisi+e ey oes $19 48 a let 4 


50 
The general term of this series - 


— Bm A ise 


= — S$ (am —2) ay Ce Nome aia An —o + Xe. 


QM a 


+ 44, 4a,—.+24,4 pee Ls iy 64, ot 


(16). Let wu ==: in this case, Uy, U,, U,, &e. 
Ee — 


become severally. equal to and require a very tedious and 


embarrassing reduction, in order to determine them: the 
following method is much more simple. Since 


t= x = a = : +&c. 
e7—] x x x? 
bt et Se el alt ee 


i eee 1.2 eS 


by the method of indeterminate coefficients (Note D), we 
get 


1 1 x? 1 at 1 6 
—l1——~@7 ce ices a meet a eng ete ip acento tiae aeae 
e g°+° 10a 90° 119.3.4 42 eel ameeG 


1 x8 iNgst gp10 _ 691 qi2 
Gri ie Oreo) pOGNale ee ea 2730 °° 1°94 20.19% 
7 yee BOLE xi, 48867 oe 
Af A ROT hd OR CROMER Lo cl 
174611 2, 854513 122 


B30 minis a 20 138 Wien 


23630409 1 yee a 8553103 26 
973000 Tinie ds 24 6 eo PLO 86 


| 
| 


| 


| 
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23749461029 x28 8615841276005 - 430 
~ 870 Yi oie 28 14322 rel Orme BO 
8480253 1453387 a? Z 
5440 RiRoneNaON eee: 


The general term being 


=) ete i a ES ae A OR oli AL a a 
renter Sean Deer a 


a 
te 
Lear ee oy 


The coefficients of 


a? x4 x6 


pei ere tS ae a ee aS, 
Len ee Aa le OB eae POG: 


are the celebrated numbers of -Bernouilli: See Art. 408. 
Appendix. 


It may be proper to observe, that in the determination of 
many of the preceding series, the theorem of Maclaurin 


becomes practically inapplicable, in consequence of the 


excessive complication of the expressions for the differential 
coefficients: we have therefore been sometimes obliged to 
have recourse to other and more expeditious methods which 
the Differential Calculus affords us, and which will be fully 
exemplified in Art. 45. 


We shall put down a few examples of the use of 
Taylor’s Series in the developement of transcendental func- 


tions, to which we referred in Arts. 21, 22. 


(1). Let « = log. x: the general series gives us, 


h2 he h* 
OC. 
& 


h 
log @+h)=log t+ > — O38 15 Somes 4 


52 


or, 
rth) h Wo, OB | 
ea Oe pans eee i 1). 
log (— Jee Bie hea (1) 


If we put a+ 2 in the place of x, and make =z, this 
series becomes 


Be ee Neo r\2.1 2 
log ater == 2° (=) +3 (— Be 


By making 4= —a, as in formula (3), page 30, and re- 
ducing, we get 


=) © aC re Ce) 

oa OTE ee +o. SEMEN : 

log a ata 2 \a+ar SA Nata ed cot CH: 
If we add these two series together, we find 


4+ 2x § x l x 3 
1 .C )=2 eas Wee 
°8 a A Lames (- -—~) 


5 
+2 ( = ) +- xe. b. (4). 
5 \a 4+ 2 . 


Or, putting F in the place of a, it becomes 


wy Cle ach oreo 
§ 5 ree Qa+nx § Qa+xr 


Ae x \5 i 
L Bree 
aA Freed nchitanets (5) 


a series which is also given in Art. 29. 


(2), etm =<=isin 7: then 


i h i 1 h ht he i 
ee (101) JOG. GSR Ba. 
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hs hs 
+cosxr{ s— + ———_—___. — Ke. 
1.2.3 1.2.3.4.5 


= sin xr cosh + cos sin fh. 


(3). Let w = tanx: by making sin x = a, we shall get, 
by means of Example 16, Art. 18, 


1 h Q9snx Ff 
tan (v + 4) = tanger ac A 
( ‘ # (cos 7) 1 (cos. rf 1.2 


Bey. 2 3 : O94. — ry? 4 
6 a) h + sin o> a) h 


(cos x)* i eS (cos x) 1.9.3.4 
a (to — 120 (cos x)? + 16 (cos =) hé 
i a 
(cos x)® Lao S425 
sin 2( 2 — 480 (cos x) + 32 (cos. 2») ; hf 
(cos x)’ fies Stes 5 6 
a eo — 6720(cosx)* + 2036 (cos x)#—64 (cos x)* ) i 
(cos x)® 1.2.3,4.5.6.7 


+ &c. 


(4). Let w = sin—'x; by means of Ex. 9, Art. 18, we 
find 


: 


pn—' (x + hk) = sin" 7 + st + fe ee a 


GQ +22)  #  3a(S4e2a") Ie 
(i — a) 1-62.38 (gf — gy 1.8.3.4 


3(3 + 24.2 + 8 24) hs 


+ feels 
( — «3 12 soa as 


152(15 + 404° 4+ 824) i 


J = Sana eee 
(1 — a”)5 > L..2.544,5.6 
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, 8065 4+ 90a? + 120at4+16 2°) ~ i 
TE 3 VL BOS O45 = Oe 


+ &c. : : 
Euler. Inst. Calc. Diff’ Pars Il. Art. 83. 7 


(5). Let w= tan—'2; by means of Ex:/13, Artis; 


we get 
1 h Qx h? 


fan =" (¢ hye ta a eee SO ee 
Ca Leet (1 + 2°) 1-2 


9(3°—1) F 
Ce ee 


_ 2.3.4(a7 — 2) h* 9.3.4 (5x4 — 10x? +1) hs 


CE ee: (1 + 2°) "1.2.8.4. aU 
a 2.3.4.547(6a4 — 202° + 6) ie : 
deat (1 + 2°) Cisne ene eee 
PR PR POR AAS CG stank oe SLY hi ne 
(1 +2") 1. oV3l4 6.7 


Euler by a particular artifice, has effected the de- 
velopement of tan—' (v + A), in a very remarkable series, 


from which some very curious and beautiful results are 


deducible: if we assume 
a se 
us tan TB > es we have 


x = tan wu = cot. Z, 


du 1 ete dz 
= In 2) Pe ie 
t 1+ 2 d-x 


By differentiating, we get 
Pur O27. 


— —- sin®z = — (sin 2) sin 22. 


dv dx 


Also 

bs 
1 os —— { sin z cos z sin2z + (sin.z)’ cos 2 z } 
Pape 6 nd L.- 

PBs 2 © sin 2 sin 3 = (sin z) sin 3.z, 

4 
eee — (sin. z)* sin4z, 
°2.90-08L 

Gu 


hos (sin z)§ sin 5 z, and so on. 


Consequently, 


2 
tan—* (vx +h)= tan—'x+sinz sin z & — (sin z)’ sin 2 z. - 


° e h3 e ° ht e £5 
+ (sin 2)? sin3 z.~—— (sinz)* sin 4z. re + (sin. z)§ sin 5z oe 
J 


EC. (1). 


If in this series, we make 4 = — x, we find 


3 
8 


, , Rate ; 
tan = ge = ine sing + @ sin 2 2 (sin zy 


id ba : 
4 aes 3 z (sin z)° 


4 


La he - sin 4.z (sin zt + &e. (2). 


cos 


z Maes wee 
, this series gives us 
sin Z 


Since r=cot z= 


P Aish. 
= z + sin. z cos z + at 2 z (cos z) 


9149 


sin 3 z (cos z)? + &c. (3). 
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If in series (1), we make 4 = — 2x, we shall get, 
since tan—*(— 2) = — tan—'a@, 


* 


O2 x2 


sin 2 z (sin 2)” 


2g, :) 


etan er = sin z sin 2 + 
Raat oy me 
+ Beit 3 z (sin z)> + &e. (4). 


By substituting cot z for 2, this series gives us 


¢ 2 
aks + sin z cos Z + 5 sin 2 z (cos zy + = sin $z (cos z)° 
J 
Q3 . 
ae atte ey zy + &e. (5). 7 
By making z = nt we get 
a ahr GRO reps, cerns eto FON peer at oe 
ee ea | 
2 1 2 3 S 6 7 9 10 11 


By subtracting series (3) and (5) from each other, we : 
find : 


o° — . oF : 
0o= Sar aes Zcosz + Sse sin 2z (cos z)? 


4 
ed 


om me sin 42 (cos z)*+ &c. (6), | 


Oe : 
+ Sta sin 3 z (cos z)> + 


e{l4+2°) cos Z 


If in series (1), we make 2 = . pleases. 
2 1-w@Z sin z cos 22 


and therefore tan—' (r +h) = tan~*( 


=.) = 2tan—' 2, 


: 


i 


we shall get 
sin zcos z , sin@z(cosz)’ , sin 3z (cos 2) 
l.cos2z 2.(cos 22)? 3 (cos 2%) Hi 


sin 4.2 (cos z)* oer | 
aA 4: (cos 2 z)! + &e. ( 


‘tan x= — ; 
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In the same manner by making A= 2rd + 2) = 


1] — 3x? 
2 COS z =< 5h : i 
— =——_______—__.,, and «. tan—'(x + h) ='Stan—'a, 
sin 2(1+2 cos 2 z) 
we shall get 
2 sin z cos z 2° sin 2 z (cos z)? 


eka oe SAYS BUTE poets Whee 8 3.0 Ale A 
1(1+2cos@z) 2 “(L + 2 cos 22) 


— o— 


25 sin3z(cosz | 2 sin 4z (cos z) 
; — hee ea ORL, (8). 
3 (1+ 2cos2z% 4 (1 4+2c0s2z) 


] 
+. ,' Sand’ there- 
cos z sin z 


The ceniak oe -(« +-) et 
fore 


a 


1 l T 
tan—' (+f) ==tan—'( —+) =—tan-' -= —- + tan~' a, 
iP x 


the same series will give us, 


o sin 2 sin 2z sin 32 sin 4 z 


— 


Se a he pg saat} a te CC, (9), 
2g ].cosz 2 (cos z)? 3(cos zy 4 (cos z)* i 9) 


By differentiating this series and striking out the common 
factors, we shall find 


Cet pits Hing, SEPP ae gos 82 +-&c. - (10). 
COS Z (cos z)? (cos z)* 


In a similar manner, by differentiating series (3), we find 


O = 1 + cos2z + cos 2 cos 3 z + (cos z)? cos 4z 


+ (cos 2)? cos 52 + &c. (11). 
If in series (1), we make A = — /(1 +2’) = — = ~> 


and therefore, 
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tn! fel bat) Ss - ptm, 


(Ex. 61. Art. 31.) 


1/7 be a z 


we shall get 


l e ] e ] e 1 6 
+ sin z+~ sin 2 ~ sin 3 ~sin4z + &e. (11). 
73 +5 sin ech j fies (11) 


Also, since (Note D. p. 630.) 


; ye Bee 
ae sir eae siete ~sin3z— &e. 
Q 2 S 


by adding this series to the former, we get 
E = sinz + ; sin 32 +5 sin 52+ &e.: (12). 

Euler. Inst. Calc. Diff. Pars. II. Art. 57 .. 93. 
(6). Let uw = (log tan)—'a, or let u be an arc, the 


logarithm of whose tangent is x: consequently, r=log tan u, 
and therefore by the general series | 


sin2ucos2u # 
Q "1.2 


4 


“+ 


(log tan)—'(v@ + kh) =u + a uf 


sinQucos4u f° | sin Qu 
aaa 


: + cos 6u — sin 2wsi 
2 ies ace aa eee 
e Ls 
ee eos Su — esin Susi 6 yee 
2 1.213 416 
in 2 | } cape 
a a {cos 1l0u—7 sin 2u sin 8u — 2(sin 2 wu)’ cos Gu f$ . 


hs sin 2 wu 
1.4 1342506 


— 20 (sin 2u)? cos 8u } so 9 og 


{cos 12u — 18 sin 2u cos 10u 
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Euler. Inst. Calc. Diff, Pars. II, Art. 100. 


(7). Let wu = e* sin nx: by formula (3), p. 30, we get 


: ih Ws 
Oo= ‘sin na $1—2 1 — *)——- — (1 — 3'n? 
‘ + ( Te § SOC: 


+ (1 —6n? + n*) 


1 — 10n?-+-5n*)————_ +- Ke. f 
A a 3.4 ri ve esas 


* COS NX Sina Qn f +n(3 — n’*) ze 
2 Seg Tht eT See ase 
2 1.2.3 


—n(4 —4n? M5 —10n? + n*) ——_—_—_—_. — ke. be 
( ) +n( +1 c 


aoe 


consequently, 


NY — Qn us + n(3 — n?) —— &e 
1.2 ‘ 2.8 
CNN A garam per” CR Rea ST mar or ion 
ia Ca 0 ree (eR z+ &e. 


Euler. Jd. Art. 101, 102. 


On Series for the Calculation of Logarithms. 


. The series. of Mercator in Art. 28, for a logarithm in 
terms of the number corresponding to it, or 
ha Se SpE Gk! 
1). log i+u su 4 —~+—-— &e. 
(1). log (1+) See 
is of no practical use in the calculation of logarithms, since 
it evidently becomes divergent, when u exceeds unity. This 
defect, however, is partially removed in the series given in 
Art. 20, or 


(2). log (=~) = 2he + SPE + Ke. f 
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which was deduced from the former by the celebrated 


? equal 


e fe e ° 1 
James Gregory*; since in this case, if we assume 


—_— 


to a whole number, u is always a proper fraction, and the 
series is convergent, though not with sufficient rapidity for 
the purposes of calculation, when the number whose 
logarithm is required, becomes considerable. We must 
therefore direct our principal attention to such transforma- 
tions of this series, as enable us to calculate the logarithms of 
numbers, by means of the logarithms of other numbers which 


‘ 1l+u m 
precede them. ‘Thus, if we aSsume, ; rain o and there- 
—U 


£ m—N 
ore, U= , >» we get 


—n a—n3 1 fm—-nNn> | 
S) og Ma 2 $M! (=P) 1 (M2)! 4 Bo? 
(8) ca m+n 3 \m+n 5 m+n es 


or, 


2 3 
log m=log n+2 dade A ") +3 +- =) +80. 


m3n 3\m+-n 


an 
If m=n + 1, we find, 


] ] I 
(4). log(@v + 1) = logn + io Ta 3° (Qn + 1) 


: +&e.t 


T 5 5 “(2 n . 1 
a series which enables us to calculate the logarithms of 


numbers by means of those which immediately precede 
them. 


In investigating transformations of the series (3),.it is 
most convenient to assume m and n such functions of any 
whole number (x), as are resolvable into simple factors, and 
whose difference m— n is either unity or some constant 
number. 


* Eyvercitationes Geometrice. 1670. 
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| 


Thus, let ~ lai 72 an hypothesis which gives 


TA. 


1 


(5). log.(7 + 1) = 2log.# — log. (vw — 1) — 2 We 


— 


] 1 1 1 i 

mm @ ——____. | -_ &Xc. : 
13 @ecip’ 3’ @Priyt 
| ‘ : 
$0 great is the convergency of this series, that if we assume 
ie = 100, the two first terms will give a result which is 


“accurate to fourteen places of decimals. 


Let ee ee ae bea bo) 
nT PE pag” (@paKepbya—a—H) 
(6). log (r++-a+6)= { log. (x+-a)-+-log (v+4)+log (v—a—4) } 


— {log (ea) +log (e—8)} +2 $4 _41(_4_)’ 


; therefore 


Btor 3\e8+ px 
1 5 
1 Ghpy' tee} 
olf (Gace + &e. 
If a =) = 1, this formula gives us 


(7). log (7+2)= { 2 log (xv + 1)+log (w—2) } —2 log (w—1) 
2 1 2 : ] 2 i 
oO Ss pos. Sei Beak ae , 
¥ ete ta =) tie Genoa) + &o.f 


The following formule may be deduced in a similar 
manner. 


8). log(v7+ 5) = { log(e + 4)+log (v +3) + log (2 — 3) 


+ log («x — 4)} 
Beta toe ee foot ietny ¢ 7) aan ca | 
fe at — 257° + 72 


] f 70 y 
wer (bee ed Pi hy xe. : 
7 3 Gs — 252° 4+ 72 re 
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If x = 100, the first term of this series 1s accurate to 
15 places of decimals. 


(9). Log aes = § 2 log (r+5)4+2 log xr} — 
{ log (x—1) + log (v +2) + log (w + 3)§ — 


P s 18 1 18 ) #80. 
; v4 10094 252° —18'3 x* + 102°+25 2? — 18 


(10). Log (x +10) = { log (7+9)+log aapale: (v— WW 
“Tog (w—4) +log (2-2) } — {log (w +4) +log (+2) + 


+ 


Jog (e—7) + log @—9)} +2 § =a 


a —125 23 + 3004 2 


5040 
se. } 
3 AGes rates 125 a3 + 3004.x a 


(11). Log (w+8)= { 2 log (vx +7)+2 log x + 
2 log (c—7)} — { log (w—3)+log (wv +3)+log (w@—5) + | 


7200 
— 98 xt +2401 x* — 7200 


1 7200 ‘\ 2 
na yee ee eMail i A, A au. Sa Xc. 
3 (a5 a* + 2401 x2? — 7200 a 


If x = 100, the first term of this series has no significant 
figure among the first 8 places of decimals, 


+ 


log (4+ 5) +log (rx—8)} —2 S 


It is unnecessary to explain the uses of many of the pre- 
ceding formula, in abridging the laborious task of calculating 
tables of logarithms. This object however, is now become one 
of speculative rather than of practical importance, as tables 
were calculated of sufficient extent and accuracy for most of 
the purposes for which they are required, at a period when 
none of the expedients furnished by analysis, were known. 
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The series, which have been enumerated, are adapted for 
the calculation of Napierian logarithms only, and it is of 
great importance to determine the constant quantity by which 
they must be multiplied in order to give the logarithms in 
ordinary use. It appears from Art. 24, that if a be the base 


: : wr Mea ra 
of the system of logarithms, this constant multiplier is =, 
where 


k= (a—1 pa GU Ged CoD ge 


= log a to base e. 


This series, however, is not convergent, though a very simple 
transformation will make it so: since 


log (/a = : log a, and therefore log a = m log V/a. 
m 


we have log a = 


— m § Ga) V+ ao +&c a 


=k: it is evident that this series, by increasing the value of 
m, may be made to converge with any required degree of 
rapidity. 

Thus, if a = 10, and m = 2°, we have 


4/10 = 1 . 00000,00000,00002,045 10,6389 1,20519,4 : 


and since, in this case, the second term of the series for k, 
has no significant figure among the first 28 places of de 


cimals, we may assume 
1 


log 1lO=k = = OF ah. 


But 00000, 00000 300000, 888 17,84197,00124,2 
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and therefore 


1 .0,88817,84197,00124,2 
k . 2,04510,63891,205 19,4 


= . 4342944819032518. 


On Series for the Rectification of the Circle. 


Art. 37. The series for the arc (y),; in terms of the | 


sine (”), or 


(3 hil Sg vvaka 
apshaeoite tial” SB pig atte b 


pS BRe3 Dera ihe 1 80 53 3A Bt or 


Se hy Pat Gol hie 
1 


ge IRREaET Weer 


Se 
as well as the series for the sine and cosine in terms of the 
arc itself, were first given by Newton, in a paper entitled 
cc Analysis per JEquationes numero terminorum infinitas.’ ‘This 
paper was communicated, by Collins, the Secretary of the 
Royal Society, in the year 1669, to James Gregory, who. in 
1671 discovered the series for the arc (y) in terms of the 
tangent (u)*, or 


uw 


yaw S457 tk 


The first series is convergent for all the values, which # 


admits of, and very rapidly so, when x = ; » and therefore 


y=30°: it was thus that Newton.calculated the circumference 


* Commercium Epistolicum. 
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of a circle, whose diameter is unity, to 16 places of deci- 
mals*: the coeflicients of this series, however, are not of a 
form the most convenient for calculation, and other series 


enable us to approximate to this value with much greater 
rapidity. 


The law of Gregory’s series is remarkable for its sime 
plicity, though amongst the values y and u, which have a 
known relation to each other, there is only one which makes 
the series sufficiently convergent to be of much practical use 
in the rectification of the circle. For it would require the. 
calculation of 5000000000 terms of this series, when u = 1, 
to find the length of the are of 45° which corresponds to it, 
to 20 places of decimals; an operation which could not 
be completed by an ordinary calculator in less than 1000 
-yearst. By supposing, however, y=30°, and therefore v= 


io) we find 


1 1 2 
ies ae 3 ie ——_ + —— = PX. e'5 
v Be Se. SPT. 38 Si 
a series which converges with a rapidity so considerable, that 
the aggregation of 18 terms will give a result which is accu- | 


rate to 10 places of decimals. 


It was by help of this series that the laborious Abraham 
Sharp calculated the value of ~ to 74 places of decimals, 
a labour of appalling extent, and requiring the aggregation of 
150 terms of the series and the extraction of ,/3 to 76 de- 
cimal places. To extend this approximation to 100 places of 
- decimals, would require the calculation of 210 terms of the 
series, a work merely within the limits of human industry. 
This however was effected by Machin, most probably by 
means of the expedient which is explained by our author. 
In order to effect this prodigious approximation, it would be 
necessary to calculate 140 terms of the first of the two series 


* Epistola posterior Newtoni ad Oldenburgh. 1676. 
ry | See aan ee 


t 
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for 5 and about 46 of the second: an operation by no means 
so difficult as that undertaken and executed by Sharp, since 


] . : : 
the powers of = are finite decimals, and no square root 1s 


involved. 


The only notice of the discovery of Machin’s formula is 
contained in Jones’s Synopsis Palmariorum Matheseos, a book 
little known, which was published in 1706. It was after~ 
wards noticed and fully explained in an appendix to a ‘* Dis- 
sertation on the Use of the Negative Sign in Algebra,” by Baron 
~ Maseres. ¢ 


Euler, who left no part of Analysis unexplored, in a 
Paper in the Petersburgh Acts for 1744, on the different 
modes of approximating to the length of the circumference 
of acircle, not only gave Machin’s formula, but also ex- 
plained a mode of finding an infinite number of similar 


formulz, Thus assuming 


I ® a! 
tan(a +b) =-, tana=~-, tnb=—, 
| e ite y 


y 


we have 
1 v i 3 
tan) es tan ce tan 70" fis 
e y ¥ 
and since tan a = tan (a + b — b), we gets 
1 x 
eee y 
Hee a! 
F ele yess 


an indeterminate equation, admitting of an infinite number 


of solutions. 


4 4 1 my ] 
Phas iffe = 1, =~ 5 and therefore — ==, we find 
eZ a 3 
7 Sti oh 1 
Caner te ee seta i Tres re 
4 ™ 2 3) 


2 ene 


1 ali 1 
— — + &e. 
(i rir 5.35 73h 


By the aggregation of 318 terms of the first series and 
200 of the second, the value of 7 might be determined to 
200 places of decimals. 


Bya continuation of this process, we shall be enabled to 
deduce the following general formula, 


tan—*< =tan—*? 22244 tan—? 25% 4 tan—-1 OS 
ey+r Cent a €, +1 

: Ate! ze toh 
Pair ese ns a Elta te oe ee tan rong 
| é, rare €n—1 ntl en 


By making = 1, we may readily verify the following 


equations : 


1 i } ] 
LL) 7 Stan—' = } tan—' = Ftan=' = + tan =. 
C1.) an mith an eg a 7 " 
(2). =~ =2tan—! : + tan—' : 
os : ; 
(3). = =3tan—? 1 42 tan—? ae 
a as 7 i 
] 
(4). - =2tan—'2 42 tan—"5 + tan—' 5. 
(5). Sete tan—? 1 Fitans} asi; tan—'—. 
ae 5 70 99 
(6). “ = tan— Sb tan—? 2 btn" 5 4 tan" = 
4 2g 32 


] 1 He Ag 
+ tant? 5 + tan7* seh Sc. in infinitum, 
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where the denominators of the tangents are the doubles of 


the squares of the natural numbers. 


1 


1 1 1 
7). ek ee eotath oe talk oe tan, 
a ens 7 ig t 3] 
1 e e J 
n—' —— + &c in infinitum ; 


] 
+ tan—'— + ta 
63 127 


the general form of the denominators of the tangents being 


g” —~ ], 
oT 1 = 1 1 
8)... = = tan) . — 2 tan 4-9 tan 2 
(8) 4, oo} ae 2786 
“Sap ed 
108 12186007 
re Cee ES , Sits 


T 1 
(9). = = 8 tan—'—— tan? - 8 tan 
4 10 23 1030 


1 ] 
BO Ca ee TAN 
533530 75893111509788795 


1 b 
10). nats pace’ t mae Rae Sot wa Lee 
Sk: aeRO a(a+b)+1 uy 
b b . 


— i 


t CATE i ae 
“ ae (a+2b) (a@+Sb)+1 


(a+ D@t+i 


b 
— ]} y ‘ e ry e K 
-+ tan (TRS tELART SPurLayet + &c. in infinitum*. 


ort EEE 
* Euler, ‘‘ De progressionibus arcuum circularium quorum 


tangentes secundum certam legem procedunt.” Novi Commentarii 
Petropol, Tom. IX. 1764. 
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if we assume a and 4 in such a manner, that 4 may be a 
divisor of a?+1, this formula will furnish the sums of series 
of inverse tangents whose numerators are severally equal to 
unity. These equations and series may be multiplied to any 
extent, though such of them alone are useful in approximating 
to the circumference of a circle, as are restricted to a few 


terms and consist of tangents whose numerators are equal 
to unity. 


The general formula which we have given from Euler 
is not the best adapted to the discovery of the formule 
which possess these properties ;- investigations of this kind 
more properly belong to the solution of the following 
problem. Supposing 


a.tan) sap tan! a ta tan sa s + &e.=0, 
wv i aise a. 
to find the coefficients a, a,, a,, a, &c.. when the denomi- 
nators Y, X,, %,, Xc. are whole numbers : a solution of this 
problem, and a more elaborate discussion of the properties of 
‘series of inverse tangents will be found in the third and last 


part of this Work. 


Before the discovery of these series, an approximation 
was made to the value of 7, by calculating the lengths of the 
circumferences of an inscribed and circumscribed regular 
polygon, of the same number of sides, one being less and the 
other greater than the circumference of the circle. Thus 
Archimedes by means of polygons of 96 sides, the circum- 
ference of the inscribed polygon being 


=90/ {2-J/(2+ V(24+ J/(2+V/3)}5 
and of the circumscribed 


_ 192 4 § 2— V(24 (2+ V(2+4+4/3) } 
SAS { 24/284 VG4+VCFS3)} 


Q¢ ; 3 1 
found z = = » a result which is too great by nearly oan 
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of the diameter. Peter Metius by a similar process obtained 


35 : . 
~~ for an approximate value of 7, a remarkable result and 


3 


which is accurate to 5 places of decimals. Vieta extended | 
this approximation, by the same method, to YO places of 
decimals, which number was increased to"35, by Ludolph 
van Ceulen; a labour of vast extent, when the means are 
considered, and of which he was so proud, that he directed, 
after the example of Archimedes, that the numbers should 
be engraved upon his tomb. De Lagny by an unknown 
process, but most probably by means of Machin’s formula, 
found the value of ~ to 127 places of decimals, and some 
notion of the prodigious accuracy of this determination may 
be formed from the following hypothesis. If the diameter of 
the Universe be 100000000000 times the distance of the Sun 
from the Earth, and if a distance which is 100000000000 
times this diameter be divided into parts, each of which is 
the 100000000000" part of an inch ; if a circle be described 
whose diameter is 100000000000 times that distance re- 
peated 100000000000 times as often as each of those parts 
of an inch is contained in it: then the error in the circum- 
ference of this circle as calculated from this approximation, will 
be less than the 100000000000" part of the 100000000000" 
part of an inch. 


SE eee 


On the Differentiation of Equations of two Vari- 
ables, and the Elimination of their Constants. 
ART. 38.—44. (1). Let the primitive equation be 
ytar+b=0. 


The differential equation of the first order, arising from) 
the elimination of a, is 


“RS 


PY 
y | tdy 
fd re ——— + b= 
4 % —= e 
K 9 > J dx | 
4 ASS, 
‘as i 2 a 


7 
The differential equation of the first order, which arises 


from the elimination of b, is 


S24 a=. 


& 


Lagrange. Calcul des Fonctions. Lec. 12. 


(2). Let the primitive equation be 


— ytarte/(1 +a’) = 0. 


The elimination of a, gives us 


(3). Let the primitive equation be 
—2ay—a—b=0, (a). 


The elimination of a, gives us 


Ee ae if one 
as NAW iin dara se preemie eal (f). 
and that of 6, 
{ dy 
4 ae = QO. (y). 


Again, by eliminating 6 from (8), or a from ) we get 
the differential equation of the second order, 


dy dy 
— = = 0, ; 
een ada @) 


(4). Let the primitive equation be 


ary tay — bx =0. 
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By the elimination of a, we get 


Oy EE Aas ge a (p). 
dy 
where Pe 


The elimination ne b, gives us 
nytay—(a@+ary)p=0. (7). 
Again, by eliminating 4 from ((), or a from (7), we get 
ep — By p + Srp — x =O 
or, (ep —yP =0. Q). 


- The primitive equation being homogeneous, the values‘of 
y are mx and m' x, where m and m/ are constant quantities : it 
‘ a? : 
is obvious therefore that aa = 0, and that consequently 
a 
the original equation («) admits not of a derivative equation 
of the second order. - 


(5). Let the primitive equation be 
axvytbryt+et+y =O. 
By eliminating a, we get 
(dary toey —a)p—bryptey—2y=0. (B). 
Also, by eliminating 6, we get | 
(x y—ayP—224) ptary+2yr—yi=0. | (ys 


If we eliminate d from (8), or a from (7), we shall find 
after proper reductions | 
(ep) {(+¥) @ py +892 p (@-Y) § =O. De 
This equation is verified by making ry—y=0, in the ; 
same manner as in the preceding example. 


13 


Let the primitive equation be 
(Art. 255). 


(rv — y) sce tee c 


(6). 
The differentiation of this equation leads us to the 
homogeneous equation, 


(t—2y) dx+ydy=0. 


Let the primitive equation be 


(7). 
ro (Note N). 


(i+y) (c+log r)=x 


By eliminating c, we get 
2ydy—y dx=(xwt+yy 6m x 


(8). Let the primitive equation be 
2cey¥t+cC—-xL#=0. (Art. 255). 


The elimination of c, gives us 
ady—ydx=du f(x? +y’). 


Let the primitive equation be 


(9). 
yore, (Note N). 
By a similar process we get 
rdy —ydx =y (log x — logy) dx, 
(10). Let the primitive equation be 
ym co—* —a=0. (Art. 257). 
The elimination of cy gives us 
(8). 


dy + 3x ydt=3axdx. 
K 


le 


TA 


Again, by eliminating a from (8), we get 
ady + (30% — 2) dydzr = 0. (y). 


(11). Let the primitive equation be 
(y —cy—-a@a ee O. (Art. 268). 
By eliminating c, we get 


dy — eax = 0 


(12). Let the primitive equation be 
(a@—cYt(iy-cf~—@ =0. 
By eliminating c, we get 
Qs pyy—cy—a# =O. (). 
Again, by eliminating ¢’ from (8), we find 7 


1 2\3 
ee —a@=03 (7) 


where g 


On the Use of Differentiation in eliminating Irra- 
tional and Transcendental Functions from Equa- 
tions, and also in the Developement of Functions. 


Arr. 45. (i). Let uw = (@? +4)”; by differentiating | 
this equation, we get 
Ae Wmuxrdxr . 
ni ar+a? } 


an expression which is free from radical quantities. 
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(2). Let u = log v--log v’ +v"; in this case, 


an equation in which no transcendental quantity appears. 


(3) Let Bue this gives us 


oF ean 


p22 41, Qe=log {“*- 
U 


and therefore 


adr 


1—w 


Euler. Inst. Calc. Diff. Pars. I. Art. 294. 


(4). Let wu = log frre, therefore, 


x ee Gra 
a . du+dzu a du+tdx 
du—dx’ EN eatenal a du— dx 


dv=@?u-+duw \ 


(5). Let uv = a.sin-~* “ 


adx 


d — 
t= Tene} 


5 


(0). “Let tan > x. 


dz 
1 + 2’ 


du = 


(7). Let w = cos ~: we hence get 
x s 


wedu=(udx—xrdu)y/f1—uw. 


(8). Let wu = msinx+ncos v: 
after two differentiations, we get 


Cb Pad v0. 


(9): Dhetswrs-yeticogn: 
by eliminating e’, we get 
du = {1l+cotv}dv: 


and by differentiating again and eliminating the circular 
functions, we find 
Qdv (udv —du)+d'v (dv — du) = 0. 


qy” 
(10). Let wu =—-;, where n and n, are any numbers 
(ee 
whatever, rational or irrational. 


By the same process as above, we find 
ade dv dv, 
VV qe =u (my, anv a (6) 


This equation ((), is useful in the developement of some 
rather complicated functions. 


(7 
Thus, suppose 


= { a, +a, 0 +a, 2° +a, 434+ &c. }” en qy” 
<i {a,+a,€+a,2°+0,23 + Xe. ae ne 
Assume 
w= A, + A, x + A, x ae A, x + &c, 
It is obvious that 4, = 5 and by performing the 
f a a 1 


operations indicated in the differential equation (8), we shall 


get the following equations for the determination of A,, A,, 
AKG 


4 bea Se tok 0 


—N 2, a, 


—(n—l)a, ao +(n,—7) a, o%, 


» ag A, +(n, + 1) a,a, A, +2n, a, a, A, 
— 2d, a, 


th 2) ate, +(n,— n+ 1)a, a +(2n, —n)a, , 
—(2n—- l)a,a, +(n,—-2n)a, a, 
| — 52.4, &, 


,a, A, +(n, +2) a, a, A, +(2n, + 1)a,c, ? A,+3n, a,a, ie 


=0, &c. 


Euler. Inst. Cale. Diff. Pars. II. Cap. viii. Art. 207. 
a ae : a x a 2 C. 
(1). Let = eo tit +4, He) oe, 


In this case, we have 


du dv 
Pisiart bas a (8) 


Assume u= 4,+A,07+A,0°+4,7°4+&c.: 
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It is obvious, that 4,=¢°3 also by performing the operations 
indicated in equation (2), we find | 


A,—a, A, = 90. 
PD heyy Meee Ha) 
3 A,—a, 4,-2%0, 4,—3a, A, =0. 
4 A,—a, A,—2a, A,—3a, A,—4a, A, = 0. 
 § A,—a, A,—2 a, 4,-3.4, A,—4 4, A,—5 a, A, = O,/800, 


(12). Letu = $ v+/(v?—1) }": this gives us 


du _ ndv 
“ee Ri) 
(Y!—1l)dw=n'w dv’. (2). 


By differentiating this equation (8), we shall obtain another 
equation, in which w and its differential coefficients do not 


exceed the first degree : or, 


1 en VED Nx cl ob OU UE 
n Mok aha Vv de + at ma UF (7). 


Assume 
U = a,+4,0+4,0+4,0°% +X. (Ss). 
‘By making v=0, in uw, we get a,= Let t”, and by 


: . d 
making v=0, 1n oe , we also get 


aes {n/(—1)}”7?. | 
If we perform the operations indicated in equation (7), 
we shall get 


19 


Se KT A) (rei 18) 9 


46 

BO 4:55 06 
_ —4) (n? — 16) (n?— 36) a, &e 
ONG REA RS Of Soa 
and 

feeds te RE 
2.3 

a XD (= 9) 


a 
I 


Pa a se 


“hg Be NASD ACs ACLs Dal Xe. 


(13). Letw= {v— /(v?—1)}”: by the same process 
as in the preceding example, we shall obtain a differential 
equation of the second order, which is identical with (7). 


Assume u = a, +a,'uta,v' +a, +a, vt+ &e. 


In the same manner as before, we shall get 


aot ol fea JC ut ye and? eta mie fi CT) eo} 
ly — eds Aa! Pe die, A Gt 
0 Orie oy 
ee (n? —4) 1 Le Ge 1) lb — 9), 4 
i Lai an a A U" Pipa 5 rome mconeaer semanas ST LF 
0: laemer aca 5 TATED heater 
Sic. &c. 


| The two last examples enable us to investigate the series 
‘for cos nx interms of cosx. Thus, suppose v=cos 7, we 
have, by Demoivre’s formula 


cosnv = fut VJ(w—l)p"+ fv—V(v'—])) $” 
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2 yy v. Ope ia 
eae os aaa Cabra 
2 aes SP 


—4) (n?—16 ae 
ee oa a ata} }o— so ze 


eS ads 
Eg a ee ap xe. ¢ 


Now a,tah={A-D}"+ {-Y-)}*= 
{AHI} fle(-1y}, and 
a,tat=n§ f(-1) p=" {14(-1R-'}. 


If n be an odd number, d,+a,'=0. 
If m be an even number, of the form 4m, a, + a,’ =2. 


If n be an even number, of the form 4m+2, a,+a, =—2. 
If nm be an odd number, of the form 4 m+-1, a,+a,'=22. 

If m be an odd number, of the form 4m+3, a,+a/{=—2 un. | 
If 2 be an even number, d,+a,;=0. | 


There are, consequently, six different series for cos na | 
in terms of cos 2, corresponding to different values of n: it | 
is possible, however, to include them all under one general 


formula: thus, since 


§cost+/(—1) sing }"=cosnx+/(—1) sin na, 


by making ens at we get cos v=0, sinv=1, 
and therefore 

a 

; t/(—1) }"=c0s — + /(—1) sin 


In the same manner, 


e/a) ta ee C08 ¢ 


= >) mst /( —1) sin ( 


n— *) | 
T 
2 , 


8] 


consequently, 


, nN 1 n— 
SE as COS —— , and a,4+a,'=2ncos ( ~) T: 
es 


ol 


and generally, 


2 »,2 2 Cp dks 
cos Nd = cos Sy inf Sees oD tbe} 
Qe 2 9.34 | 


<2 
+ ncos ( Ge) So - “ Vv + 


(NOD sae] 
Be Gr ante 


By differentiating this result, we get 


sin nx = nN COS = sin x ¥ cos x — MGs =) (cos +) 
+ cos ————— eal = sin r si -* re (cos 2)? + 
(x? —1) (n°? — se 4 (UP —1) (W’?—9) (n?— 25) ¢ 
eres hi) as 46s OA 
+ &c. ; 


These formulz readily furnish us with expressions for sin nx 
and cos nx, in terms of ascending powers of sin z: Thus 


Pe NS Ceci ae al 
cos nx = (cos ~*) 41 — > (sin x)’ + 


Ag 4) (sin r)* — ee. ¢ 
Biedee 


L 


s 
ee ee ee ee ee 


ee 
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as 9a n? —1 : ‘s 
+n (cos “—". ») sine $1 — =) Gin 2) + 


Re ane 9) (sin x)*— &c. t 


and 


6 nN T 2 e (n? — 4) e 
sin mW x=N (cos “*) cos © ¥ sin 62 ae eras (sin xr) 


(—4) (n? 16) 
D5 D4. O 


mF (cos — ee) sine $1 — Nae 3 Y) (sin ei 


(* — 1) @?—9) (sin )'— ke. ¢ 
9.3.4 : 


+ sin 7). — ne 


The same differential equation (7), may be applied to the 
developement of { v+/(v?-— 1) }”, in a series of descending 
powers of v: thus assuming 


U=An UO + On —, OP +d "7 + Ke. 


and performing the requisite operations, we shall find 


nN Ay 
solr are 
> n(n Fis 3) ay 
cae 94.1.2 
eae ae Aree BC e ee, ehitec. 


dale OS A 


the coefficients Oy, — 13 In—39 Gn —59 &c. being severally equal 
to nothing : 


It yet remains to determine a,,: since 


} U+ Vv (oe 1) } "= dy UO" FO, — 9 UO $d, — 4 OF KC, 


83 
we have, by dividing by v”, 
| iS 9 i 
Sis — =)t Fn Fy aS + a ag + &c.: 


making - = 0, we get 
a, {l+1}"*= 9", 
and the series becomes 
fut fo? — 1)}" =@vy—n@vy-* + 
= ah noe (2 vy" 9+ &c. 
Again, since 


fo-Yo'-1} = 


] 
fot V(—1)}? 
we have 


fu-V(P=1) p= fot Afw—1)}—" 


mints) 


= (2v)—"+n(Qv)—"—? + (ZO) cee 


n(n+4) (n+ 5) 


20)—"—*° + &e. : 
Tr 1659-23 ( ) of 


consequently, if v=cos 7, we have 


ae a 


2 cosnxr=(2v)"—n (Qv)/—? + (2v)"—-*—&e. 


+ § avy" 4m (20)—*—* : nate vor + &e.} 


If n be a whole number, all the terms of the first of these 


th 
series disappear, which are between the G + 1) and the 


; ee n+1 
(n+1), when n is an even number, and between ("=") 


a ee ee a 
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and the (n+1)", when n is an odd number: the remain- 
ing terms are severally equal to the terms of the second 
series, but with contrary signs, and must therefore mutually 
destroy each other. The series for cos nz will in this case 
consist of the positive powers of v only. 


By differentiating the series for cos na, we get 
sin vx =sin x S¢2 v)"—*—(n—2) (2 v)"—3 + 


(n—3) (n—4) (2 vfs urs (n—4) Ue) (n—6) 
13,2 Lie Ss 


(2vy"—? 


+ xe. } 
This series is also finite and restricted to the positive 
powers of v, when 7 is a whole number. 


The two last series express cos mz and sin n in terms 
of descending powers of cos x: the corresponding series in 
terms of the descending powers of sin x are 


cosnx = ; cos “ze sin x)*—n (2 sin x)*—* 


n(n ~ 3) 
1 4g 


oe 


-(2 sin x)"—4— Ke. } 


+ sin ea cos « Se sin xy’! —(n—2) (2 sin Pye 


+ ce (2 sin Sie ce xe. ¢ 


and 
. Wie é i 
sinner = 3 $1n “Soe sin xr)*—n (2 sin ryt a 


ae (2 sin x)" ~* — ko. ¢ 
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+ cos = cos r$(2 sin 7)" —'—(n—2) (2 sin x)*~3 


+ oo) na) (2 sin See — &e. 


The two last formule are restricted to positive and integral 
values of n. 


The reader -will find a complete analysis of these series 
in Lecons 10 and 11 of the Calcul. des Fonctions of Lagrange. | 


<= 5 
(15). Let w= e% +: the differential equation of the 
second order which arises from this, is, 


du du 
1—27*?)—— —- r—~~—~ 4 — O. hy 
( a ve (7) 


From which we shall find, by a process similar to that 
employed in Examples 13 and 14, 


; 1 1.5 105 V7 
Ge (ost ia an ae . x8 
1.2 PERCE ad snare 
ie Wasik ype 
petite Nias AD 
ea GR ae 


In the same manner, if we suppose u = ats, we shall 
find 
. 2 2 Ps s 
ua + C8 2 yo , (log a) { (log a +4)} 
3 1.¢ Ly 2 28, 


+ (log a)’ { (log a)? +4} { (log a)? +16} 
Ga. Ba er ee teak ant ans 
Cousin. Calcul. Diff. page 131. 


x + &e. 


Ex.(15). Let w=(cos x)”: this gives us 


. : du 
nu sin £+C0S X —= O. : 
; dx (8) 
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Assume, 
et. +4, cos X +a, COs 2X +A, COS 3x4 Kc. : 


if we perform the operations indicated in equation (), ant 
transform the products of sines and cosines, by means of the) 
formula | 


. ol. bars 
sin px cos gw ae sin (pt+q) uv + = sin (p—q) *» 


we shall find 


+) 


(cos ara, ] _ —— Cos 9 x rT Nee ee iy Oe SIR ee A& 


n n 
5t1 (+1) G +2) 


ENGNG) 


(=) CP) 
Cc a =) Co (N+3\ (N+5N 


If r= 0, we have 


the cl somseleeen pte, GOS 5x +k. 
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Gos 1) (254) 


n=1 
ta}i+ ay SEER 
Ca a) caw) 
1.2.32... 5.0 1.2... (yee 
eye ay aan CE 
= Aa, + 4, a,. 


\iso, if ie T, we have 


C1) cos nm =a) 1 + 


eee 
(;+1) 


eres tat Ob Ks BN Huge tg 
Ee! ea 


orn CC) ») + &e. 
Fears 


= A,a, — A,a,. 
therefore. a, = pees) and a, = (1 = cos 27) 
: 2 A, 
m(m—1) -... au 
ad (cos. 2)" = Widen eer Sieh aaa, § 1+cos mz } 
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n : n(z = 1) 
a a x + ( i 1) (: ‘i See 
RIN—A De (2H) 
re 
CS Ce, 
ea Ces) G8) 
2. 


~ cos 544+ xe. 


{1—cosnn } 


n— oy 


§ cos x + 


This formula likewise gives us 


n(m—1).... (5-1) 
UV ay tnt oe pree eeetneior eres re {l+cosn7} 
| ea RR Pes. ey ye a 
§ n (= 1 
1-— cos 24 + os 4a — &e.} 
ar G+!) Gt) 
n(n—1).... (“4-) 
+ ar ae ; $1 —cosnz } 
n—1 = n—3 


Q ; 
pan Senne t sin 5x~ ko. 


Fits Sree 
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Ex. (16). Let wu = (cos x)" (sin x)”; to develope this 
expression in a series involving sines and cosines of x and 


its multiples. . 


SS] = 
f 


Let @ = cosx +. /( — 1)sin 2, and therefore 


cos t—4/(—1) sin x: consequently 
cad 1 tg ae 
: ATE aS D 
I ra] m +-~ 2 1 . ] te 
= ee ~ ] — l — x = 
NVA Gon 91h 190 G3) } 13 a 6° 
Assume 2? = 2 and w=(1 + z)"(1—z)”: from which 
equation we deduce, 
eae =u $}n—m—n+m)z} 
dz 


=u' (a—b2), if rele and b=n +m. 

If we apply this differential equation to the determination 
_of the coefficients of the series 
w=1lt+4 2+ 4,7 +4,272+ 4,2 a &e. 
we Shall find 
A 

9A, —aA,—b 

3A, = aA,—(6-1) 4, 

4A, = ad,-(b—2) A, &e. 
EAlec: it is evident from the form of the function wu, that 


if we substitute in it . in the place of 0, the resulting 


function will be + wu, according as m is an even or an odd 


number. 
BM 
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In the first case, therefore 
I 
1b == & 
ease =m) a}? rs at A, (0 oad 


+ 4, (0-*4 a= gn) + 80} 


m 7. 
COS =e- 
or, U=“Gapn {C08 (m+n) «+A, cos (m+n— 2) & 


+ A, cos (m+-n—4) r+&e. } 


In the second case, 


wear 1) om + 
4-1 (e-*- —-) + 
Heed) ) (o-* : say xe} 


cos. 
of, u = gape {sin(m+n)x + A, sin (m+n—2) # 


+ A, sin (m4+n—4) x + &c. } 
Thus, if wu = tan x = sin x (cos 2)—’: ve have_ 
a=x2%,b=0, 4,= —2, 4,=2, 4,= — 2, &e. 
consequently, 
tang —2-{sinQzx-—sn4xr-+sn6r—RX&e. } 
In the same manner, we shall find 
cote = 2fsinQr+sin4xr+sin62+Ke. } 


Euler, Subsidium Calculi Sinuum, Nov. Comment. Petropdt. 
1760. ; p 
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Ex. (17). Let uw = «**: this gives us 
| du 3 | = 
Pe viele Fes (2) 
If we assume 
U = d, + a, COS L + a, COS Qn +a, cos 32+ Ke. 


we shall find, by means of equation ((), 


a,= 2a,—2a, 
@a,= 44,— 4, 
aq,= 6a,— 4, 
d,= 8a,— 4s 

: dg =—10a,— @,, &e. 


The coefficients a, and a, require a separate determina- 
tion: we shall find 


Drool 1 1 1 


—— iy | —,— 3 - 
#, A, 2? i LE ois 9? +s °1?. so + &e 
= | . 266065878680. 
and, 
ae 1 1 
pitas lt aaegt a, Veen gta: 13% F 3? A + &e. 


1 .130318208170, very nearly. 


Ex. (18). Let « = e%"*: we shail find as before 
u=d,++a; sing — a, cos2x— a, sin 32 +44, cos 4x 
+a,sin 5x2 — a,cos 67 — a, sin 7 & + &e. 


the coefficients being the same as “a the series in the pre= 
eeding example. : 
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An example of the application of this method to the 
developement of a series of great importance in Physical 
Astronomy is given in Note K. 


ne 


Lagrange’s Theorem. (Note E.) 


Ex. (1). Let 1—r+aa = 0: to develope yx in terms 
of a, when Y x is any given function of the value of x in this 
equation. 


If we compare this equation with z—y+@ (y)=0, we 
find z=1, y=w and ¢(y)= az: by means of Lagrange’s 
series, or formula (2), page 635, we shall find 


1 
(1— a)" 


n(n +-1) reg lee + 1) (w7+2) 
[ag bh 


(a) We=i"= 


a’ + &c. 


—1+t+nat 
(. Wr =a-*=(1—ay 


=i—na +2 OV g¢ 2 CON @ + be. 


2 


(ec) We = log r =—log (1—a) 
hy He Oe a ae 

— ies = — == Xe. 

= Bishi ties oh at Caan 


. Veeer k= 


a’ a 
Sltat=oty-373 tie sea 


* 


93 
(¢) Wa =sin (1 -*) = sina 


as tgs 
=—_ai—_— nme — EC, 
Teigtaseiaro a TRE 


(f). Wa = log (27-1) = log € =) 


4 3 5 7 
pat ghee hp hike 
and so on for any other form of Wz. 


(2). Let 1-v+c«* =O: the same formula gives us 


2 
'@). Yoswaltne Bt) pape eke 


4 W(t +5 ne + 28 n + 44) ve 


& 
: ero, bon 


ee de 65 «5 
Sl a Lb KC, 
Tap eer as st | ean aa oe 
(3). Let a?—-2x2+1=0: from hence we deduce, 
Bed). amar" =) 


n(n+3) Gea NGaN.) 

~ oF + Te a ones ECan ; ves 
n (n+ 5) (n +6) (n+7) ? 
Been cio g magtegnae tt Oe 
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U 


! (b). Wer Sa: 
=ofi-— rad ae —3)_ n(n—4) (n— 5) 
218 (1.2732 


aa ae. } 


° : ° n+1 
If this series be restricted = + 1, or Tae terms, accord- 


ing as n ig an even or an odd number, we shall have, by 
formula (4), 


eer ahd ae ee 1 n n(n—3) 
care ee 222) te tacos 
—&e.t 
(c) Wx=logxr=log 1 =0 
nner ay | 3 4.5 
CE gigs Sp. 2 pots tee) Sam 


14 4241 


145 
ae oe &e. 
oe '2, 3. ae 


to eo 
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(4). Let 2°—5x7+6=0: consequently 


iad n(n+3) 6° 
WVr=er = (2) frsn.84 at eee Ty 


2 ot (W+5) 63 


aioe) =; + &e.} 


= 2”, since 2 is the least root of the equation. 


(5). Let a—dx+cx° =0: the same formula gives us 


ac 4 ao 5.6. add 
py sheesh Ap amar ] ed —SSsseeses gg OO 
v 7} i ie ee. 2° b8 Tara 6° 


+ se. ¢ 


a series which is identical with that arising from the de- 


yelopement of oe _ vena, which is the least of the 
c 


two roots of the given equation. 
We may deduce a‘series which will represent the other 
value which x admits of, by modifying the form of the 


equation: thus, if we put it under the form 


a 
a= V- — = 0, 
é Cx 


and make z = : and @ (y) = — ~, we shall find 


: + &c.}, 


which is the developement of the second or greatest root of 
the equation. 
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It is possible to exhibit the values of both these roots in 
one series, involving the ascending powers of a quantity 
admitting of a positive and negative sign: in order to effect 
this, assume uw = x’, which reduces the given equation to 

atcu—b./(u)=0: 


consequently, the general formula gives us, if 6 = 


ie LS Si18 Se {spe ae 
We era dee ee 


BN? R01 41 8 oe ee 
1) Gargano 
= (5 -) + Jiins : Qa beh tals pace: | 2a 


./# 


a ey 

anes 

=L24/(=%) f1- Lo he) i oe 
2¢ c Peo Bt ae NT. 2 oe” See 


Pea te On One 


a series which represents the two roots of the equation and 
which may likewise be deduced from the developement of 


UE fe VG —4 ac) 


AT 3 Qc 


It ought to be remarked, that though there always exists 
an algebraical equality between the roots of the equation and 
each of the values of this series, yet these quantities can only, 
in some cases, be considered as arithmetically equal: for if a 
and ¢ have the same sign, the two values of the series assume 
an imaginary form, though the roots themselves may be 

possible. #5 


i al 


oT 


The converse of this, however, sometimes takes place in 
series deduced by the first method, or imaginary roots are 
represented by series all whose terms are real: thus suppos- 
ing 2°—x+1=0, the formula ‘gives us 


; 1.4 l<. 
L=X=1I14+1 + —— + 
Mi yi A Noegae | 


it ought however to be observed, that this imaginary ex- 
_ pression gives the same series with real terms, by the ordi- 
nary process of developement. The reader will find a 
complete discussion of this curious subject, in a paper by 
Lagrange in the © ALémoires de I’ Acad. de Berlin” for 1770. 


6). Let 2?—px+q=0: in this case z = 7 and ¢ (y)= 
yaa | a 


x 
—: consequently 
P 


2 4. 6 
Vesont$i4£y28 Fp 9 ¢ 
Pp PRA pk ee Ap UN eG 


+ &e. 


a series which represents the least of the three roots of the 
equation. 


; . i e x 
: Again, assuming « = 2°, the equation becomes u—pu* 
: +g=0, and the same formula gives us 


1 
Vusu =2@ 


2.1.4 phen 34 ew Pes Gre® no Be 
{Se ae Sb (agin Shieh? 0, Cag} 
\ +&c.} 


and since ( — g)#, admits of the three values, — q3; 


| CS) and (M9 (<5) qi, this series will 


furnish the developement of the three roots of thé equation. 


(7). Let a—ba+eu" = 0: from which we deduce 


antiga ian cds ce ee 8 eae ae 
yrseas ltt a pe te a 


+&e.} 


Again, assuming 2” = u, the equation becomes 


1 
a—bun» +cu = O03 


1 
from which we get, if 6 = € : 4 ’ 


cmpmmemmemens | OE Sg 


(QQ—n) BY _ B—n)(4—n) ae A 


i Bir = US 
But 6 being. equal. to (cos fe + 4/(—1) sin \7) : 


a/ (+ , when we put for A, the numbers 1, 2, 3 .. ”, 


we shall have n different values of the series, corresponding — 


to the n roots of the equation. 


* 
Se eee: 
I Re ee 
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It is evident that the same method is applicable to the 
investigation of a series to represent the values of all the roots 
of any equation whatever: thus if the equation be 


4,46, 046, 0° +6, 0+ ....6,2" = 0, 
by assuming w=w", it is transformed into 


3 


ue 2 
a+b, um +b,uU% +b,U%® + Lose. e ee [i ohG(T Lemon XY 


+ 1 
If we assume 6 = ( . \ » as before, and investigate 


1 Poh 
the series for ~* or w, the resulting expression will evidently 


_admit of n values corresponding to the m roots of the given 


equation. 


Lagrange, in the Memoir just cited, has explained a> 
method of ascertaining the degree of convergency or diver- | 
gency of these series for the roots of an equation: but the | 
discussion of this subject is foreign to our present purpose, 
and the reader must be contented with this reference to 
sources where more complete information may be obtained. 


(8), Let v= 


3 ~: to develope yx in terms 
1+ /(1—e) 


of ascending powers of e. 


The roots of the equation 


a 
w—-~u+l=d0, 
é 
e é 
RECN ee an : consequently 
1+ /(1—e’) 1— ,/(1—e’) 
sein it 
bo pelle ak: (Ge airerss 


a figi(t) = nae) (2)! 52. 
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a (1—e’) 
1—e cos v 


(9). Letxr= 


: consequently 


a (1l—e’?)—rv+ecosv.x% = 0. 
Making s=a (1 —e’), and e’=e cos v, we get 


Wr=r=a § 1+e’—(tanv)e?—(tanv)?e? — (tanvye*—&e. { 
, e? e’3 
VY r=logr=log z+e + ay + Ma 


If it was required to express e, in terms of the other 
quantities of the equation, we must put it in the form 


.(1—e’?) = 0: 
cos U — & COS V ( ) 


from which we get by the ordinary formula 


1 a (sin v)? a 92 (sin v)* F 
“~ cosuv « (cosv 1.2.27. (cos v)° 
3 ps 2 ~ 2 , 
On ee eae ASIN, O) § 5 (cos v) re OS 
1.2.3.2 (cos v)’ 


(10). Letw=nt+esinw: comparing this expression 
with formula (1), we findz=mnt, r =e, y=uand o(y)= 
sin uw: consequently, 

ay, ed (sin z)? 
a)uU=2z+e sin Z + —— . ———— 
(4) 1,2 dz 

e d? (sin zp 


Sie pemereer ete <s &c, 
4 Be ee a a 2° tt 


2 


e é e 
—nt+esin nt + ———— .2 sin 2ni 
ec , 


e Lina < 


Se ee 
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e* ° ° 
eres 43 —" A er 
ae rl sin 4n¢t—-4 . 2 sin 2 nf) 


+ az (= sin5nt—5 $¢ sin 3nt+2-— sin nt) 
ey Wi : Wye 


+&c. 


If w represent the eccentric and ¢ the mean anomaly of 
a planet, reckoning from the perihelion, and if e be the 
eccentricity of the orbit, this series converges with great 
rapidity for most of the planetary bodies, since e is a very 
small quantity. Laplace Mécanique Céleste, Lib. IT. Art. 22. © 


(6). Wu=a(l—e cos uv) 


3 7 3 
= af le cos z)+e? (sin z) + ae ee rey 


ue, dz 
et d? (sin z)* 
See d 2° gages 


afi Ae BON et Sen eae ois 
2 2 

ih led ENE cos 3n¢—3 cos nt) 

5 ply a0gh ae 


et 


— (4°, cos dn t—4 . 27. cos Qnty) 
3 Ae oes MAN ng 


> e 
MTS hoe. Sra o4 


Woke, . COS nt) 


6 


: 3 (6+. cos 6Gnt—-6.44, cos4an? 


(° .cos 5nt—5 . 3°. cos3nte 


OT ay ey Ta 


6.5 
+ ike &c 
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This series expresses the radius vector of a planet’s orbit, 
in terms of the mean anomaly, reckoned from the perihelion. 
Laplace. Id. 3 


du ih? Bu & 
dei.2 dx 1.2.3 
to find an expression for / in terms of w and its differential 
coeflicients. 


(11). Let 7+ oh + &c. = 0 5) 


If we put p, 475 8 &c. for the differential coefficients 
of u, at compare the equation with z — y + ¢(y) =9, we 


" - he 
find z=— * Sac xe. bj 
n Fe q- +r. ere rere eal! Cc. 


consequently, by a process Lane to that employed 1 in the 
Example given in Note £, p, 646, we get 


pose ag u? + Co) us 
p pl. i 1s Ore 


+ (C22 bern te) toe 
P 1.2.3.4 ‘ 


See Lagrange Résolution des Equations Numériques, Note il, 
and Euler. Jnst. Calc. Di if Pars: II. Art. 232, where cha 
uses of this reverted series in the resolution of numericab 
equations are explained. 


Paoli in his Elementi d’? Algebra, Vol. I. page 44, has 
put this series under a very elegant and remarkable form: 


ka A= edited then 
du 


AdA # , Add) us 


SS) Br egeeticnege Ad(AdA) # 
i ee Are van We: Elise) aL. Gi tees 

Adj Ad(Ad A} us a | 

i aaa 


a ae which may be very easily verified. Thus if « 2 
ee 
—24?+ 4a” — 8, we shall find Dyin means of this seri 


~ 
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b= —§- 1 Ae (32? — 1) u” 
7 U2 @ a 4) I” e@oneg 1p ‘Tie 


(21 2* - 1227 — 6x + 3) us 


Peay SUS by pre ee Ye 
2° (a5 — 2 + 1) 13.2183 


+ ie. 


If a be a root of the equation « = 0, and x be an approxi- 
mate value of a, we shall find 


Ree i Fn Che oeeaa meee 
a Resi Sy ree es — &c. 
=, W(S—cr+1) 1 BW(at—xex+1P 1.2 


Thus if x == and therefore x =-=, we shall get 


ube GU a apaaeet | 
ay aah a saW beac TO &c. — 1.61 ] ® 
O88 4 Bh 1884 sa oe He 


If we substitute this new value of x“, and confine our- 
selves to four terms of the series, as before, we shall find, 
4=1.6117662: and by a continuation of this process, the 


approximation may be carried to any required degree of 
accuracy. 


Again, let v=-x log. r—log. 100: this series gives us, if 
a be a root of the equation u =0, a =x + h 


2 u u? 
1+log.r 1.2.2(1 + log. x) 


(4 + log. x) u3 
1.2.3.2x° (1 + log. xp 


: } 27 + 14 log. x +2 (log. x)* } u 


— &c. 


If we make 7 =3.5, and therefore w= —.220499796, we 
hall get, by confining ourselves to the three first terms, 
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x = $.5972722, a result which is accurate to four places of : 
decimals. Euler. Jwst. Calc. Diff. Pars. II. Art. 241, 242. 
(12.) To find the general term of the developement of — 


P+Qer 
1 — 2x cos.6 + «2° 


It appears from the investigation of formula (4), that the’ 
MELEE. is. 
Z—-XL+ Her ® 


_ ft fa x ax as) a (fx(o2¥\— 
. ena Kepres / ae 
as fap 2) 
Saat LEY) + ec. 


the series being He aeed to those terms which involve, 
mbes powers of 2. 


coefficient of 2”, in the developement of 


Bae ie aes pad HG OP 1 : 
Now, in this case, f2 = 355 9?* = en, anid oz = 


_* _..: consequentl 
2 cos @ 4 y 


| t, = Pie cos 6)" — (z — 1) (2 cos 8)" —* a. 


SP ee) Re Ju grad (2 cos #"—* — &e. : 


a ese cos 6)"—" — (n— 2) (2 cos ey —3 + 


(n — 3) (n— 4) > te 
ee Os Ba (2 cos @) — xc. t 


is, 
al 


(Ex, 13. p. 82.) 
| 
| 

j 


_ Psin(n + 1) 0 + Qsinn? 
sin 0 
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It from hence appears that 


P+Q¢x 


EL, < eee a Bi P 20 
1—2zx cos 6 + 2 sai or Grae + Q sin 6)# 


+ (P sin 3 0 + Q sin 2 6) a* + &c.? 


fr 


(2—-%t% +92)" 


The general term of the developement of 


may be easily deduced from that of lt Sica ; for if we 
Z—-L+PL 
make 


41 MS Leet we find 
Z—xX+OL 


aL) Mie Meee is 
bal (s =e +102) 
a? u oes 
L.2..d 2 iGreen 
and 
sy Geena Yat Berean, F ene fx 4 
1.2...(m—l1)d2"—' (g-4%+ 92)” 


In the same manner, if we put v for the function of z, 
which is the coeflicient of 2” in the developement of uw, we 


dv, (—1yr'd—'v 
shall find — ge and 1.2..(m—1)dz"—” 


coefficients .of the Bhat terms in the developements 


for the respective 


RS Sa BR Wissel aS ana 
(Z@Q—2+oryY ap cuarOERgrar 


Thus, if we substitute A for z, we shall find 
2 cos 0 ; 


— <= Pyint 1) (2 cos 6)” +* —n(n— 1) (2 cos 6)? 
+ Sion es (2 cos 6)*=3 — ae, f 
Oo 
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‘ Oe (2. cos 6)" — (n— 1) (n — 2) (2 cos *—” 


(1 — 2) n— 3) (n— 4) sh 
i TA RR a Se nD Benes éy-— + — 2 
ah mene (2 cos 8) Xe 
the series being restricted, as before, to such terms as involve 
positive powers of 2 cos 9. 

In the same manner, the general term of the develope- 
ment of 

HP OW es loki Wit e 
(1 —2xcos 0 + 2°)” ae 1G. 0. (mm —1) d* 2 
= PS(n + 1)(n + 2)....(n +m — 1) (2 cos OY F™—" 


—(a— 1)n....(n+m — 2) (2cos yr tm—s 


20 Ke Ot RY ee ee (9 cos ap tn—s— Bec, ¢ % 


1 2 | 
+ Q$n@tty....c + m— 2) (2 cos Oyen —2 


oe (n — 2) (n _~ 1). = aQle +m — 3) (2 cos gy Fes 


4 aM (a 8) MEM (0 C95 EMME 


- acc. } 


Lagrange, Résolution des Equations Numériques. Note XI. 
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On the Maxima and Minima of Functions of one 
Variable. 


Art. 47—51. (Ex.1). Letwu= 2? +32 +42: to find 
when wu is a maximum or a minimum. | 


ff 2 = + “u=— a a minimum. 
Euler. Inst. Calc. Diff. Pars II. Art. 261. 
(2). Let w= a — 152° + 562 — 60. 


If c= SACRE U = — 230 — > J (57), a minimum. 


mt % = Niseaedt » 4 = — 230 + = VED a maximum. 


(8) Letv=a=xvoaxv+br—e. 


2 2 3 
TG RAC Neate 1) 9) Ea URSIN ell Crea 


3 ola Apia yan dabieg a7 
a minimum. 
: & 3 
— > — 3b) 26 88 (a® — 3b)? 
i MO ee OOP Ng Mee 
3 aie. aE eT ea 
a maximum. 


If a? =34, the two values of x are equal, and the func- 
tion is neither a maximum, nor a minimum. Euler. Id. 


(4). Let w= at—8 2° + 22 4? — 247 + 12. 
If x = 3, u = 3, a minimum. 


If «= 2, w= 4, a maximum. 
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Ifx=l, wu = 3, a minimum. 
Euler, Id. 
(6). Let u = 4-545 oe +l. 
If <= 3, u=— 27, a minimum. 


Ifv = 1, u = 2, a maximum. 


If x=0, wu =1, which is neither a maximum, nor a mint- 


4 Pech ae 
mum, since two roots of the equation =P = 0, are equal to 
L 


nothing. 
If the function had been #° — 52° + 54* + 1, then three 


values of x in the equation < = 0, would have been equal 
x 


to nothing, and wu = 1, would have been a minimum value of 
the function. Euler. Jd. 


(6). Let w= @&— a)” 


If x =a, then wu =0, a minimum, when n is even; but — 
neither a maximum, nor a minimum, when n is odd, Euler. 


Id. 
(7). Let w= 3a4—28aa> + 84a 2° — 96 a'r + 48 bt. 
If x = 4a, w= 136a* + 48 bt, a minimum. 
Ife =a, u = — 32a* + 4844, a maximum. 


Ife=a, w=— 37 at + 48 bt, a minimum. 


>) 


(8). Let wu = 100° — 12 a8 + 15a — 20 4° + 20; the ~ 
roots of du = 0, are 1, 0, 0, W- 1), -H(— 1). 


Ifw=1, w= 13, a minimum. 


If c=0, u 1s neither a mlavimum, nor a minimum. — 
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If v= + /(—1), wis neither a maximum, nor a minimum, 
since the result of the substitution of either of those roots in 
Pu. : : : : f ; 
7a '8 an imaginary quantity, which can neither be considered. 


as positive or negative. 
du 


dx 


arranged in the-order of their magnitudes, be substituted in 


If the roots a, a, dyy....a, of the equation = 0, 


‘ JEy aL ae te 0 SAAN, 3 
the. equation pe = 0, which is a limiting equation to the 


former, they will give results, which are alternately positive 
and negative, and will consequently make ~ alternately a mini- 
mum and a maximum, beginning with the first. It appears, 
therefore, that if there are m unequal and real roots in the 


e u e e e 
equation tee O, there are always m minimum and maximum 
x 


values of u corresponding to them. 


If in the same equation there be p roots equal to a, 
gq toots equal to 4, r roots equal to c, and so on, then there 
will be one minimum value of uw corresponding to each of 
these classes of equal roots, when p, g, or r, is an odd 
number, and no such values whatever, when these numbers 
are even. Also, if any such values of wu exist, they will be 
necessarily equal to nothing, or toc, whenc is a constant 
_ quantity connected with w by the sign + or — 


It is hardly necessary to remark, that no maximum or 
minimum value of uw, can ever arise from an imaginary root of 


4 


du 
——0. 
ia x 
x 
(Syn eLet 2 ary | 


1 : 
Tey say aie 3 7 a maximum. 
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~~ 


1 wlpe 
lf: = T, a rete a minimum. 


It is very evident, that if wu be a maximum, = must be a 
u 


e . A e i * ; e e ° aed 
minimum, and versa vice: this consideration will sometimes 
enable us to shorten the necessary operations ; as, in the case 


before us, the differential coefficients of : or £ + ee are 
u 
more readily found than those of u. Euler. Id. Art. 265. 


9—3x4+2 


Q) Ulett. 66:55 
9) 2+35n +2" 


If r= 4/2, u = 124/2 — 17, a minimum. 


Ifr=- S25 =— 12./2 — 17, a maximum. 


| 


This example shews that the maximum or minimum values _ 


of a function, do not depend upon the relation which they 


bear to each other, but to the values of the function, which — 


immediately precede and follow them. Euler. Jd. 


2 — i 

NEP Ra ears wi 
xa+r—d 

Ifv=0, u=— 1, a maximum. 
o ts 

DEEL Riven! SY Faye 5 amet. 


Euler. Jd. 


GEL 


10) 008 Let. = 
oe) v— a+ 


If vw =1, w= 2, a maximum. 


if x =—1, u=— 2, a minimum. 


: any 
The other values of 2, in the equation +. = 0, are 


¢ 


ill 


a fase ve 


‘ i: which are all of them imaginary. 


Euler. Jd. 


xu— x 
TS aa Like gps ees ee ee 
GW?) ¢ wo e+) 


I d y 
If x= a, uss, a maximum. 


If + = sual at = 5 5 a mavimum. 


Tess wee 


| e e 
> &#=— Ba a minimum. 


Tomei or eh Nae Ve} 
9 
Euler. Jd. 


J o e 


In finding the maximum and minimum values of functions 
under a fractional form, it will frequently be useful to 
remark ; 


' v / 
Ist, That if « =—, we have du = 2 fae a} : 
v/ Tia, Cn 3 vu 
du ; ; 
consequently, when rT O, we must have either v = 0, 
dv dv 


Dre tore ant OL Wa One 
me 


2dly, Also, Pu=dayce_ avr, , Pv dv 


Vv v vy 

4 42 ’ 

vev—vdiy : a ; 

= ——_.—_——, when du =0; and since v” is essentially 
V 


positive, the sign of a will depend upon that vd?v — vd’v’, 


when we substitute for x, the roots of = mit OF 


y 
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‘ni 


” n / / 
3dly, If u= ——, we have di. oy ania =e 
v 


ay’ nt Uv (3) 
du ndv ndv 
and therefore 7 = 0, when v” = 0, — =— >» oF 
ae ‘ () (2) 
vo" =O. 


4thly, Also, when ele = 0, we find 
© 


dusuf te? _ ree _ ace dv _ dv \Y 
l af v v v \v vw J § 
from which the sign of d*u may be easily determined. 


_(@ +3) 
(14). Let w= Ge OF 


(« +.3)? 


Gao 


du= 


Ifx=0, u =2, a minimum. 


If x =— 3, u is neither a maximum, nor a minimum. 


This function becomes a maximum, when « =— 2, a 


case in which w as well as its differential coefficients become © 
infinitely great ; this case can hardly be considered as an ~ 
exception to the general proposition in Art. 48, the truth of © 
which entirely depends upon the differential coefficients oft 


the function being finite or evanescent, upon the substitu- 


tion of a particular value of x. It may be explained as” 


1_@ — a)"Q 


follows: let u = eres ve) and therefore = = 


a quantity which may be readily shewn to become a muini- 


mum, when x = a, if n be an even number; and since the 


a 1 e e ° 
minimum values of —, are the maximum values of u, it is) 
uU 


obvious that in this case, we must reckon wv = ©, among the - 


maximum values of the function. 
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4 d 
(15). Let u = _(e + 3} . | 
(v + 2) 
du _ —(« + 3 pete | 
Tate AE a -(2x2 + 10)=0 : 


lfr=—5, u= Sai, a maximum. 
729 


If x =— 3, u =O, a minimum. 

If =-—2, uo, a maximum. 
a1)" 
16). Let u= ah A 
oe Cray, 


A CIELO pa A 
da («+ 1) 


eos u a > & maximum. 
Q7 


If « =1, u=O0, a minimum. 


If x =— 1, w=, which is neither a maximum, nor 
a minimum. 


_( +a) 
(17). Let “= (G42) 
(1 + 2y 


— aye Ty de 4x2 — x), 


oe 
If rm—Q24 J7) a Lf =f ie aaatenant 


Bay A ae 
If r=— 2—//7, Uu sia, a minimum. 
There is no maximum or minimum, corresponding te 
e=—1, orry=t+ V—1, Euler. MW. Art. 267. . : 
P 
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(18) Let wu = f(a’ + 2) — x. 
If x = wo, U0, a minimum. 


Euler. Jd. Art. 271. 


(19). Let w= VW + 8nat) + YI — n23*). 


4 
If r=4/(4), pew 
8 n g 


ate Aen: 
90). — . 
Oe nee ort ie 


° fy f(ab), u= Sy a minimum. 


> a maximum. 


Ifv=—d/f(ab), u= epee maximum, 
a+ v/ 


If the function had beens / §¢ TaNe e as “t aie 


a—aS b—2 
would have admitted neither of a maximum nor a minimum. 


In general, if any function wu be a maximum, or a mini-— 
™m 


mum, we may likewise consider u” as a maximum, OY a minia 
mum, unless m be an odd and # an even number; in which 
case it is necessary that the maximum and minimum values of 

u should have a positive sign. 


In finding, however, the maximum and minimum values 
of u. from those of wu”, there may exist minimum values” 
of the second function which have no such values corres< 
ponding tothem in the first; for the maxima and minima 
of w” are determined equally from the equation u”—* = 0, 


du k = 
and —- = 0; though no such value of wu” arises from the 


first of these equations, unless m be an even number. 7 


‘¢@ 


[15 
But this statement requires some modification; for if 


V =u", it does not always follow that < = 0, when 


4 d u e ° ° 
fee ==), OF Tp 0» since the same value of x which verifies 
2 


du 4 rf 
the first equation, may make Tame and versi vice; it 
x 


by V 

appears therefore, that may have a finite value under 
F x ? 

these circumstances, which is inconsistent with the condi- 

_ tion of a maximum or minimum value of V. 

(21). Letu mr Yar — 2°). 


fe qe v= 16% a maximum. 


Assume V =u’, from which we get 


dV du . 
—m = 2u—. = 3 a7? — 47 
Ci nea 3 . ; 


the roots of which equation are a » 0,0; the first of which 


makes V a maximum ; but u=0, when x =a, a value. which 


makes ge ==losyeanid oo a finite quantity. 


(22). Let usar (xr — ay. 


a ee ‘ 
lfc =-,u=— — a‘, a maximum. 
4: 44 


If we make V = wu? = 2° (x — a)’, we find 


dV du 
; - aes) et : 
tees 2S = 2x (x — a) (4x—a) = 0 


; a ce 
consequently, if 7 = rr ia a’, a maximum. 
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If «x =a, V = 0, a minimum. 
If x =0, V =0, a minimum. 


In this case, u? admits of two minimum values which 
have no existence in w. 


2 
(23). Letu=4+c(r —a)® : it is obvious, that when 
x==a, this function is a minimum or a maximum, according as 
c is positive or negative ; a case in which we have 
LEA 2€ 
dx 3 
Let V = (u—b) = (x—ay, an expression which is a 
minimum or a maximum, at the same time with w: making 
therefore 


d 

dx , 
we find, when v=u, V=0 or u=b, a minimum or a mani- 
mum, according to the sign of c. 


(24). Arr. 51. To find the maximum and minimum & 
values of wu in the implicit function, 
W+-naxrutreatbrt+nre =O. 


ae = sl a ber Ee consequently, f 
dx @Q QUtmMxX 


P=0, or Q= : in the first case, 


“= — Rey ee from the substitution of which in the 
m 


original equation, we get 


p — en bemY/ inh +n (m'—*n) a} ¢ 

Sh n (m’— 42) : 

; —-mbx2 2 q- 2 4 
ae mo= se +n (m?>—4n) a? } ‘ 
| m —4+n = 
‘i 


ran a? — 5° 


Hi 


the negative sign prevailing when wu is a minimum, and the 


positive when wu is a maximum. 


In order to distinguish the maximum and minimum 


values of wu from each other, we must examine the sign of 


a which arises from the substitution of those values of x 


or “, which make 5 = 0: but, in general, since, in this 
case, a = 5 = 0, we have 
| Pdx+Qdu=0. 
By differentiating a second time, we find _ 
dPdr+dQdut+Qdu=0 — (8) 


since dx is constant: but P being a function of x and zw, 
we have - 


dP=pdxt+qdu, 


where p is the differential coefficient of P, considering r 
alone as variable: substituting this value of dP in equation 


(2) and making dw=O, we obtain 


pdxv+QOdu=o; 
d?u p sedi Si it 
or FE toy 0 , which, in the case we are considering, 
4 
: . 
_ becomes + ml according as the 


JV {nb+n (m—4n) a}? 
first or the second value of x is substituted. 
If x=0, wu admits of neither a maximum, nor a minimum. 
. If m’=4n, then w admits but of one value, which is 
a minimum. - 
mb °? 


Euler, Inst. Calc, Diff. Pars II, Art. 277. 
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(25). Let w—2* u+ar—2 =0. 


du _1—32°—2ru 


—— 2 pon (ae 
dx Dib a ; 


from which we get the equation to determine'values of 7, ‘or 
1—627°4+22°+9 x44+22° —0. 


If r=—1, w=1, a maximum, or u=0, which is neither, 
a maximum, nora minimum. Euler. Id. 


(26). Let a +w=a' oz. 


Lisa coe ~a\/ = » a minimum. 


a 2 2 
If ¢#=—-—,u=a » a maximum. 
V/3 3/3 


(27). Let 2 u—aw—8 c=0. “ghey ol aa 
3 2 3 4 : 
fina = — Pe, Uu=— fe, a maximum. — 

2 Aa 


(28). Let w+2a°u+4ae—3=0. 


ace! 


If e=—i, u=2, a maximum. 


If «x =1, «= — 1, which is neither a maximums nor 
a minimum. Euler. ld. 


1 (29) Letwt+eSaru =O" ioe age Gl 

The equation to determine the values of x is “:'. tik \ 
xe — 2 a® x == 0. 

If w= ag/2, usa 4.0 maximum, ontia a : 


If x= 0, wu =0, a value which requires a particular : 
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da : : : du | d*u O 
examination, since in this case rp as well as —— - becomes — . 
Fe z 


By the process explained in Note F, page 650, after one 


_ differentiation of the equation P da + Qdu=0, we shall find 


_ z 0; or =: = =, since u=0. Also, by differen- 


tiating the same equation a second time, and making # = 0, 


te 2 8) 
u=0 and “e = O, we shall find os = —, which indicates 
ve Ae a 


a minimum value of u. 


If we suppose a =o, all the other differential co- 
# 


efficients become infinite under the same circumstances, which 
shews that Taylor’s series fails to give the developement of 
u’ or the succeeding value of w when x =O: we must have 
recourse, therefore, in this case, to other methods. 


Thus, if in the place of x =0, we put = 0 + 4h, or h, 


we have, if u=s, 


| 


B+y— 3akh= 0: 


and if we suppose / so small that all the terms of the series 


for in terms of f, after the first, may be neglected, we shall 
find 


2 
k Rede + /S3ah), — /3ah). 
3a 
It appears, therefore, that w=O, is a minimum, since this 
value of u or & is less than those corresponding to a= h 
and «= —h: the other values of 4, however, give no minimum - 
value of wu, since they become imaginary when 4 is negative, 


Euler. JZ. 
(30). Let ut—4@xvu+a2t*=0: 
The equation, which gives the values of x is 


eee a se Q : 
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Titwesan /sip han ¢ 6/27, a maximum. 


If r=— a 3, wa a /27, a minimum. 


(31). Let wu = 


log © 


Iflog a=1, orif =e, Ue, a minimum. ‘This isthe 
solution of the following question. ‘To find the number 
which bears the least ratio to its logarithm.” Euler. Jb. 
Aft, @12. i 


(32). To find the number x, whose ath root is the | 
1 
greatest possible: or let wu = 2%. 


L 
If x =e, u = ef, a Maximum. | 


(33). ‘To divide a number a into such a number of equal 
parts, that their continued product may be a maximum; or 


let 2 = (3): 
- 


a 
"7", 2 =. 
€ 


Say 


& 


ol 


: 
: 
» a maximums 


(34). A debt AL accumulating ‘at compound: interest is 
to be liquidated by payments of af at the end of the-first | 
year, 2a at the end of the second, 3a at the end of the 
third, and soon: if r be the rate of interest ‘of 1£ for one 
year, after what number of years will the debt be a maxi- 


mum 2 or let u — A(i+ry— i (l+ry! + 2 4rtr 2). 
is ¥ 


ue log ar — log § [a(1 +7) ‘3 r- A] log (i +1) ; 
as log (1 + r) 


bs) ‘ 


i 


um 1S @ maximum. 


ano 7489). » Let u= 


| T (SE vat ne 
fe Va tat Gs UaVf2e 7 7, 2 minmmum. 


Zl : 


If A be greater than Oo 


, the debt. increases con- 


tinually, and therefore admits not of a maximum value, »» . 


(35). Let wu = (sin x)”. { sin(a— x)}”. 


° n— mM e . e s 
If sin(a@ —22) = ( ) sin @, UiS a maximum : It 
n +m 


is evident that.a— 2a, and.therefore x may be determined by 
»means of trigonometrical tables. 


f 


(36). Let u = (tan x)” { tan (a — x) }”. 
n—m 
n-+p-m 


If tan (a.— 227) = ( 


) tan dy Wis a maximum. 


(37). Let wu = sin w cos (a — 2). 


7 List, dae wis 
a 4? 1 MATRON 4 a Maximum. | 


(i — sin a) zi: is 
Lass 9 a minimum, 


~ 


| 6 es 


‘ ‘ TF 
isupsifo gatas pus 

In this, as well as in the two last Examples, there are an 
infinite number of values of x, which make wa maximum, 
oY a minimum. 


(38). Let vu = # sine. 


The values of x must be derived from the solution of the 
* equation «= — tan «; one of these values which gives u a 
temaximum is.v = 116°. 14'..21"..20"".. Euler, Jb, Art. 272. 


Ar- 


Pea 


e” 
sin-(4 — &) 


(40). Let w = e’ sin (@ —2), 

ay . | 

cd Csntt . 
Ifv=a—Z,u= Ja? a maximum. 
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We shall now proceed to the solution of problems in 


Geometry, which involve the consideration of maxima and 


minima, an application of this method, which is at once 
interesting and important : and though in many instances, the 
analytical solutions of questions of this nature, are inferior 

both in brevity and elegance, to those which are effected by 
the ordinary processes of Geometry, yet for the most part 
they have the advantage of superior generality. 


* . We shall give no examples which suppose the refler to 
be acquainted with Mechanics and the other branches’ of 
Natural Philosophy, the study of which ought properly to 


follow, not precede, that of the Differential and Integral — 


Calculus. 


We take this opportunity of referring our readers to 


Mr. Cresswell’s Treatise on Maxima and Minima, a work — 


written in the most rigorous spirit of the ancient Geometry, 
and which likewise contains the analytical solutions sof 
several very interesting es SS 

(41). Through the given point P, to draw the shortest 
line MM’ terminated by the two given straight lines 4 B 
and AC. Fig. 1. 


If we draw PQ and PQ?’ respectively parallel to 4B and — 


AC, and assume MQ=2, PQ=a, PQ'=b, and the angle 
BAC=6: then the equation which determines x or MQ, 
when AZM’ is the least possible, is | 


a> —acos@.4* +abcosd.%x~a’b=0, 
If 6 = 90°, this equation becomes 
a? — a? b = 0, from which we find 
Be MM =a? id ibt4 
Vince’s Fluxions, p. 35. 


| 
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(42). The same things being given, to draw 1M’ so 
that the sum of the lines 4M and AM’ may be a minimum. 


Fig. 1. 


If r= ./(ab), then u = AM + AM’ = at JO+r/ b>’, 


a minimum. Simpson’s Fluxions, Vol. I. p. 23 


(43). The same things being given, to draw MM’ in 


_ such a manner, that the triangle 41M’ may be a minimum. 


Fig... 


If 2 = 6, or if MP = MP’, then u = 2a6 sin 4, a 


minimum. 
(44). To bisect a triangle by the shortest line.- Fig. 2. 
Let d4B=c, AC =), BC=a and AM=r: thenif += 
a/ (=) and therefore 414 = AM’, we have 
u= MM = \/ eg Be a 32 minimum, 


(45). Given the base and “altitude of a triangle, to de- 


scribe i it so, that the vertical angle may be amazximum. Fig. 3. 


Let CD =e, AB=c and AD=-2x: then 


be 


om tan AC Bee ety 
e—br+2 


See b cece ice 
which is a maximum, when 2 = 59 oF when the triangle is 
isosceles. 


(46). To find the least isosceles triangle which can cir- 
cumscribe a given circle. . Fig. 4. 


Assume CQ =r and PQ= 4: then 


: 6 tan 6 q et 
umsr<stan- — > 18 a minimum, 
2 .2 


when 0 = 120°, wu = J < ry, and the triangle is equilateral. 
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(47). To inscribe the gréatest rectangle in a triangle. 
Fig. 5. 
Assume AD =e, BC=a, and AP = 27: then wu = 


e e é F ° 
M M’'N'N is a maximum, when r = 5 when the sides of 


the triangle are bisected. 


(48). To find the point D, in the line CE, from which 
AB subtends the AS angle. Fig. 6 


Let 4C =a, BC=4, CD=x and the angle ACD=0: 
if r=,/(ab), we have 


(a—b) /(ab). sin 6 
u=tan ADB = UTHER CRM rey Po a maximum. 


(a-~b) /(ab) . sin 0 


AO eet NATE) SUE Cc 
72 / (ab) + (a+ 4) cos fone. . 


if c= — / (ab), u 
Nialvise a maximum, corresponding to a poe D' in DC 
Eggs ac 


(49). To find the point P in the circumference of a 
circle from which the given line AB subtends the greatest 
angie.) Fag. :737% 


Draw PD and Cd perpendicular to 4B, and assume 
Adgi= 4, Bd = ),Cd a, CP =e and cp 7 ager ape 
equation which determines the values of 2 is 7 


(P—ab—?) /(r—2)=(a—-)) (r’?—€ x). 


If c = 0, or if 4 and B be two points taken in a line 
passing through the center of the circle, then if 

Tes rJ/ {i -@) —-)t we have 
r—ab ; 


(a+b)r 
» a Maximum. 


u=tan APB = Vv i(@—r) (Pr) }?. 
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If a=, or if the two points be equidistant from the 
center of the circle and upon opposite sides of it, then 


Q9ar 
x—rand u= 


a—r 


(50). In the trapezoid A4DCB, the two equal sides 4D, 
CB and one of the parallel sides DC, are given, to find 
AB, so that the area of the figure may be a maximum. 


Fig. 8, 9. 
Let 4D=b, DC=a and AP =x: then if 


a /(a? +8 7) 
4: Re 4A 


elon ACiae ee \/ {28 248 vases)? 


a maximum. 


Oi » we have 


a /(a*+840") 
4 4: 


Shia PALIA TY fp £4 aren} 


a minimum ; it is evident that in this case, x is negative and 


Again, if «= — » we find 


f+ . 
greater than * consequently the trapezoid assumes the form 


of the double triangle represented in Fig. 9. and wu is the 
difference of the two triangles. 


If a =4, c=—a and u=0, or the triangles are in this 
case equal. 


If a>4, the expression for « becomes imaginary, or the 
figure decreases continually and admits not of a minimum. 


If a=0, the trapezoid becomes a triangle, which 1s a 
b . Pow 
maximum, when 7 = Fa » or when the two equal sides are at 


_ right angles to each other. 
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If we make a = o, we find «= + B, which give 
; x 


values of uw, such as are denominated by Euler, minima of 
the second species*: the first value makes 4B=a+24, and 
u=0, which may be considered as a minimum value of the tra- 
pezoids which can be described on each side of AB, but not 
in the sense of the definition: the same remarks are appli- 
cable to the value of w which results from the second value 
of x. Maupertuis, Mémoires de 1’ Acad. des Sciences. 1728. 


(51). To find the greatest space which can be included 
by four given lines. Fig. 10. 


Assume 4B=a, BC=s, CD =c, DA = d, the angle 
BAD=$, and the angle BCD =60: the area of the trapezium 


or wmadsin ¢+ébc sin 0. 


a’?+d?—f—¢? 


Also, since ad cosp—bc cos = ; 


» by 


differentiating this equation and making at = 0, we shall 
r 


find 
__ cos 8 __ cos ¢ 


ae d theref =r 
ie aa an elore 06+o¢=7, 


or the trapezium is such as may be inscribed in a circle; if 
therefore s = a+4+c+d, we shall get the maximum area 


or u=/ § (s—a) (s—é) (s—c) (s—d)}. 
Simpson’s F/uxions, Vol. I. p. 39. | 
(52). To draw the chord PP’ parallel to the diameter 


AB, so that the triangle P P’Q may be the greatest possible, 
Fig. 11, 


* Inst. Calc. Diff. Pars II. Art. 279, 


ee 
If AP = 0, we shall find cos 0 =.781 nearly, or 9 = 
38° 40’, when wu is a maximum. P 


(53). To inscribe the greatest rectangle in a segment of 
a circle. Fig. 12. 


Let CD=a, AD=), CA =r and Mba: if 


idiom) AA eat then 


.— Ee at ater ae Or! — a os le 


a maximum. 
If a=0, and therefore b=r, we find 


t= a and uw =?. 
(54). Given the length of a circular arc, to find what 
portion of a circle it must be, so that the corresponding seg- 
ment may be a maximum. Fig. 13. 


Let a = arc QDQ’ and CD=z: the segment QDQ’, or 


rile a 
UuU—=ax—x* sin—~ cos-. 
x x 


Qa . ae 
If cr = —, or if the segment be a semi-circle, then 
T 


[a 2 
u% = —— , a maximum. 
Tw 


If r = ©, wu = 0, a mimimum. 


A solution of this problem is given in Lib. 5. Prop. 16. 
of the Mathematical Collections of Pappus Alexandrinus. 

In the same manner, we should find that a hemisphere in- 
cludes the greatest segment of a sphere, corresponding to 
a given spherical surface. 


\ 
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~ (55). To find the point in the line joining the centers of | 


two spheres, from which the greatest portion of spherical 
oi e e 
surface is visible. 


Let r ard r’ be the radii of the spheres 4 and A’, d the | 
distance of their centers, and x the distance of the required 
point from the center of A: then if 


i} 
9) 
< 


eins 
pies Rey | 
ey a ine | 
re tp ? 
pa) Ne 
7) r2 2 
rer : 
u= Or 8 +7? — wt » a maximum. 


(56). To find the point P in the line CD, so that if 
A and B be given points, we shall have m. dP +n. BP 
aminimum. Fig, 14, 


lf AQ = a, BO' = b, OQ’ = ¢. and QP =x: then the 


| 
| 
equation to determine the values of x, is : | 
j 
{ 


mm? B —n? a? In ac Nac? | 
vows (oc +) i Re i +t =. 


m?—n? m’ —n? m—n? 
| 
If m =n, this equation becomes | 
3 
9 a-c ia 
sae + S Be? A + ETT es O. 
a — a— 


Cresswell’s Maxima and Minima, p. 21 and 222. 
» P 


In a paper by Leibnitz in the Acta Eruditorum of Leipsic 
for 1684, which contained the first published explanation of 
the principles of the Differential Calculus, a solution is given 
of the following problem. “If A and B be two points 
situated in two different and uniform media, which are 
separated by the line CD and whose densities are in the 
ratio of m to n; to find the path, in which light must 
move from 4 to B in the shortest possible time, its velocity 


129 


being proportional to the density of the medium.” This 
problem is evidently identical with the one, whose iGo 
we have given, and is remarkable as involving the Principle 
of the “ Jeast action,’ which afterwards became so celebrated 
in the hands of Maupertuis and Euler. 


(57). Of all cones, whose convex surface is given, to 
find that whose solid content is a maximum. 


If s = convex surface of cone, zx = radius of base, 
then if 


ren/ (45 sey ha = 2s) ); a maximum. 


Consequently the maximum cone is ee ceted by the revolu- 
tion of a right-angled triangle, whose vertical angle is 35° 
16’, nearly 


(58). To inscribe the greatest conein a sphere. Fig. 15. 
32 77° 


If AC =r, and CP=x: then if x= 7, t= 
3 81 


b 
‘a maximum. 
(69). To cut the greatest ellipse from a given cone. 
Fig. 16. 
Let 4C =a, CD=), CP=z: if 
2b (a?—B’) + by f/(at— 147 B- ab) 
3 (a? +0°) 


then uw will be a mznimum or a maximum, according as the 
upper or lower sign prevails. 


L= 


If at — 14a°d + b* be negative, or if ; be less than 


2+ ./3, or if the angle CAD be greater than 15°, the values 
of x are imaginary, and the area of the section increases 
continually from the vertex to the base of the cone and. 
admits not of a maximum or a minimum. 
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The analytical maximum of the sections of the cone, de- 
termined in virtue of the definition, may be less than the 
absolute mavimum, a circumstance which we have had 
occasion to notice on other occasions: thus the base of the 
cone will be the greatest section, whenever the vertical angle 
CAD exceeds 11° 57’. Simpson’s Fluxions, Vol. I. p. 38. 


(60). Front a given point within or without a parabola, 
to draw the shortest line to the curye. Fig. 17. 


Let B be the given point, and assume AC=a, CB=8, 
the latus rectum =/ and B g = 2; the equation which de- 
termines the values of a is 


(2e#—d)fla-—x)+bVl=0;3 


from which expression, it is easily shewn that the shortest 
line ‘is the normal passing through B. 


If Ore0; the values of x mnie are given by this equa- 

ce I : @ . e 
tion are - and a, the first of which only, makes u a minimum 

in the sense of the definition. The other value gives : a Mini= 


mum of.the second species, such as was homers in Ex. 50. 


(61). To find the least parabola which ¢ can. cocupacail | 
a given circle. Fig. 18. 


Let BC =r, and CP =x: if x =5> or if the latus 


rectum of the parabola be equal to the radius of the circle, 


ae oo ee 
then wu = ape is a minimum. 


(62). ‘To inscribe the greatest’ parabola, in a given tri- 
angle. Fig. 19. 


Let DB = DC=t, AD=a, the angle ADC=0; and 
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AP=2:if t=! = or if the point of contact bisect each side 


aes H 
of the triangle, Bee “= Fabsin 6/3, a maximum. ‘This. 
gives also the solution oa the converse problem: “ To de- 
scribe the least triangle rotind a given segment of a parabola.” 


(63). Ina_ given triangle, to inscribe the greatest ellipse. 
Fig. 20. 


Let BD = speie =b, AD = a; the atighe ADC=8, and 
Daé=sax: if 


24a - abiin dl Asa AG 
3 3/3 : 


The sides of the triangle are bisected in the points of 
contact M and ’. 


If a and d' be the semi-axis major and semi-axis minor 
of the inscribed ellipse, we shall find 


wal yi +2/8 ab sin 0+3 0" { 


+o {a°—2 /3absin 04+3 0} 
Y =e J Pa+2 /3ab sin d+3B } 
EN. {a2 y3ab sin 0+30°}. 


(64). To determine the least triangle which can cir- 
cumscribe any segment.of an ellipse. Fig. 21. 


Let 4PB be the elliptic segment ; assimé CP=d, CD 


the eee diameter = 6, CE=c, and CQ=~2: if 


bg ig. isn 
4 4 


sin 6§ 4a°—C’—e JE+8 at)? oe 
| (i ee ee Se ee ae a MINtHIUN?, 
J2alc+V/(e+8a)} : 
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fle + 8a’) 
4 


responds to the minimum value of the triangle which can be 
circumscribed round the other segment of the ellipse. If 


The other value of x, which is ; be » cor 


a e ° 2 
¢=0, r= ae which determines the least triangle 


which can circumscribe a semi-ellipse, cut off by any diameter. 


(65). ‘To find the point in an ellipse, where the portion 
of the tangent, intercepted by a perpendicular from the 
center, 1s a maximum. Fig. 22. 


Let CA=a, CB=b, and CD=z: if r=,/(ab), 
&@ =a —b, a maximum. 
(66) To find the conjugate diameters of an ellipse, 
which make the least angle with each other. 


Let a and ébe the axes of the ellipse, @ the angle which the 
conjugate diameters make with each other, and x one of these 


diameters: then if 7 = / € — ) or if the diameters be 


equal to each other, 


iS a minzmum. 


£48 
se LE ae ; 
+6 


(67). From a given point in the periphery of an ellipse, 
to draw the longest line to the periphery again. Fig. 23. 


Let 4C =a, CR =}, a? —#P =a’, CM=c, PM=d, 


and CM = x: the equation, from ae the values of a are | 


determined, which make uw a mazimum or a minimum, is 


Cr— WP V+(C+d—d e—a’ et) #P—VQarcPx—ae=xo.. 


If =D, and therefore P be in the extremity of the axis- 
minor, we shall find 


£= + A(2 60%) 


€ 


—— 


133 


from which the two points on each side of the center of the 
ellipse are determined, through which the longest lines are 
to be drawn. 


If 26%=a?, the longest line is the semi-axis minor 5 and 
when 28? <a’, the values of « become imaginary, and the 
line admits not of 2 mavimum in the sense of the definition. 


(68). ‘To inscribe the greatest ellipse in a semi-circle. 
Fig. 23. . 
e 


Jf2° 


> a maximum. 


Let 4C=r, CP=r: 4% = 


Oat 


“i= 


(69). To find the least ellipse which can circumscribe 
a given trapezoid. Fig. 24. 


Let AB be parallel to DC, and draw CP bisecting AB 
and CK conjugate diameters. Assume 4Q =a, DQY=a, 
QQ’ =c, the angle PCK=0, CP=y, CK=y', and CQ=z. 

The general property of the ellipse gives us 


a — A (y?— x"), a? = 2 { y?—(e—2) Rs ‘ 
J My, 


a? es a? 


and by making =e, and x — z, we shall have 
Pi . 


cf 


ez+c | 
L= ron from whence we find 


DRE hee a F2 (40? 4+2ec)} 
ion DA a Oe | 


\ 


ey {pet +z (4a°+2 eC) § 
and Lote 3  Q 


——we 
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Consequently, if 
Lf -@"40) 4200" aha) he 


3 (a? a" ; 
or if bibs 
ped tata far— ata t a) hc 
8 (a —a") Neat 
then u=-asin dys . | * 


_27sin Oe { a*—4a" a? +a*+ (a? +a") /(a*—a*a* + at) t 
ue V/3 (a? —a*) f § —(a? 40°) 42 /(a*—a? a? $04) ae: 


a minimum. 

It is not necessary to notice the negative value of the 
radical in the expression for z, since in that case z or X 
would be negative. , | i 

If a’ =a, or if the trapezoid become. a parallelogram, 
the expression for u given above, becomes sa it will be. 


necessary therefore to have recoursé to the method explained 
in Art. 56., in order to determine its value, by which we 
shall find w= sin @ac. Bossut. Calcul. Diff p. 190. 


(70). To describe about a given trapezoid, an ellipse 
which is the least different from a circle. Fig. 24. , 


Making the same suppositions as in the preceding ex- 
ample, and assuming « and f to represent the two semi-axes 
of the ellipse, we shall find | 
e _ VU+24+2 sin 6/2) +.f(1 + 27-2 sin 04/2) 


“ian 


BO /A+z+2smn 8 /z)—«(/(1+2—2 sin 9/2) 


which is a minimum, when z=1, or when the conjugate 
diameters y and y’ are equal to each other. Bossut, Id. 
pe 192. 
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_Bossut, in the work just referred.to, has indicated the 
steps of the process of solution of the two last problems, 
when the ellipses are to be described round any quadrilateral 
figure whatever: the reader may likewise consult a very 
elegant solution of the first of these problems, which is given 
by Euler in the Petersburg Acts for 1780. 


On the Values of 'Funotions which under certain 


e 0- 
circumstances become a 


Art, 32-53. (1). Letu = Se to find 


its value, when 2 =0. 


After two differentiations of the numerator and denomi- 
“ ant 
nator of this fraction, we find, when v0, u = oat 


Euler. Inst. Calc. Diff; Pars I. Art. 358.. 


Vi{@teartxe}—-/fa—arts} . 
RNS ger gE A TELLER T OO SOL ALES E LETTS 


OR eT Tlateyuwy [ast 


WHER ie Sa = OL ae nS ae 
Euler. Id. 


x§—4n 448 v'—162°+ 162. 


: t% = 
ie vt—6 2° 4132°-127r+4 


when 2, te 16: 


i—shae+7av—2[@ae—Za’ /(2aex—2"*) | 


‘sa edercotales ay r—Fag—a +20 (Zatz) 
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when «=a, we find, after four differentiations of the nume- 


rator and denominator, w= —5a. Euler. Id. 


a JV (ax)—w | 


(5).. Let w = Gas 


8) 
when wx=a, thas Sa. 


Joh. Bernouilli. Acta Eruditorum, 1704. 


/ (2a x—2*)—a g(a’ x) 
6 ° Se bd 
(6). Let u a= Waw) 


& 


when va, w=- = ——. 


Joh. Bernouilli. Jd. 


(7) Let u 4 V4eG+420)—ar—a. 
. Ton £2 P4270 27a 


when x=4, war = 2a, 
Joh. Bernouilli. Zd. 


ms _ a+/(2a—2axr)—/(2ax— 2x) 
(8). Letu = dae Mana) 
0 


when w= 4, bon = I. 


Euler. Jd. 


rt+av—9ae+ilax—Asat_ 


. Letv= : 
(9) V—ae—Z3ax+5 0x22 a 


0 5 


when £20, wmea=-. 
2 0 3 


“% 
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(0). Letu =t VY Ger—224)—av Y(ata) 
) = NIE Ys 
a-—WVY(a x") 
when CFS ms U. = O gah! az. 
20 
— r+ 
(11). Let w= ~—* 
1—2’ 
when v=1, u =5 at 


Euler. Jd. Art. 360. 


02).. Lety = Dae na tt 


(—2y 
when x=1, be a nat) 
0° Pag 
Euler. Jd. 
(13). Let uv = x+a3—(2n+ 1)a™t*4(Qn—1) a +3 
(1 —2?y ‘ 
when w= 1, w= gt a) 
O 
: Euler. Jd. | 
49 Leto LEM Wat + (2 4 2n— Matt near te 
eS te 
wheres &, Wegonis geet L) (2 +1) | 
O ee @ 22 


This is the sum of the series 1?4-27+3?+.... +n, 
| Euler. Jd. ) 


| — pm + % 
mils). Letu = Sebo 
: Be 1 i 
O n- 
when w=1, oe 


Euler. Id. 


138 


log a — log x 


O 
when =a, eal; Aide 


Euler. Jd. 


(17). Let u pee Sale 


when «=1, wo =o 


Fuler. Id. 
(18). Det whe ie las. 
log (l+ary 
when 2x = 0,. cS Soe 
O 
Euler. id. ‘ 
(19); Let wu = ef’ —1+log (1 +2). 
a 3 
when ov =O, fg ey 
O 


Euler. id. 


xe + xe —2 &* 4+Q¢* 


(20). ketv= (a1) 


when 2“ =0,. &=== 


| Vx 
(21), Letu = (: re =f) tan 2 = 
it wT 


os _ vlog r—r+1_ 
t-1 logx  (#—1)logaz © 


when «= 1, Bee mou 
O g 
Euler. 7d. Art. 365. 


O 
when ws=1, otic cherie & 


Euler. Jd. 


Whenever the numerator and denominator of a fraction 
admit not of developement according to integral and positive 
values of the increment of x or the base of the function, 
which is frequently the case when a particular value of 2 is 
assumed (Note F, and Art. 55), we must have recourse ta 
the direct method which is explained in Art. 56: a process, 
which in many other cases will enable us to determine the 
values of fractions under the circumstances now under cone 
sideration, much more readily than by means of the successive 


differentiation of the numerator and denominator. 


Cr end Waa enh 


(ta)* 


when 2=<4, 4S = A /2i0F 


(2? +a") (a? —a*)t 


(25). Letu = ay 
(3 13 — a’ x) (23 — a®)? 


O 2/2 
When "39/0; (eS 


9 3 f/sat 
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(26). Ley = CoE HG 


(a— a)F —(@ =)? 


O W/(2 4) 


Wien r= a, B= 2 


0.11476 ome 


(27). Let.u = ieee at » which expresses 


22° rer) 


the sum of the series, 


1 ‘1 . ] aris , 
a te + KC. MinfinitUM. 
Lee th 7D? ee ae 3° +2 yf 


If we reduce w to the form - 


reet™— 8T + re + 
9 a? E272 2 y? 3 

0 dt 

we shall find, when vr =0, w= + = kd 

O. . d3a/ 


which may be more readily deduced by the method given in 
“= 


Arty-56;),.Bulere Id...) 4.37" 


(28). Let w=, — pms , which is the sum of 
Hf an 7 : 


the series 


1 1 Cas 
2 Fog ergs con 


+ &c. in infinitum. 


When r=0, uz>rn—- Oo = 5 =% , the same result as 


in the last example. 


] T 
If we make vu = —+ — ——__—_ — 
2x Qx tan rx lt — 2 


the sum of. the same series, without the first term, we shall 


» which is 


find, when xz = 1, 


7 : 
salir result — 


x 


1 ? 
bg 8 EGE Oa ee 
which is the sum of the series 
Ss ae ig ON 5 age cee 
1.32.4 3.5. . 4-6 . 
In the same manner, if we make 
7 1 


| 


—— 


b ] 
2 X47 Z2xtanaz x —x 


which is a sum of the same series, omitting the term 3 


Nn? — x? 
we shall find, 


when wz=n, 5; = 
Euler. Td. 


(29). Letu = ee i ceget aR » which is the sum of 
ve aa =r 
the series” | | 
1 1 1 


————— + —— &c. zn infinitum : 
17 +2" SaaS Ee ss a infinity 


: a 
when wr=0, uz=o—o =-=-. 
; wep eM oR 
(30). Let w= = » Which is the sum. of 
4.2% COS ~~ 
the series | A " 
] 1 1 


a as a Rc, In infantum: 
poe’ ge” Boe # 


when «r=0, “=o = 


2 Cue 


the ne result as in the last example. 


Ae RTT 
2 l paeag 
If we make u = ~~ >t» which is the sum 
4% COS, Tt ines 
Fe. 


of the same series, without its first term, ke shall find, when 


1 
T=l,u=o—w=s, which is the sum oF the series 


i 
ial a isa + —— + &c. in in finitum. 


Or, 2.4 4.6 6228 
Euler. Jd. 


On the Tangents and. Asymptotes of Curve Lines. 


(1). Let the curve be the hyperbola, referred. to ae 
asymptote, whose equation is , 
goiw Et 


(a). Sub-tangent PT = — x, or the abscissa and suka 
tangent are equal to each othes} but on, different sides of the | 
ordinate. 


(b). Equation to thé tangent is (Art. 67.) 


* 
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where wv’ and y’ are co-ordinates to the tangent, reckoned from ~ 
® ie point and referred to the same axis, as the co- 
=, 


ates of the curve. 
we (c). om to the normal is (Art. 67.) vor 
3 abey= xx" 4 ab? — rt, 
where 2x” and y” are co-ordinates to the normal. 


(2). Let the curve be the Cissoid of Diocles, (Wood’s 
Algebra, Art, 496), whose equation is 


 «@ 


@). PT a22@—2) 


(4). Equation to the tangent 


} x2 


| = ~——___, } (84 - 2a)27' -—ar}. 
(c). If x =a, y becomes infinite and coincides with the 
tangent, or in other words is an asymptote to the curve. 


_ This may likewise be shewn by the method given in Art. 70. 
| (3). Let the curve be the Conchoid of Nicomedes 
_ (Wood’s Algebra, Art. 497), whose equation is 

(a + ay Bat) = aty?’ 


(a). PTa—t@ +2) ~ a) 
x? + ab? 


(6). Equation to the tangent ® 


ee 


1 sy 
Sees L(A)’ - 2a Pe — Pr + a75?, 
YT RIG] wy tae 


— 
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If x=0, y/ becomes infinite and coincides with Mn 
gent, and is consequently an asymptote to the curve. ee s 


(4)) Let the curve be the Witch (Agnesi’s Analytical 
Institutions, Vol. I. Art. 242.), whose equation is * 


_ flat — aw) 


x 


* 
] 


. 2 (ga '—-2") 


(a). PT=- 


(hb). Equation to the tangent ) 


ee: " 


fe oer a 
es Qa fax — x) 


(c). Equation to the normal 


2x ax— x a’ 
i ie chee ti ee ~ ‘ 
a Za 


ba 
(d).: A line passing through the origin of the abscissx, 
at right angles to the axis, is an asymptote to the curve. 
(5). Let the equation of the curve be 


ye + xy +ay — axvr=O0. 


3 y? +2 yx? Jes : d 
— (a)s prayer in this cases 4" and also 


EAS becomes & when #=0, and y=0, or at the origin 


of the co-ordinates: this indicates a multiple point of the 
curve, the meaning and nature of which will be more fully 
explained by the examples given in the next section, on the — 
_ © singular or remarkable points of curve lines.” 


* 


y 


o 
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(6). . Let the equation of the curve be 
Y=ax +75, 
(a). »Asline whose equation is, 
x LF ST tis 
Y=av + 3” : 
is an asymptote to the curve: this may be constructed as 


follows: make AR = JE = 5: then the line passing 


through R and E is the asymptote required. 


Vince’s 
 Fluxions, p. 52. 


(7). Let the curve be the hyperbola referred to its axis, 
whose equation is 


+ y == (@ante), 
(a). The linear equation 


# 


WD. dares 
yore fr+a) 
determines the position of the two asymptotes of the curve. 


> 


(8). Let the equation of the curve be 
ax — by + ery=0. 


| (a). This curve admi 


ts of an asymptote, whose equa- 
tion is . xe cy ‘ 


rey = ate V ince’s, Fluvions, p53. 


If we investigate series for y in terms of x, by means of 
T 
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the theorem of Lagrange, we shall find one of them, involv- 
ing descending powers of x, which is 


3 6 
sf + &c. 


i 
4 
zi a ii 8 5 
4 2 p2 CNMI 
4 4a° bh @ 4918 bP at 2 


If we confine ourselves to the first term, we shall have 
a linear equation, which determines the position of the recti- 
linear asymptote of the curve. If we include two terms 
of the series, we shall have the equation of a curve, which 
may be considered as an asymptote to the original curve, 
and which approximates more nearly to it than the rectilinear 
asymptote which has just been determined. ‘The same is 
true, of the curves which arise from including three, four, 
or a greater number of terms of the series, in the equation 
of the asymptotic curve. This method, which admits of 
general application, was given. by Stirling, in a Treatise in 
illustration of Newton’s classification of lines of the third— 
order, which was published in 1717. 


(9). Let the equation of the curve be 
ave+xey—ay = 0. 


In this case - 


eit ir 
Vine i — &c. 
and y= —a, is the equation to the rectilinear asymptote of — 


the curve: it is not necessary to explain its construction. 


yo 


(10). Let the equation of the curve be 
y — Ory + xy — a = 0. . Fig, 22. 
The series which involve descending powers of x are 


a’ ar Ta‘ 
lL). ef ae OS ee 
(1) ¥ F tid QP Ls Deen (az) 


Xe. 


: Sar) 2. 


Consequently y = xv, and y = 0, are the equations to two 
asymptotes, one of which 4D passes through the origin A 
of the co-ordinates, making an angle of 45° with the axis, 
and the other is co-incident with the axis. Stirling, Linew 
Lertit Ordinis Newtoniana. p. 29, 51, 128. 


(11). Let ry’—ey= pt Ny +cx+d, ae the equa- 
tion of the curve. Fig. 2 


The series for y are 
b < 4ac—P+hac fa 


1). a a &c. 
CU) y=r/fa Laer EEWwE + &c 
, 
b 4ac—b’—Aac fa 
2% = — bani Eb anche fee tae Naa Rael ey Sb a 
sacs ana sae 8axr /a a 
ate b 
(3) yal += +“ 4 + &e, 
Ch Aa as He! i 
4: See eee cs Ue ole a en 
(4). y bien : c 
The equations y = r,/a + 3 é 3 and y= vee aoe 


Fe cially two asymptotes, which cut the-axis at a distance 
aly ai » from the origin of the co-ordinates and make 
2a’ 

angles with the axis whose trigonometrical tangents are /a 
and —,/a. From the third series, it. appears that y is in- 
finite, when x=0, and is likewise an asymptote to the curve 
at that point. ‘These three asymptotes form a triangle Ddé 
of given species and magnitude: if 6 = 0, this triangle 
vanishes in a point 4, and if a=0, it coincides with the line 
AD. 
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If a be negative, the curve has only one asymptote, the 
equations for the two first involving imaginary quantities. 


If a=0, and 4=0, the two first series for y become 


Be erJ/ct+d 
Q) y= e+ nye + &c. 
ejc—d 
° = i X ° 
Ae 0 2x /¢ . 


and the equations for the two asymptotes, are y=/c, and 
¥ = — cy which correspond to two lines drawn parallel to 
the axis, at a distance = 4/c, above and below it. 


If c= 0, these two asymptotes coincide with the axis, — 
which is therefore an asymptote to the curve. Stirling, 
Lin. Tert. Ord. Newt. p. 87. _ 


(12) Letry =ae+be?+eun4+d. 


The ordinate passing through the origin of the co- 
ordinates, is an asymptote to the curve. 


(13). Let y§ — 22° y—a'+2ar°y—5ax°=0, be the 
equation of the curve. Fig. 24. : 


The series for y are 


a(3/2-4) .A 
1). = Q +t XC 
GQ). y EE AE i tay - 
a(3/2 —A4) A 
i A a 5 
8 J/(1 + /2) x 
which furnish the equations to the two asymptotes of the 
curve. | 


(2). ys —- VU+/2) — 


ae++be+eur+dxr+e.,. Fig. 25 


tt) SH See f@+revthaetk 
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The equation to the asymptote, determined by this 
method is 


There are, however, in this case, other asymptotes whose 
equations cannot be determined by this developement: for 
if we make.x equal to a root of the equation 


fC+revrthe+k=0, 


y becomes infinite and is an asymptote tothe curve: and if all 
the roots of the equation be possible, there is an asymptote 
corresponding to each of them, Stirling, Lin. Tert. Ord. 
Newt. p. 53. : 


Newton, in his Enumeratio Linearum Tertii Ordinis, has 
shewn that all curve lines of the third order are comprehended 
under some one of these four equations ; 


GQ). ty —ey=av+buv+eu+d. 
(2) vy =aU+bxrt+eutd. 

(3) Pouaw+ba°+eu+d. 

(4) ymav+bx?+ceu+d, 


in which a, 4, c, d, e may be positive, negative, or evanescent, 
excepting those cases in which the equation would thus 
become one of an inferior order of curves. 


He distinguished 65 different species of curves compre- 
hended under the first equation, which constitute eleven 
distinct classes: four new species were subsequently dis- 
covered by his commentator Stirling, and four more by 


De Gua*. 


The first class contains 9 species, the second 14, the 


* Usage de ? Analyse de Descartes. 1740. 
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third 4, and the fourth 9: The curves comprehended in 
these four classes are named redundant hyperbolas, from 
their possessing six hyperbolic branches, a number greater 
' than in the conical hyperbola. They admit of three asymptotes, 
which in the fourth class only, pass through the same point. 
In all these classes « is positive; in the second e = 0; in the 
third e — O and 3? = 4 ac, and in the fourth also 6 = 0. 


The fifth class consists of 6 species, and the sixth of 7; 
each admitting of one asymptote; they are named defective 
hyperbolas from their possessing only two hyperbolic branches. 
In both these classes, a is negative, and in the second e=0: 
amongst these is comprehended the Cissoid of Diocles. 


The seventh class includes 7 species and the eighth 4 
species, each possessing one asymptote and two hyperbolic 
and two parabolic branches, and therefore called parabolic 
hyperbolas : in both these classes a=0, and in the second 
e=0. . 


The ninth class includes 4 species, which are called 
hyperbolisms of the hyperbola, possessing six hyperbolic” 
branches and three asymptotes, two of which are parallel and 
the third perpendicular to the axis: the tenth class consists, 
of three species, called hyperbolisms of the ellipse, possessing 
one asymptote and two hyperbolic branches: the dleventiia 
class consists of @ species, called hyperbolisms of the parabola, - 
each curve possessing two asymptotes and four hyperbolic 
branches: in these three classes a=0, and 5=0, and c is” 
positive in the first, negative in the second, and evanescent inl 


the third. 


The curves comprehended in this equation have onl 
diameter when e = 0, and three diameters when e = 0 and 
P—4Aac. " 


ee 


The second equation comprehends only one species of 
curves, to which Newton has given the name of Trident, 
possessing one asymptote, two hyperbolic and two parabolic 


5 
= 
v ry 
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branches. ‘The third includes 5 species, each possessing two 
parabolic branches: amongst these, is the semz-cubical para- 
bola, remarkable as the first curve whose rectification was 
effected. The fourth equation comprehends only one species 
of curves, commonly called the cubical parabola. 


The Readér who is familiar with the description of curves 
from the properties of their algebraical equations and the 
determination of their asymptotes and singular points, will 
find little difficulty in distinguishing most of the different 
-species of curves comprehended in these classes, particularly 
if assisted by Newton’s Enumeration and the figures which 
accompany it: this enquiry, however, is sometimes attended 
with considerable difficulties, since some of the species 
escaped the scrutinizing accuracy of Newton, and some of 
them are probably yet unknown. - 


A similar classification of curves of the fourth order 
would comprehend more than 5000 species, a work of such 
immense labour and difficulty that no analyst has hitherto 
‘had the courage to undertake it. 


- Cramer * has given a classification of curves of different 
orders, by the consideration of the number and nature of 
their infinite branches, a division which is very simple and 
natural, but too general to be of much service: he has thus 
made five classes of curves of the third order, nine of curves of 
the fourth order and eleven of curves of the fifth order: the 
distribution of the curves comprehended in these classes, into 
genera would be attended with the same difficulties as New- 
ton’s enumeration of species. 


This enumeration, however, though not destitute of in- 
‘terest, is of little real utility: for the properties of every 
curve are most readily deduced by direct methods from the 


* Introduction a ? Analyse des Lignes Curves Algebriques. 1750. 
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' particular equation, by which it is expressed, without re- 
ference to any general class of curves or any general equation. 
Our attention will be thus directed, as it ought to be, to 
curves which are remarkable for curious and instructive 
properties, or which result from the application of mathe- 
matics to physical problems. 


On the Singular or Remarkable Points ua Curve 
Lines. ' 


ART. 77—-93. (1). - Let the equation of the curve be 


GY est 


This curve, which is a cubic parabola, has a point of © 
inflexion or contrary flexure, at the origin of the co-ordinates. — 
Fig. 26. 

a (ax—Zx’) 
OTe, ae aoe S 


(210 Letatic a (Ex. 5, p. 144.) 


3a a 2 = 
If x = _, and therefore y= +——, there is a point of © 
73 ay is a point of 


inflexion corresponding to each of these points in the two 9 
similar branches of the curve. gi 


(3). Letrvy? =cex —d. 
3d —¢c ; 2 : 2 3 

ia Te and y= + ae there is a point of inflexion ~ 

Cc - 
corresponding to each of these points. Fig. 27. 


This curve is termed an hyperbolism of an ellipse, and é 
constitutes the 63d of Newton’s and the 67th of Stirling’s — 
enumeration of lines of the third order. 4 
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(4). Let a?*—-ary—y=0. 
A point of znflexion, whenvx=0 and y=0. Fig. 28. 
‘This curve belongs to the class of curves, to which New- 
ton has given the name of Trident. 
(5). Letaa+hy4+ct=0. Fig, 29. 


‘Two points of inflerion, one corresponding to r=0, and 


oy 3c say fe 
y=—cyfs, and the other tor = ~ 4 / and y = 0. 


Cramer. Lignes Curves. Art. 198. | 


(6). Let ry? +ax +0 =0. 

if a and 4 have the same sign, there are two points of 
anflexion, corresponding to r= +4 \/ f(s + /12) : ; 3 and 
if a and 6 have different signs, these two points correspond 
10: f= +6 \/ (3 — /12) ot . Cramer. Id. Art. 199. 
Newton Enum. Lin. Tert. Ord. Species 53, 56.’ 


(7). Let a*- ax? + ay =0.- Fig. 30. 
There is a point of inflerion corresponding to each of the - 


‘points determined by making x = + ve and therefore y = 
: 

: 

2s . Cramer. Jd. Art. 199. 


(5)... Let ayia 2, 


There is a point of double inflexion at the origin of the 
co-ordinates, which is likewise termed a point of serpentement 
or of undulation and may be considered as arising from the 
union of four points of the curve. Such points as these are 

U 
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points of inflexion, in an analytical rather than a geometrical 


sense, since the curve itself presents no visible character of 


a change in the nature of its curvature. 
It will aid the student in conceiving the nature of this 
point, to consider the curve whose equation is 
@yau— (b+ c°) x" + Bc: 


if we make 5 and c equal to nothing, the equation will coin- 
cide with that given above, and the four points corresponding 
to x=b, r=—b, rac and r=—c, will unite into one, 
which is a point of undulation. Fig. 31. 


(9). Let aty = a5. Fig. 32. 


If =O and y=0, there is a point of triple inflexion, 


which is coincident, in’ its geometrical characters, with a 


point of simple inflexion: it obviously arises from the union 


of five points of the curve. 


(10). The corresponding point in the curve, whose equa- 


tion is ag) pipet dor 


is one of double undulation. It is unnecessary to discuss the — 
nature of this point in similar parabolic curves of higher ~ 


orders. 


(11). Let(y tay—4ay@'+y —2ayt+2a’) =O. 


Fig. 33. 


A point of double inflexion or of undulation, at the origin 


of the co-ordinates. Cramer Jd. Art, 186. 


nd 


are 
(1). ysbt@=ayr  ™ 


{Oy vigb=y b+ (vay. 


(12). Let there be a series of curves whose equations — 


ee 


1b5 


(3) y=ut (r—a)*. 


(4). y= a2 + (v—a)?. 


There is a point of znflexion in all these, curves, cor- 
responding to v=a. 


In the first, the tangent at the point of Ue A, is per- 
pendicular to the axis. Fig. 34. 


In the second, the tangent at A, is parallel to the axis. 
Fig. 35. 


In the third and fourth, the tangent at A is inclined at 
an angle of 45° to the axis. Fig. 36. | 


(13). Letay?— 2 —b2°=0, Fig. 37. 


At the origin of the co-ordinates, we find tn st 
© 


} \/ b » which indicates a node or double point. 
a 


If b=0, the curve becomes the semi-cubical parabola ; in 
this case, the two tangents coincide with each other and the 
node is changed into a point of rebroussement or cusp of the 
first kind. 


If b be SSG, the ties of ou 


and this Part is an insulated or conjugate point. Newton. 
Linum, Lin. Tert. Ord. Species 68, 70, 69. 


become imaginary, 


(14). Let yt — 89° — 122y* + 16y* + 48ry +42" — 
647%=0. Fig. 38. 


If r=2 and y=24, we find a= + ./8, which in- 


| dicates a double point arising from the intersection of two of 


the four branches of the curve. 
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This example was appealed to by Rolle, one of the earliest 
adversaries of the Differential Calculus, to prove that its 
processes sometimes’ lead to erroneous results: he made no 
distinction between the whole curve denoted by the given 
equation and that which corresponds to one of its factors 
Y—-2—- (4 x)—. (4 +2 x)=0, and supposed that a fraction 
whose numerator and denominator are evanescent, must 
itself be evanescent. A full explanation of these difficulties 
was afterwards given by Saurin*. _ 


(15). Let at—aya* +dy¥=0. Fig. 39. 


A triple point at the origin of the co-ordinates, arising 
from the intersection of three branches of the curve: the 


~ values of dy at this point, are + \/ z and 0. 
dx a 


This is another of Rolle’s instances, which was likewise 
explained by Saurin. 


(16). - Let at — 2,/2aa* + 2072? - ay—a’y’ =0. 
Fig. 40. 


If x=0, there is a double point, where = = & 4/2. 


If 7 =a /2 and y = 0, there is a double point in every 
respect similar to the former. At both these points, there is 
an inflexion in that branch, whose tangent is determined by 


making “ =—/2. Cramer. Lignes Curves. Art. 186. 
x 


(17). Let «1- 2ay8— 3a*y*—-2a’ x*+a' = 0. Fig. 41. 


Three double points corresponding tov = aand y =0, 


xr =—aand y=0, andx=0 andy = — a: for the first 
e pd ° 
two points dy se ety ~, and for the third Chie - i : 
dx 3 ax 3 


* Mémoires de l Académie. 1716, 1723. 
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(18). Letvt?+ y1—2ay 4+ 2bxy=0. Fig. 42 


A. triple point or double node at the origin of the co-ordi- 
nates. 


If 4 =0, the- inferior ovals disappear and vanish in a 
point 4, which may be considered as an invisible triple point. 


If a =0, the superior oval disappears and the point 4 
is a tripfe point, arising from the coincidence of two tangents 
and a third tangent coincident with the axis. 


If the equation be y*—a' +2) xy? = 0, the point 4 will 
_ be a triple point of a similar nature, though the form of the 
"curve will be different. Fig. 43. 


(19). ):Let:a? y* = 25. 

: A cusp of the first kind, when » = 0 and y = 0. 

(20). Let (vy+1¥+(e#—1¥ («#—-2) = 0. Fig. 44. 

If x = 1 and y = — 1], there is a cusp of the first kind 
Newton. Lin. Tert. Ord. Species 35. 

(21). Let y= b+ (e—a)®. Fig. 43. 

If x=a and y=, there is a cusp of the first kind. 

(22) Let ymbt+cu* +(e — a)?. Fig. 46. 

If xa and y=b +c a’, there is 4 cusp of the second kind. 


(23). Lety= + (rx—ay /(«#—b)+c. Fig. 47. 


If «=a and y=c, the two branches have a common tan- 
gent parallel to the axis, but no cusp; there is an oval be- 
tween r=ay, and r=b. 
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(24). Let y= &(v—ap /(~—b) +c. Fig. 48. 


If x = ay and y =c, the two branches have a common 
tangent and equal and similar curvature at their point of in- 
tersection, but no cusp; there is likewise an oval between 
rea and, r= 0, 


In this, (as ‘well as in the last example), we must suppose ~ 
a>b; if a <b, the double point in question is, in both cases, 
a conjugate point. | 

(25). Let y+ aat—Pry =0. Fig. 49. 

At the point 4, the origin of the co-ordinates, there is 
an inflection of the infinite branch CAD and a cusp of the 
first kind: the point 4 is properly a zriple point. Cramer. 
Id. Art. 221. 

(26). Let dy —2abay—-xv =0. Fig. 50. 


At the origin of the co-ordinates, we find what is called 
an oscu-inflevion, or two branches of the curve touch each 
other at A, one of which experiences an inflexion at that 
point. Cramer. Jd. Art. 220. 


(27). Let e—ary-arytzay =O. Fig. 51. 


At the origin of the co-ordinates, we find a cusp of the 
second species. -Cramer. Jd. Art. 220. 


(98). Let @ +y) —4aay =0. Fig. 52. 
A quadruple point at the origin of the co-ordinates. 


This curve is thus constructed: Ifa circle be described 
whose radius 4B =a, and if 4M be always taken equal to 
a sin 2BAM, the point M will trace out the curve. 
Cramer. Jd. Art. 170. . 


(29). Let ry’ +2°—(2 b+a) x +(b7 +24 b)x—a b=. 
Fig. 53. 


_A double point corresponding to a=6 and y=0.: 
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The construction of this curve is as follows: Take C 


any point in the diameter AB of a circle: draw the ordinate 
PN, join AN and draw CM parallel to 4N: the point M 
traces out the curve. Cramer. Jb. Art. 174. 3 


(30). Let y*+a'—2a?2°-2a°y’+a*=0. Fig. 54. 


Four double points corresponding to rv =@ and y = 0, 


_— and y=0, #=0, and y=a, and r=O and y= —a. 


This curve arises from the intersections of two ovals, 


whose equations are 


y? + ry /2 + x? — a = O, and 
y—ayf2tuv—av=d. 
Cramer. Jb. 173. 


The description of curves of higher orders than the fourth 
and the determination of their singular points, becomes, in 
most cases, exceedingly difficult, from the extreme compli- 
cation of their forms and the difficulties attending the solu- 
tion of equations of higher orders than the fourth, to which 
these investigations commonly lead. Curves of this kind, 
however, seldom occur in physical enquiries, and their dis- 
cussion is therefore of little importance, unless as a subject 
of analytical curiosity. - 


We shall have occasion. to notice other instances of sin- 
gular points, in enumerating the principal properties of some 
particular curves which have become celebrated from histori- 
cal or other circumstances. The reader who wishes for 


further information upon this subject, will find his curiosity 


amply gratified by the complete discussion of a great num- 
ber of excellefit examples, in the very elaborate work of 
Cramer to which we have so often referred. 
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On. the Cymyaitine of Curve ae, 
b? a? er 
Art. 87—100. Let yp = a (a? — 2°) or. =, +2> 1 
a 


If we make a* — B? = a*e*?, we Sa radius of the 
citcle of curvature, or SiS OL 1O a 


+ Sethe 2\3 
J @ +82) 
ab 


If a and @:be the co-ordinates of the center of the circle 
of curvature, we have 


ead vat ct e* 3 
ee Se 
and by eliminating a and f# from these equations, we get 


a> a? + gi sate? = @ —b); 


are , @— bh pordioreay bag 
or making “ Gy =; 
a 


azv and Bp = “py ‘the ieee of the eyolute becomes 


G) + Gy 


“The eats ay a cusp at E; also CE eee 


ie pi ei ae and the arc nee ican Fig. 55. 


aS 


@i 


. th the case of ne hyperbola the equation of ina ae tes, 


Oe Oss 


3 2 2 
a + Be, 
where a = ; saat ab 
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(2). Let wy =a’, or let the curve be the rectangular 
hyperbola gphysres to its asymptotes. 


y,¥=-— (a + = 
2a? ats 3s 
at 3-2? a 


B 


3 
CRY Se ae pe eS — ee pomcdtaaete, ‘a 
5 +o? Seo. 


In order to determine the equation of the evolute, we find: 


af@ wv a ia & fa “an? 

pa es Cee ey Cat NEL CS 
9 Cz rye rocg Or" ass 
; Pr. 3 3 3 
wenleftes 9C-D}a86-D) 
2 Cx aa a NY Sues 


consequently . | 
Za iy A sea a ph 
Fe be Seat 8) 
2 
oe, f= = VGF£)- Ye — py 


and therefore 


(A ay =i «+ AF - -(w— By. 


The evolute has a cusp at &; and two aiGnite aed se 
EQ and EQ’. Fig. 56. 


cof x9 


(3). Let ay = 2%, oe he a of the cubical sige 


mats dh oat) 


This expression. is a Mil iio or oy ‘curvature 1S the 
prestése when NIGEL rey) 82 9813 


ca —— ahd’; = os 
~ Ge OF ~ Ponies 
, “5 2 a 
Rico be SU ee, ae pa 
qe at O28 a 
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The elimination of v from these equations, leads to a very 
complicated expression for the equation of the evolute, which 
does not seem to admit of reduction. 


(4). Let ay* = 2°, which is the equation to the semi- 
cubical parabola : 


- =e sid Glee $ 


If x =0, 7=0, or the curvature at the vertex is infinite. 


Ce Wea 


The equation of the evolute is 
6561 ,, i at ge 
aan oa 
OO A + aah + 50° 
+72a024+ Aaa’? + Zea =O. 


(By. Lek ot yee 5 


om — 2 § 
Ai Wpeereas 


CN” 
Ag m(m— 1)a"—* | 


If m>2, is infinite when x=0, as in Example 35 the 
curve experiences an inflexion at this point. | | 

If m<2, y=0, when « =O, and there is a cusp at that — 
point. | 


(6). Let y= afar — 2°). dixie, p. 144.) : | 
av ) 
Sere ee 
ides, 2 ata*(3a — 48) 


If +=0, y= 0: at this point y= ©, and the curve | 
coincides with its asymptote. 
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If ce =, y=, which corresponds to a point of 


inflexion, 
soar 10 ae — 12 2%. 
Nein Suskiel caer Aug?) si 
Bs 4 /(ax— x") 
. #49 F—4 2) 
The only difficulty attending the determination of the 
equation of the evolute of an algebraical curve, arises from 
the elimination of x from the _expressions for a and ®, which 


generally requires the resolution of equations of Se 
orders. 


§at—axrtar—at}. 


On the Conchoid of Nicomedes, the Cissoid of 
Diocles and other remarkable Curves, both Alge- 
braical and Franscendental. 


(1). On the Conchoid of Nicomedes. Fig. 57, 58. _ 


If a line be drawn from the point P, cutting the in- 
_ definite straight line CD in R, and if RAZ be taken equal to 
a given line; the curve # Be traced out by M, in the different 
positions of PM, is called the Conchoid of Nicomedes. 


If Rm be taken equal to RM, the curve # tt traced out 
by ms; is called the znferior conchoid. 


“The indefinite line CD is called the ru/e, and the given 
line RM, the modulus of the conchoid. 


If aline PAB ‘at right angles to CD, be considered as 
the axis of the abscisse, and if we make 4B or RM =a, 


- AP=), AH=2, and HM=y, we shall find 


2 _ +x)" (a — 2") 
ERE Se yee ee 


J 
a 
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or at4+2ba3 + (B—a’4+y’) v’—2a bx-a =O, 
which is the equation to a curve of the fourth order. 


The determination of the points of inflexion of this curve, 
depends upon the solution of the equation 


e+3ba—%ba’ =0. 


If a=4, or if the inferior conchoid pass through the pole | 


P, the roots of this equation are a(./3-1), — @ and 
—a(/3+1); the first of which corresponds to two points of 


inflexion in the similar branches #.B and e B, and the second. 


indicates a cusp of the first kind at the pole of the conchoid : 
the third root gives imaginary values of y and therefore cor- 
responds to no point of the curve. 


If 4 be greater than a, there are four points of inflexion, 
two in the superior, and two in the inferior conchoid: the 
pole P is in this case a conjugate point. 


If bbe less than a, there are two points of inflexion in 
thé superior conchoid: the pole P is a double point and 
there is an oval included between P and 4. Fig. 58. 


The polar equation of this curve is 


where u = PM and 6 = angle MPB. 


If its rectangular co-ordinates be expressed by trigono-_ 


metrical quantities, the conchoid, from the nature of the 
resulting equation, may be. considered as a cycloidal curve : 


thus, y= tan@+/a’.sin 0, and 


v= i/a?.cos 6. 


The whole area included by the curve BE and its asymptote 
AD is infinite: but the solid generated by the revolution of 
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the same area round 4D is finite and equal to a hemisphere 
whose radius is a, together with a cylinder whose base is 
x a and whose altitude is 3 . This property was discovered 
by Wallis *. 

Nicomedes, who appears to have flourished about two 
centuries before the Christian era; made use of this curve in 
the practical solution of the two problems so celebrated 
among the geometers of antiquity, namely the trisection of 
an angle and the insértion of two mean _proportionals 
between two given lines, upon which problem the duplica- 
tion of a cube depended : it was peculiarly adapted for this 


purpose, in consequence of its admitting of a very simple 
mechanical description i 


A method nearly similar may be made use of to describe 
the ellipse and hyperbola: for if we make RQ constantly 
equal to a and draw QM at right angles to 4D, the point M 
will trace out an hyperbola, whose asymptotes are KD and 
KL, the point K being determined by making AK =a, and 
KL being parallel to 4B. 


Again, if PRM be drawn from different points of 4P 
in such a manner that the part PR may be constantly equal 
to band RM to a, then the curve traced out by JZ will be 
an ellipse whose semi-axes are a+ and a and whose centre 
is A. Also, if m be taken in RP or RP produced, the 
‘point m will describe an ellipse, whose semi-axes are a 
and 6—a, if a be less than 6; and a and a—é when a is greater 
than 4, 7 


It is obvious that all these motions may be executed 
‘mechanically. ; 


* Wallisii Opera. Tom. I. p. 550. 


+ Montucla. Histoire des Mathematiques, Tom. I. p. 236. and 
Newton, Appendix ad Arith. Universalem. Art. 5. 


166 


(2). On the Cissoid of Diocles. Fig. 59. 


If PQ and pq be two ordinates, drawn at equal distances 
from 4A and B, the extremities of the diameter of a circle ; 
and if we join Aq cutting PQ or PQ produced in MM, the 
curve traced out by the point M is the Cissoid of Diocles. 


If we make d4B=a, AP=x and PM=y, we find 


The curve consists of two infinite hyperbolic branches 
AE and Ae, with a cusp at 4, and an asymptote passing 
through B at right angles to 4B. 


The area 4PM of the Cissoid, is equal to three times the 
circular segment 4Q4 diminished by the triangle 4 QP, and. 
consequently the whole area of the curve between its infinite 
branches and asymptote, is equal to three times the area of 
the generating circle: the solid generated by the revolution of 
this area round 4B is infinite. 
2a sin’ 0 


The polar equation of the curve vu = 
cos 0 


This curve may be generated mechanically as follows. 
Produce CAto E making AE= AC; and let the ordinate cD 
be produced indefinitely ; let the indefinite line KF and the 
line FH which is equal to 4B and bisected in M, be placed 
at right angles to each other: then if KF pass constantly 
through the point E and the point H move along CD or CD 
produced, the point M will trace out the Cissoid*. Fig. 60. 


Diocles the inventor of this curve flourished in the sixth 
century after Christ, and was one of the latest geometers of 
the school of Alexandria: if we take for granted the geo- 
metrical description of the cissoid, it will afford, an easy 


Ah Saran ae nec calc naN Lies Sin esc DS 
| 


* Newton. App. ad Arith, Universalem Sect. 46. 
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solution of the same problems which suggested the invention 
of the conchoid, 


- 


If we suppose 4B to be the axis or a portion of the axis 
of any other curve, an infinite number of cissoidal curves may 
be described, by\a similar construction. Thus suppose the 
locus of ¢ to be the side a 6 of the rectangle 4 ad B, Fig. 61, 
the point 7 will trace out a curve, whose equation is 


xb =(a—2)y, 


which, by making a—x=w' and yto=y, may be trans- 
formed into 


vi y —a b, 


the equation to the rectangular hyperbola. Any other hy- | 
perbola may be described, supposing PQ and pq to make 
any given angle with AB. 


If we suppose the generating curve to be the cissoid, the 

secondary cissoid will be the generating circle of the first : 

but if we reverse the position of the generating cissoid, this 
secondary curve will have for its equation a 


by sales i é 
Cae 


and the continuation of this process, will give us a series of 
‘curves whose equations are 
7 
: x tie 


* =—___—_., &ec., 


(aay? * ~(@—ay 


ie And generally, if the equation y = a, of the gene- 
-Yating curve be required, so that the cissoidal curve corre- 
sponding, may be any given curve whose equation is y= 3 
we shall find | 


168 — 
(3). On the Lemniscata of James Bernoulli. 


If from the center C of an equilateral hyperbola AQ, 
a perpendicular be let fall upon the tangent Q7/, the curve 
traced out by the point AZ in different positions of the tan- 
gent, is called the lemniscata. Fig. 62. mares y 


If AC =a, CP=wx and PM=y, the equation to the 
curve is | 


(x? a yy — 4? (x? — y°), 
which is therefore of the fourth order. 


It consists of two oval figures forming a double point at C, — 
with an inflexion of each branch at that point, the tangents — 
making an angle of 45° with the axis. 


‘This curve consisting of two ovals which intersect each 
other, admits of complete quadrature and its whole area=a*.. 
Its polar equation is 
7 im a COs 2,05 


where wu = CM and 6 =the angle ACM. ‘ 


If we take s to represent the arc 4M, we shall find 


tee ai du 
Ti f(t uy? & 
OY, if a= 1, } 
3 dsic Wate ie, 20 
~ SO ay 


This curve was first considered by James Bernoulli*, 


* Jacobi Bernoullii, Opera. Tom. I. p. 609. 


“Ae 
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who shewed that its arcs were equal to those of the Elastic 
curve, whose differential equation is 


xvdx 
Sat = xt)’ 


the i bheises © corresponding to the chord u of anes arc of the 
Lemniscata. 


dy = 


He also shewed its use in the construction of the curve, 
whose differential equation is 


(vdx +ydy) Sy =(ydx—ady) /a, 


_ upon which a body descending by the action of gravity, will 


recede uniformly from the point from which the motion 


begins. 


Fagnani, in the same work in which he demonstrated 
that it was possible to determine, in an infinite number of 
ways, two arcs of an ellipse or hyperbola, whose difference 
is assignable geometrically, also exhibited analogous and still 
more remarkable properties.in the Age thus if the 


chord CM = u, and CN = Ws 2 


ce ~} , supposing a=1, 
then the arc C7 is equal to the arc AN: and again, if we 
2 74 
take CN’ = neve, then the arc CN’ is equal to 
u 
twice the arc CM. The second of these properties was 
generalized by Euler*, who shewed that if we take the 
chord of CAf=u and the chord CN of n times that arc =z, 
then the chord of an arc, which is (n+1) times CN, is 


ore tines 
§Ud-w) Ud -2’) 
(1) +n?) (14-2?) 


1— uz 


* Nov. Comment. Petrop. 1761. 
Y 
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Euler in the same Memoir has mentioned several other pro- 
perties of the arcs of this curve, which are deducible from 
the preceding ; and the same subject is discussed with great 
elegance and generality by Legendre in his work upon El- 
liptic Transcendents*. 


This is not the only curve to which the name of Lem- 
niscata has been given: if we describe a circle, with a centre 
Cand radius C4, and make PM or y constantly equal to 
a.sin @.cos 0, where @ is the angle 4CQ, we shall find a 
curve whose equation is 

xt — oa? + ay? = 0, 
which in its form and singular points is precisely similar to 
the former, though its arcs present no analogous properties. 
Fig. 63. 
(4). On the Semi-cubical Parabola. 
The equation of this curve is 


. 


ayi= nt. 


This curve is the evolute of the conical parabola t 5 and | 


its arc, reckoned from the origin of the co-ordinates is equal 
yy ¢ i 
ORL AN GLP EA EEA 
Q7 Aa 5 


(5). On the Logarithmic Curve. 


: 8 nh fates ; 
This curve was imagined by James Gregory § : its most 
important properties were discovered by Huygens]. 


If 4P =x, and PM=y, Fig. (64.) its equation is 
ym ak te 


* Exercises du Calcul Integral, p. 39. 
+ Huygens Horologium Oscillatortum. 
| This curve was rectified by Neil in 1657, in consequence of 
a remark made by Wallis in his Arithmetica Infinitorum in a Scho- 
lium to the 38th Proposition. .“Wallisii Opera. Tom. I. p. 551. 

§ Geometria Pars Universalis. Padua 1668. 

\| In his treatise De Causa ‘Gravitatis, Opera Reliqua, ‘Tom. IU. 
pe 149. 5 
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f 


The ordinate 4 B=1, and is therefore independent of a, or 
the base of the system of logarithms which are represented 
by the abscisse of the curve, the corresponding ordinates 
representing the numbers. 


, or the modulus of the 


The subtangent PT = ; 
log a 
system of logarithms. 
The area ABM P= PT (PM-— AB), and abe whole area 
included between the curve, the axis or asymptote CP, and 
the ordinate PM, is equal to twice the triangle PT'M. 


The solid generated by the revolution of the same area 
round the axis CP, is equal to one half the cylinder, whose 
altitude is PT and the radius of whose base is PJ. 


(6). On the Quadratrix of Dinostratus, &c. 
If Cd =1, AP=2, PM =y, Fig. 65, then 
mx 
y = (1 —*#) tan at 


is the equation of the curve. 


The following method of determining the point B is 
given by John Bernoulli*, 


Join AD and draw CE perpendicular to it ; with centre 


 € and radius C& describe the circular arc EF, cutting CD 


: 
: 
: 
: 


in F'; join EF and draw C£’ perpendicular to it ; describe 


the circular arc £’F’, with centre C and radius C2’, and 


proceed as before: the point J approximates nearer and 
nearer to the point B after each operation, and ultimately 
coincides with it. The points Z, E’, E” &c. are also points 
in the curve; and by drawing the chord of any other arc 
AD’ of the quadrant, and repeating the same operations as 
before, any number of points-whatever of the curve may be 
determined. 
a oe CL eet a eo 
* Commercium Epistolicumn Leibnitzii et Bernoulli, Tom, Il. 
p. 177. 
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; ! 7 7 T tee ; 
The distance CB=cos 7 £08 OS TE? &c. in infinitum 


, and is consequently a third proportional to the qua- 


3 120 


‘ drantal arc and the radius. 


It is obvious from the mode of describing this curve, 
that if it be continued without the circle, it will consist of a 
series of infinite hyperbolic branches, cutting the axis 4CJ 
produced in points which are separated from each other by 
a distance equal to the diameter of the circle. 


The tangent at B is parallel to the axis. 
If we assume C// =u and the angle BCM=0, we find 


20 
a sin 0° 


wie 
- which is the polar equation of the curve. 


If we suppose the radius AC of the circle to move pa- 
rallel to itself and uniformly through the quadrant AD, 
whilst the ordinate PM moves uniformly through AC, their 
common intersection will trace out a curve whose equation is 


and which is called the Quadratrix of Tschirnhausen. Fig. 66. 


This curve has likewise an infinite course, consisting of an 
infinite number of curves similar and equal to that included 
in the circle and referred to the same axis indefinitely 


produced. ‘This curve is the projection of a curve of 
double curvature, called the Ae/iv, upon a plane coinciding 


with the axis of the cylinder, upon whose surface it is 
described. 
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its polar equation is 


A Tu COS G 
FSI Ones C6 


awl 


The area ACD of the curve is a third proportional to the square 
described upon the radius and the area of the semicircle. 


If we divide any abscissa 4P, in either of these curves in 
any ratio whatever, the radii in one case and the sines in 
the other, which pass through the extremities of the cor- 
responding ordinates, will divide the arc 4Q in the same 
ratio: the mechanical description of these curves, therefore, 
would furnish us with the multisection of an arc. 


The following curve is called the Trisectrix from its cha- 
racteristic property * 

With centres 4 and B, Fig. (67.) and the same radius 
AB, describe two circles: draw any line AQ meeting the 
second circle in Q, and in AQ and AQ produced, make 
QP=QP'= AB: the points P and P’ are points of the curve. 


Its polar equation is 
u=2cosd+ 1, 
where u = AP or AP’ and ¢ = the angle PAB. 
Its equation, when referred to rectangular co-ordinates, is 
ae 
———_ + 
Viv+y } 
or y* + (227 404 1)y + x(t? — 44°4.3) = 0. 


VEE EP YS 


b 


If we draw any line BEF cutting the curve in E and 
the circle in F, and then join 4E and produce it to meet the 
‘circle i in f, the arc BF is always triple of the arc Bf. The 
description of this curve, would therefore enable us to trisect 
any arc trom O to 360°. 


: 
| 
| 
_ * Trisection de V Angle, pat Azemar et Garnier, Paris 1809. 
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(7.) On the Tractory, Syntractory, Xc. 


Let BE (Fig. 68.) be a curve, referred to the axis AC, 
whose tangent A/T is always equal to the given line AB: 
if we make AB=a, AP=x, and PM=y, the differential 
equation of the curve is 


an=— Ve 9 
which becomes by integration 


vs alg fi t+¥e—Ps — J (a —y’). 


Huygens and subsequent writers on the properties of this 
curve, have considered it as described mechanically, by at- 
taching one extremity of a string, whose length is 4B, to 
a weight at B, whilst the other is drawn along the line or 
directrix AC: the weight .B was supposed to trace out the 
curve. 


pose the friction of the plane of traction to be infinitely great, 
50 that the momentum of the weight which is generated by 
its motion, may be instantly destroyed : the mechanical trac- 
tory of a straight line upon a perfectly smooth plane is 
an inverted semicycloid, the extremity of whose base is in B 
and whose axis is equal and parallel to AB: the motion of 
- the weight B being supposed to commence from B*. 


The arc BM = a log a ; consequently, if we describe 
y , 


a logarithmic curve BF, whose axis is Cd produced and 
whose subtangent is 4B; and draw M pm parallel to CA, 
meeting the logarithmic curve in m; then the line pm is equal 
to the arc BM. 


If with centre A and radius 4B, we describe the qua- 


drant Bm’b; then the area of the quadrant is equal to the 


whole area included between 4B, the curve, and the asymp- 
tote or axis AC. " 


i GE | 


* Euler Nova Comm. Petrop. 1784. 


This conclusion, however, is erroneous, unless we sup- 
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The solid generated by the revolution of the same area 
round AC is equal to one-half the hemisphere whose radius 
is 4B; andits surface is equal to that of the same hemisphere. 


The line M pn = AT = alog§ 4+ VO =P 
JY 


= a log cot : » if @ be the angle m'db. Consequently, if 6 


be the co-latitude of a place upon the surface of the earth, 
M pa' or AT will represent the length of a degree of latitude 
upon Wright or Mercator’s Projection of the sphere, the length 
of a degree of longitude being represented by 4B *. 


If from the points 14 and 7, we draw perpendiculars to MT 
and AT respectively, meeting each other in O, the line MO 
is the radius of curvature of the curve. 


The locus of the point O or the evolute of the curve is the 
common catenary, whose vertex is B and the constant in 
whose equation is 4B. 


If a point m (Fig. 69.) be taken in TM or in TM or 
_MT produced, so that TM may be constantly equal to 4, a 
given line, then the curve traced out by m has been termed 
by Riccati, the Syntractory t. F 


If Ap =2, and pm = y, its equation is > is 
—~(ab—y)dy anh 
yO —¥) , 


toa log} VE =P} — 7 (0? — y’). 


If b <a, the syntractory has a point of inflexion corres- 
| fea 


_ ponding to y = J/@a—b) 


* Perks, Philosophical Transactions, 1715. 
+ Vincenzio Riccati, Comment. Bononensia, Tom. Ul, 1755. 
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If 45 a, the curve has no point of inmfexion: but when 


y =aéb, the tangent is at right angles to the axis. 
(Fig. 70.) 


If b be negative, there is a point +, inflexion when y = 
—bJ/a } 
Vv (24 +6) 


In all three cases, the tangent corresponding to « = 0 
and y = 4, is parallel to the axis. 


The investigation of the equation of the tractory, when the 
directrix, along which one extremity of the string is supposed 
to be drawn, is no longer a straight line, but any assigned 
curve, becomes a problem of great and in most cases of almost — 
insuperable difficulty : Euler has solved the problem, when 
‘the directrix is a circle and the curve of traction is either 
within or without the circle*. 


The following curve is equitangential in a certain sense, 
and possesses some curious properties. ‘To find the nature 
ef the curve, the portion of whose tangent intercepted by a 
perpendicular from a given point, is always equal to a given 
line. | 


Let A (Fig. 71.) be the given point, JZ the curve, a = 

MY, the portion of the tangent MF intercepted by the per- 
~pendicular AT, rx = AP and y = MP. The differential 
“equation of the curve is 


r= 9% ay/C+ 54); 


a particular solution of which equation gives us, making 


aes (di 


«Uv fl 


= SO _ pe 
fv’) fle’ +r’) a’ 


~* Euler, Id. 


77 


a av : v 


~— i 


SL aprempreanyee iter urreupmee tees hE =. 
JV) f(a? +0’) a 
If we make dM=u= f(x’ +y’), these equations give us - 
enh hoes fu —a hs 


a a 
which is a polar equation of the curve, 


But this result may be more simply obtained, by investi- 


gating the polar equation of the curve in the first instance : 
we shall thus find 


‘ I) 3p? name 2 
Gis ear yf a Ue co 
a a 


the construction of which is as follows: with centre 4 and 

radius 4B=a, describe a circle BEQ and from M draw 
MQ a tangent to the circle; then MQ is constantly equal 
to the circular arc BEQ. Fig. 72. 


The curve BM is obviously the znvolute of the circle. 


At the point 6, the tangent to the curve coincides with 
the radius 4.6. 
(arc QB) | 
6 AB 


: ; i PE takoge ne 
the triangle MAQ: me 


The area BAM = 


4: 


4 
; and the sector BAQ = 


= 


The arc of the curve BM is a third proportional to the 
diameter of the circle and the radius vector 4M. 


The locus of the extremity of the perpendicular AY 
upon the tangent MY, is the spiral of Archimedes, whose 
polar equation is a 6’=w', where u’ is the radius vector, and 
0’ the angle described by it from the origin of the curve. 


| 


The point from which 0’ is reckoned, will be determined 


by drawing 4 dat right angles to 4B; we thus have a0’/= 
arc be=arc QEB=AY. 
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The involute of the circle, therefore, is the curve of trac- 
tion, where the spiral of Archimedes is the base or directrix. 


Amongst curves, related to this, is the following : To find 
the curve, the portion of whose tangent intercepted by the 
spiral subtangent, or by a perpendicular to the radius vector, 
is always equal to the same given line. 


Let 4M = u (Fig. 73.) and MT =a, the portion of ee . 


tangent intercepted by AT the subtangent ; then the polar 
equation of the curve is 


Bs VA ut) 
u 
where 6=0, when w=a. 


— cos—' Hf 


* 


In order to construct the curve, we must describe a cir- 
cle, with centre 4 and radius 4B=a, and from M draw 
‘ ME perpendicular to AM, meeting the circle in FE: 
draw also Em a tangent to the circle at #, meeting 4M 
produced in m; the point Bis determined, by making the 
arc BE equal to the tangent Em. 


It is evident, that the point m is in the zzvolute of the 


circle, commencing from the point B. ‘The lines dm, — 


AB and AM are in continued proportion *. 


This curve is called the Complicated Tractrix. 


The arc BM=a log  , which becomes infinite when w=0. 
u 


The area BAM is equal to one half the circulated 


EDM; and the whole area, between w=a and u=0, is equal 


to one eighth of the whole area of the circle. 


The locus of the point 7 is expressed by the equation 


f / 
: u Pi 1 


RS eA) cy a 


— re ae 


* Cotes: Harmonia Mensurarum. p. 84. 
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where 6’ is reckoned from the point b, determined by making 
B b equal to a quadrant. 


The circle is an asymptote to this curve. 


This is the curve, which is the directrix of the Compli- 
cated Tractrix, considered as a curve of Traction. 


(8). On the Catenary. 


This is the curve formed by a perfectly flexible and uni- 
form chain, suspended from two given points. 


The reader will find an elaborate discussion of the equa- 
tions and properties of this curve and of others related to it, 
in Vol. I. p. 169, of a Treatise on Mechanics, by William 
Whewell, M.A. Fellow of Trinity College, Cambridge : 
1819. 


(9). On the spiral of Archimedes, the Hyperbolic spiral, 
the Lituus, &c. 
The equation of the spiral of Archimedes is 
u=mad 


where uw and @ are the polar co-ordinates. 


Lies; when 0 = Qa, then a = =e » and the equation 
T : 


becomes 


Y 
% 0 =a. @: 
Qa 


The equation between the perpendicular p upon the 
tangent and the radius vector u, is 


ot wde i 
 fdw + d6*) Ae +0) 4u?) 


ahs area of the spiral JEM (Fig. 74.) = Faas — = oe ; and 
om a 
if w=r, the whole area, BEA, included atts the circle 


NAc enn IRR castes eine 
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BDB, whose radius AB=r, is one third of the area of that 
circle. 


- 


The arc of the spiral: included between its origin and the 
radius vector u, is equal to that of a parabola, whose latus 
rectum 1s 2a, included between the vertex and an ordinate 
=u; and the corresponding area of the spiral is equal to one 
half the corresponding area of the parabola. 


If ¢ =the angle AMT, between AJM and the tangent 
MT, then 
tan ? = “= 0. 
a 


The subtangent AT = —. 
a 
The locus of the point Tis a curve, whose equation is 
Ue 
where wand @ are the polar co-ordinates, @ being reckoned 
from a point 6, determined by making Bb = 90°. 


In the same manner, if 7’ be the extremity of the sub- 

tangent of the curve which is the locus of 7’, 7” of that 

traced out by 7’, T’” of that traced out by TZ’, and so on, 
the polar equations of these curves will be | 


w=o 6, us 005 ae ex eave vs se 
2 oo 1.2.3.4 2.3.4.5 
We thus find a series of parabolic spirals of ascending 
orders, in which the polar co-ordinates @ are reckoned from 
points which are 90° distant from each other. 


6°, &c. 


Amongst the spirals comprehended in the general polar 
equation 
“ gas 


the most remarkable is that, in which n — 1, which is termed 
the hyperbolic spiral, from the analogy subsisting between its 
polar equation, and the equation to rectangular co-ordinates 
of the conical hyperbola, when referred to its asymptotes.. 
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If we describe a circle with centre A (fig. 75.), and 
radius 4B =a, and if we suppose the curve to cut the circle 
in D, the point B, from which 0 is reckoned, is determined 
by making the arc BD =a; and whatever be'the radius of the 
circle whose centre is 4, the arc intercepted between AB or 
AB produced and the curve, is constantly equal to a. 


If # = the angle AMT, thentan¢=6. The subtangent 
AT =a. 


_Ifwe draw AE perpendicular to AB and the indefinite 
line EX parallel to it, the line EX is an asymptote to the 
curve. 


The area of the spiral from its origin to the point 17 = 
12 


oe = the triangle TAM. 


The radius vector makes an infinite number of revolutions, 
before the point M reaches the centre 4; but the arc ACM 
is finite, being 


u ) . 
Tee : (@+w)+aSs * UNG hues 
The equation between p and wu is 
: hy au 
Parity sor 
| f(a + u ) 
__ It is sometimes convenient to transform equations of Spi- — 


ral curves, expressed in terms of p.and u, into others, which 
are expressed by polar co-ordinates. 


: 

| 

Thus, let 

ee. bu R 
ar f(a? — u?)’ 
the polar equation is 


esa jee ve}, 
C u 


where ¢ = Aa — b*). ¢ 
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if a circle be described with centre 4 (Fig. 76.), and 
radius AB=c, then 6 is measured from the point B, where 
the spiral touches the circle, and out of which it can never 
pass. | 


Again, let 
bu 


OS Me +)’ 


this equation represents different curves, when a = 4, a & O, 
and a> b. 


In the first case, the curve is the hyperbolic spiral, which 


we have considered before. 


In the second, 


Cc u 


where c = (f(a — 8’). 


With centre A (Fig. 77.), and radius 4.B=c, describe a 
circle, cutting the curve in C ; 0 is measured from the point 


B, determined by making the arc BC = 6 log 4/2—1). 
lfium0, 6 = 0, anditam oy 8 = 0. 
In the third case, 


b u 
0=-sec—'-, 
Cc c 


cé 
OF uU = C€ Sec Whe 


where ¢ = (f(b — a’). 


With centre 4 (Fig. 78.), and radius 4B = c, describe 


a circle; 9 is measured from B, where the spiral touches the 
circle. 
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An indefinite line #X parallel to 4B and at a distance 
= b, is, in both these cases, an asymptote to the curve. 


Amongst these, may be comprehended the more simple 
case, where 
Ligeeien? 
which gives 
é = ——————_ lo Me 
aii Na b°) 8 a 3 
the polar equation of the /ogarithmic spiral, which will be 
more particularly considered hereafter. 


These five curves, which are known by the name of 
Cotes’s spirals*, comprehend all the trajectories described 
by a body projected in any direction, and with any velocity, 
when attracted to a given point, by a force varying inversely 
as the cube of the distance. , 


The following curve, whose polar equation is 
Utes andr”, 
is called the Lituus+, from its form. 


If a circle be described with centre A (Fig. 79.) and 
radius 4B =a, cutting the curve in C, then the @ is reckoned 
from the point B, determined by making the are CB = a. 


The radius 4B produced, is an asymptote to the curve. 


Wherever the point M is taken, the sector 4MEis equal 
to the sector 4 BC. 


If » = the angle AMT, then tan ¢ = 20. 


* Cotes. Harmonia Mensurarum. Pars Il. p. 31. 


+ Id. 2b. Pars III. p. 85. 
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The triangle AMT = 2 sector ABC, and is therefore a 
constant quantity. 


The area CAM = a* log “; and the area CAM is con- 
a 


stantly equal to the area CME B. 


It is unnecessary to mention the properties of other spiral 
curves, included in the more general equation 
uu” = a” 0”, 


few of which are sufhiciently remarkable to merit particular 
attention. 


(10). On the Logarithmic Spiral. | 
The characteristic property of this curve is, that the 


angle between the radius vector and the curve is constantly 
the same; it has hence been termed the Eguiangular Spiral. 


If ¢ represent this constant angle, the equation of the 
curve expressed in terms of p and w is 


p= usin ¢, 


which being transformed into an equation of polar co-ordi- 
nates, gives 


@=tan¢.log~. 
Y 


With centre A (Fig. 80.) and radius AB= +r, describe 
a circle cutting the curve in B; then @ is measured from 
the point B, and the are BC is equal to the logarithm of 
AM 
AB 
B; it is hence called the Logarithmic Spiral, 


to modulus 7 tan ¢, or the subtangent of the curve at 


The triangle 4/MT is constantly similar to itself. 


The whole arc of the curve, between 4 and M, is equal | 


to the tangent MT; the corresponding area is equal to one. | 
half.the area of the Geant AMT. | 
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Those logarithmic spirals are similar and equal, in which 
the angle AMT or ¢ is the same. 


The radius of the circle of curvature M70 = “ee st 
P 
—. , and its chord passing through the centre 4 _2pdu 
sin 8 Sore 


= 24. 


The evolute of this curve is a logarithmic spiral similar to 
the original, the distance from B of the point from which 
is measured, being = ¢ tan ¢ log tan ¢. 


The involute of this curve is the locus of the point 7, which 


is also a spiral similar to the original: and in general, the loci 


of all points, which are the extremities of lines making con- 
stantly the same angle with the radius vector 4// and which 
bear a constant ratio to it, are logarithmic spirals similar and 
therefore equal to the original. 


Consequently, its cuwstic, by reflected rays, the focus of 
incidence being A, which is traced out by the point a, 
determined by making Ma = MA, and the angle OMa= 
the angle OMA; as well as its caustic, by refracted Yays, 
traced out by the point 4, determined by making the angle 
AMb equal tothe angle of deviation and drawing O64 at 
right angles to M4; are logarithmic spirals similar to the 
original. 

The properties of this curve appeared so remarkable to 
James Bernoulli, that he usually denominated it spira mira- 
bilis ; and ina paper in the Leipsic Acts*, in which he no- 
ticed its singular property of reproducing itself in its evolute, 
caustic, &c., he concludes with this quaint and singular para- 
graph. 


«‘Cum autem ob proprietatem tam singularem tamque 
admirabilem mire mihi placeat Spira hxc mirabilis, sic ut 


as Ee a etree orn 


* Anno 1692. 
A A 
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ejus contemplatione satiari vix queam; cogitavi, illam ad 


varias res symbolice representandas non inconcinne adhiberi 
posse. Quoniam enim semper sibi similem et eandem spiram 
gignit, utcunque volvatur, evolvatur, radiet; hinc poterit esse 
vel sobolis parentibus per omnia similis Emblema; Szm/ima 
Filia Matri. Vel, (si rem zterne Veritatis Fidei mysteriis 
accommodare non est prohibitum) ipsius eterne generationis 
Filii, qui Patris veluti imago, et ab illo ut Lumen a Lumine 
emanans, eidem doovc.os existit, qualiscunque adumbratio. 
Aut, si mavis, quia curva nostra mirabilis in ipsa mutatione 


semper sibi constantissime manet similis et numero eadem,. 


poterit esse, vel fortitudinis et constantiz in adversitatibus ; vel 


etiam carnis nostre post varias alterationes, et tandem ipsam | 


quoque mortem, ejusdem numero resurrecture symbolum; 
adeo quidem, ut si Archimedem imitandi hodienum consuetudo 
obtineret, libenter spiram hanc tumulo meo juberem incidi cum 
Epigraphe ¢ EHadem numero mutata resurgo. 


(11). On the Cycloid and Cycloidal Curves. 


If AE, (Fig. 81.) the radius of the generating circle=a, 
AP=2x, PM=y, andthe angle ALM = 9, then the 
equations of the common cycloid are, 


y =a (sin? + 6) and x =a (1 — cos @). 


The equations of the trochoidal curves described by a 
point within or without the generating circle and moving 
with its plane, are 


y =a (sin 6 + m0) and x =a (1 — cos 6). 
These equations may be made more general, by supposing 
y =a(nsin 0+ m6) and r=a (1 — cos.6). | 


If 1 =O and m= 1, these equations belong to a curve, 
called the Companion of the Cycloid. 


Ttas unnecessary to put these equations under a more 
general form, since they include all those cycloidal curves, 
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generated upon a rectilinear base, which have been the object 


of particular remark. 


(1). We will now mention the principal properties of the 
common cycloid. 


A tangent MT, at the point M, is parallel to 4Q, the cor- 
responding chord of the generating circle. 


If Qz be-a tangent to the circle at Q, meeting MT in 1, 
then Qt = QM = the are AQ. 


The locus of the point z is the involute of the generating 
circle. 


If tangents be drawn to two points AZ and M’ of the 
cycloid and produced to meet in #’, the angle M¢' M’ is equal 
to the angle Q.4Q’ of the circle. 


If the rectangle CLL’D (Fig. 82.), be completed, and if 
Mv? and M’?' intersect LL’ in O and O’, the line OO’ is con- 
stantly equal to the arc Q.4Q’ of the circle. 


If the points Q and Q' be the extremities of a diameter, 
the angle Mz’ M' is a right angle, and the locus of the point 
# is a curtate cycloid, whose equations are 


y = TE( sino + ="), and r= (1 — cos 0): 
the curve passes through L and L’, and its base, which is — 
parallel to ZL L’at the distance > below it, is double of the 
axis. | 

In all other cases when the arc Q.4Q'=a @, and the angle 
Mi M =x — 7 the locus of the point # is also a curtate 
cycloid, whose equations are 


| -P 
2 sin = 
vie oe ¥ sin 0 + 7 ot and x = =£ (1608 8), 
2 sin 3 ? } 2 sin 5 
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The curve passes through two points / and /’ in Al, and 
AL’ or in these lines produced, which are determined, by 
making A/= Al’ =a; and its base intersects 4B or 
AB produced, in a point K determined by making AK = 
agp ’ 
? 
2 tan 3 


The arc 4M = twice the chord 4Q, and the whole arc 
CAD of the cycloid is equal to four times 4 B, the diameter 
of the generating circle. 


If the rectangle AP MR be completed, the area 4M/R is 
equal to the segment 4Q P of the circle. 


The whole area of the cycloid is three times the area of 
the generating circle. 


The ordinate PM is proportional to the mixtilineal area - 
ABQ, included between the arc AQ, the diameter 46 and 
the chord BQ. 

The area AMM’, cut off by the double ordinate MM’ 
which bisects 4, is equal to the equilateral triangle BQQ’. 
This quadrature was discovered by Huygens. (Fig. 83.) 

If the ordinate EF be drawn from the centre of the 
generating circle, the cycloidal segment 4/ MA is equal to _ 
the triangle EBg, or to half the square described upon the 
radius of the circle. . ‘ 

If two ordinates PJ/ and P’M’ be drawn in such a man- 
ner, that JP’ = EP, and the points M and J’ be joined, the 
area AJM’ is equal to the sum or difference of the triangles 
BPQ and BP’Q’, according as the ordinates are upon the 
same or different sides of the axis. (Fig. 84.) 


If a double ordinate MP’M, pass through P’ and the 
lines PJ and PM’ be drawn; then, if AP’ = EP, the 
cycloidal sector MPM'A is equal to the isosceles triangle 


BQQ’. (Fig. 85.) 
if AQ= 0 and AQ’= 9, and if the points P and P’ be 


f 
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determined by the solution of the equation 
+1 a 08 Oh 2 sin BO 
n 2 
then the area MM’ P’P is equal to EAQ' + AQ’P'—EAQ 
— AQP, which are known quantities*. (Fig. 84.) 


bf 


The radius of curvature of the cycloid at the point = 
nae’ 
4a cos 5 = 2 BQ. 


The evolute of each semicycloid, is an equal semicycloid 
in a reversed: position. 


If a series of equal cycloids be described, whose bases are 
in the same straight line, the curve which cuts them all at 
right angles, is an equal cycloid in a inverted position : this 
is one of the simplest cases of the problem of orthogonal 
trajectories Tf. 


If any curve whatever 4B (Fig. 85.), whose tangents a 
A and B are at right angles to its rectangular co-ordinate: 
AC and BC respectively, be evolved into the curve BA’, be- 
ginning from B; if again, BA’ be evolved into the curve 
B'd’, beginning from 4’, and B’A’ into B'A", beginning 
from B’, and so on continually : each successive evolute will 
approximate more and more to a common cycloid, whose 


RR ey is Ef ea Ronn 6: sor crm orem ater Lima mceurtnir ee 

* These quadratures were discovered by ‘John Bernoulli, in 
1699, a century after the idea of this curve first occurred to 
Galileo: after enumerating the controversies to which this curve 
gave rise, and the many wonderful properties which it possessed, 
he proceeds thus : ‘“ At vero non prius de palestra discedere velle 
videtur, quam per integrum exactum seculum omnia sua exuisset 
mysteria, nobisque pandisset quicquid in extremis haberet ye- 
cessibus suis. Prodit enim) ecce denuo, in scenam nobilis nostra 
curva, spectatoribus quasi cum agonizante hoc seculo valedictura, 
ut tandem candide sistat infinitorum suorum segmentorum, aliorum- 
que spatiorum quadraturam,” Johannis Bernoullii. Opera. Tom. I, 
p. 324, 390, 

+ Johannis Bernoullii. Opera, Tom, IL. p. 521, 
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axis is equal and parallel to AC, and will ultimately coincide 
with it. 7 

This singular property, the discovery of John Bernoulli, 
was first demonstrated by Euler™. 


Ty 


Several problems concerning the solids of revolution 
round the axis and base, their surfaces, and the centres of 
gravity of those solids and surfaces, and of different portions 
of them, were proposed by Pascal under the assumed name 
of Dettonville, and resolved by him and Wallis ¢ in 1658 and 
1659. ‘Those problems were of extreme difficulty for the 
time at which they were proposed, but they lead to no result 
' worth notice. ; 


(2). The prolate and curtate cycloids are included under 
the equations 
y =a(sin 6+ m) and 2=a(1 — cos 8). 

The greatest ordinate of the curtate cycloid, corresponds to 
e=a(l +m). 

The prolate cycloid has a point of inflexion corresponding to 
pain (1 + m) 

m 


In both cases, the base of the trochoid is a tangent to it, 
at the points where it meets the curve. 

The whole trochoidal area = (2 m-+1) times the area of 
the generating circle. ) 2 

The arc AM (Fig. 86), of the trochoid is equal to 


gael multiplied into an elliptic arc BM (Fig. 87.) whose 


— 


semi-axes are 1 and 
b+a 


SN ee ee 


* Comm. Petrop. 1766; Legendre Saercices du Cale. Integ. 


Tom. Il. p. 541. 1817. 
+ Wallisii Opera. Tom. I, p. 491. 


a ° S 
, corresponding to an abscissa CP, 
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reckoned from the centre C, which is equal to sin ; when 


6 is less than a, or for the prolate cycloid, the semi-axis— 


minor of the ellipse eee by 


a+ 


, The prolate cycloid is the trochoid of Wallis and Newton, 


and was applied by them to divide the area of an ellipse in a 
given ratiof. — : 


(3). The companion of the pido: whose equations are 
y=a0andx =a(l —cos @). Fig. (88). 


possesses many properties analogous to those of the common 
cycloid. | 


An ordinate to the centre meets the curve in a point of 


inflection, and the area which it cuts off, is equal to the square 


described upon the radius of the circle. 
% 


The whole area of the curve is equal to twice that of its 
generating circle. 


If the line AC be drawn, cutting the curve in H, the area 
AKH=the areaHkC. © 


If the rectangle 4PAZm be completed, and the chord 
AQ be drawn, the external area 4Mm of the curve is equal 


_ to twice the segment 4 LQ of the circle. 


Te 


If the points P and P’ (Fig. 89.), be equidistant from the 
centre & of the generating circle, and the points M and M, 
the extremities of the corresponding ordinates, be joined, the 
segment MAM’ of the curve is equal to the rectangle under 
the ordinate PQ, and the diameter of the circlet. 


* Wallisii Opera, Tom. I. p. 539. 


+ Id. p. 540, . Newton, Princ. Lib. I. Sect. vi. Prop. 31. 
+ Joh. Bern. Opera, Tom, I. p. 334. 
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(4). If the equations are 


y = a6, and x = < (1 — cos 4), 
m 


the portion of the curve which they represent, which is cut 
off by a double ordinate, passing through the centre of the 
generating circle, constitutes the harmonic curve, or one of the 
figures which a vibrating chord may assume in its different 
positions. Fig. 90. 


The radius of curvature or 


a {m” + sin? 6} 3 
Non em ers 
m* cos 6 
which varies very nearly inversely as cos 6 or p M, when m 
is considerable. 
If any two harmonic curves be constructed upon equa/ 
bases and upon the same straight line, but whose centres are at 


any given distance from each other, the curve whose ordinate * 


is equal to the sum of the corresponding ordinates of the 
given curves, is likewise an harmonic curve. 


(5). Ifone circle revolve upon another as its base and in 
the same plane with it, the curve described by any point in 
its plane, is called the Epitrochoid, which becomes the Epi- 
cycloid, when the describing point is in the circumference of 
the revolving circle. Ifa circle revolve, in a similar manner, 
upon the concave part of the circumference of another circle, 
the curve described by a point in its plane, is called the Hy- 
potrochoid, which becomes the Hypocycloid, when that point is 
in the circumference. 


If a be the radius of the base, b the radius of the gene- 
rating circle, @ the angle ACQ, (Fig. 91.), A and Q being 
the points of the base, which are first and last in contact with 
the generating circle, CP=x, and P M=y, then the equa- 
tions of the Epicycloid are 
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at 4. 


®=(a + b) cos 8 — B Cos 
(a). 


at b 


y = (a + b) sin 0°— 6 sin fe 


If b be negative, these equations represent the correspond- 
ing Hypocycloid ; in this case Fig. 92. 


a—b 
b 


a= 


© = (a — b) cos 0 + bcos ie 


(8). 


y =(a — 6) sin 6 — 6b sin v0 


If b’ be the distance of the describing point from the 
centre of the generating circle, the equations of the Epitro- 
choid are 


+5 


w=.Ca + b) cos @ — b! cos ————. 8 


(7). 


y =(a + D)sind — sin 20 


The equations of the corresponding Hypotrochoid are 
a—b 


. x = (a — 6)cos 6 + U' cos . 4 


(3). 


y =(a— 6) sin 0 — 0 sin Ura) 


b 


If in the general equations (@), for the hypocycloid, we 


| suppose 4 = a +c, we shall find, making — Lesa 


ate 
% = (a + c)cos & — c cos cient 
c 


atc 
c 


y = (a + c)sin® — ¢ sin 6", 


BB 
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which are the equations of the epicycloid, whose base is a and 
generating circle c*. 


Again, if, in the same equations (3), we suppose b= 
, we find 


atc 
2: 
r= (=) cos @ 4- (2*°) cos (=) .0 
2 g atc 
y = (454) sino = (45) sin (Z=*) -2 
; 2 2 atc 


If we also make 4 _ 2 


find 


2 


r= ( =) cos + (4% 
yee eoae 


equations which are identical with those preceding (¢): the 
same ke die are therefore generated, by generating circles 


PME rt ca pie 
2 


cos 


aes a’ 
+c 


whose radii are & 


The angle JZTP, between the tangent to the epicycloid at M 


and the axis is=(¢ : - ‘) &: when the curve is the /ypo- 


cycloid, the corresponding angle is=7— € ae b 
The arc 4M (Fig. 91.), of the ae id 
; Wie ia, areata — COs -—— 
&h 9) } 


* Euler, Acta Petr op. 1784; de duplict genesi tam epicyclot= 
dum quam hypocycloidum. 


=, and (2=*) o=0, we 


: 
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_ 46 (a + 4) . @ 


ver. sin —, 
a 2 


where @ = os = the angle A7.BQ, or the angle subtended 


by the arc of the generating circle which has been in contact 
_with the base; in the hypocycloid, this arc | 


4 mage? ° 
= 4b (a — 8) ver. sin Px, 
Giix 2 


The radius of curvature of the a 


_~ beta alk amet) teh Ms 
at+2b 2° 


The evolute of the epicycloid is an epicycloid similar to 
the original, the radii of whose base and generating circle 

a d 
a+2h a 
a to b. 


ab : : 
are nah and therefore in the proportion of 


The centre of the base of the evolute is in the centre C of 
the original epicycloid (Fig. 93.); it consists of two semi- 
epicycloids 4# and BE, which pass through 4 and B the 
extreme points of the original curve, forming a cusp at £. 


The same is true, mutatis mutandis, of the evolute of the 


_hypocycloid. Fig. 94. 


The equation between CY or p the perpendicular upon the 
tangent of the epicycloid, and the radius vector CM or w, is 
e (u? — a?) 


=; ROE TETE. wheree =a + 25; 


in the hypocycloid this becomes 


e’(a—w 
2 = a Citak where e = a— 20. 
a’ — e 


ee 


+ Newton Princip. Lib. L. Sect. x. Prop. 48, 49. 
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The area CAM, included between the arc AM of the 
epicycloid, the radius CA and the radius vector CM, 


_ (@+4) G6) fo b sin ods 


and the deel area of the beri 


CNC 2 6) fo_f b 7 sin 9}. 
If AE be a semicycloidal arc (Fig. 95.), B the centre ue 

the generating circle at EZ, and BH at right angles to ED; 

and if a circular arc HJ be described with centre C and 


radius CH; the curvilinear space FHM = ei", and 


the corresponding space eh m in the hypocycloid =Gn20 ‘ 


fo — 5 , the h , ocycloid is a straight line, and the 
3 ypocy & 


space eh m becomes equal to the triangle hfe; the quadra- — 
ture is in this case identified with that of Hippocrates of | 
Chios*. 

We have seen before (p. 190.) that the rectification of the 
trochoid depends, upon that of an elliptic arc; in a similar — 
manner, we shall find that the arc 4/7 of the epitrochoid 


(Fig. 96.) is = Goer multiplied into an elliptic arc 


BM (Fig. 87.), whose semi-axes are 1 and : = , and whose ~ 


? 


abscissa CP = cos a when J’ is less than 4 the semi-axes of 


b— >}! 
b+5'° 
mutatis mutandis, of the arc of the hypotrochoid. 


the ellipse are 1 and———., The same proposition is true, 


All these curves are expressible by finite algebtaical equa- 
tions, whenever a is to 4 in the proportion of two finite inte- 


* Caswell. Phil, Transact. 1695; Halley, Id. 1695. 
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gral numbers. For in no other case will the curve return 
into itself, but its course will be infinite and the same-straight 
line will cut it in an infinite number of points. 


The same conclusion may be drawn from a consideration 
of their equations: for whenever a and 4 are to each other 
in the proportion of integral numbers, cos 6, sin 9, cos 


BE ogc. are expressible by finite series (see p. 80.) in terms 


of sin ¢ or cos 7, where ¢ is some common sub-multiple of # and 


( " *) 6: the elimination of cos ¢ or sin ¢ from the re- 


sulting expressions for x and y, will lead to an algebraical 
equation of finite dimensions. 


Thus if a = 4, the equations for the epicycloid become 
x =a (2 cos 6 — cos 2 @) 
y =a (2 sin @ — sin 2 @) 


from which, we deduce, by eliminating the trigonometrical 
quantities, the algebraical equation of the curve, 


® 


(V+y—ary~psadt@w-alty hs 


which is therefore of the fourth order. 


This curve from its heart-shape form, has been called the 
Cardioide*. (Fig. 97.) | 
_ Its polar equation 1s 
u =a (i — cos WY), 


where ye AM and v = the angle MAP. 


Its greatest ordinate is = “vas » which corresponds to 


Id 


Naa ee a a ame a a a TTT 


* Castiglione. Phil. Transact. 1741. 
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Its whole area is equal to six times the area of the gene- 
rating circle. 


This curve is one of the caustics of the circle, the radi- 
ating point being in the circumference ”*. 


The equation of the epitrochoid, when a = 6, 1s 
t§#—2 (Qa—b')x4+(5a—6ab' + b")x —2 a(a*—3 ab +b") x | 
—~vw'Qa—b)+2xvy—2@2a-V)ry 

+ta(a-2y)y7¥+y7=0: 


which becomes, by putting x + a in the place of x, or by 
making the point 4 the origin of the co-ordinates, 


w+QFe—-(a—F)P4+2a@+o)rc¥t+y—aya 0. 
Again, if b= 3) the equation of the epicycloid with two 
cusps, is 
aty* = (a —2ar+y’y; 
or if dA be the origin of the co-ordinates, 
aty? = (a* + y? — a’). 
This curve is one of the caustics of a circle, when the 


incident rays are parallel to a diameter +. 


If 5 =5 , the general equations for the Aypocycloid ((3), p. 193. 


x = acos. 9, 
y= 0. : 


In this case, therefore, the hypocycloid becomes the dia- 
meter of the circle which passes through 4, 


become 


* Wood’s Optics, Prop. 99. 
+ Id. Tb. Prop. 98. 


bod 


The general equations for the EEG aL in this case, 
become 
asp 
4 Wimmer G + 2) cos 0; 


lem G — ’) sin 6: 


these are the equations to an ellipse, whose semi-axes are 


a ! a ’ 
ie and 5 — 0. 


If =-, the equation of the Aypocycloid is 


a 
3 
4s 


eS RR LS aie Bar lQany ty + 12a’y’ = 0; 


the co-ordinates being reckoned from 4. 


Tf b= ? the equation of the Aypocycloid is 


Wa xy = (a — x —y') 
the co-ordinates being also reckoned from 4. 


This is the curve, which has been considered by John 
Bernoulli, in the solution of the following problem. A line 
DE (Fig. 98.) is moveable between the lines AC and CB, 
which are at right angles to each other: to find the curve 
which touches it in all its positions*. In a certain sense, 
therefore the hypocycloid with four cusps, may be considered 
as an equitangential curve. 


If a be infinite, the epicycloid and hypocycloid aati 
with the common cycloid : if 4 be infinite, they coincide with 
the involute of the circular base. The epitrochoid described, 
when 8 is infinite, by the point C, is the Spiral of Archi- 
medes, whose equation is 


PY Beri F (Seep! 177.) 


Cee ee ee re a aaa ae ae aS TTD 


* Joh. Bern. Opera, Tom. HI. p. 447. 
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On the Differentiation of Functions of two or more 


Variables. 
ArT. 120—132. Ex. (1.) Let « = a 
J 
d 
dp hed 7 +7, Uy 
_ e—"'(nydx —mudy) 
= aia pera ps ae 
J (24? — y’) 
Zs t es eS ee 
(2.) Let wv TG. 


Hee RELI EE eg). 
(2 hyp Ral (aim y?) 


+V@—y 
(3.) Letus log 2 ; 


_ 2(yda—ady) ; 
— 9 NC mY) 


Ah ~ 
(4:)) Let-# = Mele, 


(5.) Let « = log tan ; : 


Bijex 18% —ady. 


2a x 
y sin — COs — 
¥ Y 


The following theorem of Euler, is of considerable 
importance in the integration of homogeneous differential 
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equations: if be the sum of the exponents in each term of 
the homogeneous function w, of the variables rx, y, z, &c., 
and if . 


du du du 


dume—dart- d —dz+ Xe. 
u Cena yn de + &c 
then 
_ du du du 
heme aan Egle + &c. 
Also, if 
au od u au 
d* 4 = — dx d ae ye : 
a bik yy aia ae Tred + &c 
then 
eh yee 9d” u d* u 
— ] we ema ede ; Riel EMT : 
n(n ) a ait hae le eer st Marea 
(See Art. 266.) - 


The four last Examples afford a verification of this 
_ theorem, for the case in which 7 = 0. 


: 3 
(6). Let x — eee where 2 = 2: 
ey 
dyn ve dt—3 vy dr—Ydr+sxcy dy—-Qydy+edy | 
| aD WEIN ar (roe eh) Te CS eg 
putting x and y in the place of dw and dy, we get 
oi — Peer PZcp— Sy 28 Ze 


(x Le yy —e BRR y 9 ue 
| 1 
| (7). SM Som yemcire where 7 = — 4: 
pes —4(edx+ydy) 
Cas: +) ? 
and Aha et Sh ad == — 4u. 
i (x* ¥ yy Gi’ 1 yy 


cc 


hy 
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(8). ete ee eerie — Ed: 
e+y 
x y dx tH q d 
Rae ihe fie AE = /ydy — 2fudy—2/y da 
ous (ety) 
i akeayi ROL MRR fe ee ELT YS 
(x+y) 
ee Eat SY 
wes = 2 
r+y 
Digs Nid Ga ou ee ie 
(9). Let (age where n = 1: 


en "dy seas by zdx—beyde 


(ax + b2y 


ary rEerys — ory” 


+ =U. 
(aw t+bzy. ax+t+bz 


and 


‘,—1 Su —y) 
(10). Let wu =sin—' 4“, where n= 0: 
Jr + y) 


bins LS Utes at 
~ (wy) v £2Y @=¥)3? 


sc Sl = Or; 


cera) J {ay (r@—-y)} 


(11). Letu slog {rt+yt+Yf(Qaryty’)} : 


vudytydu+ydy 
eV(Qryty) | 
TE ENY(C Dy +9 ena 


dx+dy ae 
dus 
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and putting » and y in the place of dw and dy, we get 


Qxry +7 
J(2ry +y) ay 
ctyt+/(2xryty) 


o+Yy + 


The reader must take care not to consider functions of 
this nature as homogeneous, which are only apparently so: 
thus, in the case before us, if we make y = vt, we find 


uslog{xr+urtt+r J/(2tt+?)} 
= log rtlog § L+et+ V(2t+#) § 5 
the parts of which expression are evidently not homogeneous. 
In general, if w= v, where v is a homogeneous function 
of x, y, &c., then u is not a homogeneous function of these 
variables, unless wu be also a homogeneous function of v: this 


consideration would exclude the example just given, as is 
evident from the form of the series for log v. 


The example u=sin—' /(#*— y*)=cos~" flv +y¥) 
_ would place this remark in a still clearer light. 


‘The functions given in Examples 2, 3, 4, 5 and 10, are 
strictly homogeneous, in the sense of the theorem. 


(12). Letu=a /(Qryty’)s where n=2: 


du= § Yegeyty +a as at zu aS Ys 
( "(3 ryty)crt(+ry)y | 

a a aa ae! .9) 2 di 2 ir al ° 
and CEE : aJ/(AZuryty’) =u. 


Again, 


% 4 ) Qo a, 
d de ae 2d u Lage OM dy? 
y 4, 


a? ures 
Uo Te dxdy dy 
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_ Bry? 4+2y7') 3 Q3uy+3ry* +y). 
TiGapie yh Tear io Ge 
; oe edy 
. (2xy + yt’ 


and putting x and y in the place of dx and dy, we get 
_ ty" (82 +8 0y+2y’) 


3 =2r /(2Qxryt+y)=n(n—1)u. 
(2ry+y°)! 


The theorem expressed by the equation 
du du 


—_. == ———_, terdg 
dale ine ae 


is of great importance in the integration of differential equa- 
tions of the first order and first degree, involving two va- 
riables, as it enables us to ascertain whether they result from 
the simple differentiation of a function of 2 and y, or from 
the elimination of a constant from the equation in which they — 
are involved. (Art. 262.) 


+ aoe ee, 
nie uae ee 
ae a 


(13). Letu=axsiny + y sine: 


du : 
>-~ = Sn y + yY CosxX 


az 


—— = smn v-+2rcos ¥, 


dy 
Pu du 
=——— = cOS¥Y + COST = : 
dx dy 4 dyda 
w 
(14)... Let a! =x” 
ot yn — = 2 log a, 
d*u POST tern loeb d*u 
dxady Chae ~ dydx- 


205 


e Y _yS@ ty’) 
(15). Let = lege a aie eae 


mt pee © f(x? + 2) 


du PP +ypty /(e ty). 
dx x 


Aas yy (a ey) 
a ya eg 


dy sy Qy° 
Gu _ fy + VEY) ees 
dudy a wf (Xt? +y’) 

d’?u Qy+2r/ (a ty) oR 2 
dydx a a x? f (a? +97)? 


~ and by reduction we shall find 
ru au Qy v+2y? 


i 
ss SoD 


daxdy dy dw i Bin Bika? +Yy?)> 


The reader may make use of this or of any of the pre- 
ceding Examples, in illustration of the theorems, 


LISP RPO AOE RT fal 
%, dedy? dydx dydxdy’ 
so ls dtaad oldadige ps d*u 
dxvdy dydx” dydudydx 
d* u Bp tb ee errs Oe Ut 
eee aang du” dydatdy’ 


Ke ey &e. 


(16), Let u = nets 
a 


Qa) Mths Sa vey tdi ap & 
; dudy” @—2 dydx 
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(2) du _ Avyz _ Gu. 
idrdz (@=2% hazdn. 


(3) DA i Bay a UR 
Wayls “ay eo deiay’ 


' dxrdydz (a@—2y dydudz 
eae + Ue ek ae 
~ dxdzdy dydzdx dzdudy 

a Oe 

~ dzdydxr 

(12). ¢ daet-er pik ne 
ieerh, U 
d* u — B2ry2zv, 


dxdydzdv (2+4+v°F_ 


the same result may be obtained by as many processes of 


differentiation, as are denoted by all the different permutations * 


of the four quantities dx, dy, d z, dv, in the denominator 
of dtu, which are 24 in number. 


We have seen (p. 72.) in what manner the Differential 
Calculus may be applied to eliminate one or more constants 
from an equation involving two variables : when the equation 
involves three variables, we may apply a similar process to 
eliminate functions, whose forms are absolutely unknown. 


(18). Let the equation be 
Z=2YPY, 
dz 


Age eee 


from which two equations we deduce the partial differential — 


wo 


equation 
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dz 


Dm Pee Ot 


dx 


in which ¢ y does not appear. 


1 py +2 
(12), Let z eae 


dz _zoy +1, 
dx 1l—x2oy 


and by eliminating ¢ y from these two equations, we get 


d 
(Qty) a tty. 
dx 
(20). Let z = ¢ (==) 
dz — — ¢’ (4=*) ( (ts 
ae L x? 
dz E) Qy 
pak \ Gomera Sea, 
y 2 x 


, a a : 
by eliminating ¢' (“—) from the two last equations, 


we find 


*:. dz (eae dz 20. 
Quy dy 


f . 2 4? 
It is hardly necessary to state, that if w =4 Thy 


p' (o* =P) spun Skt, 


and is consequently the same, whether x or y be considered 
as variable. 


CAR eA Mite: Es a f/(x+y’) + G) : 
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aS Teay) * KG); 
dz 


give Gz 
dy V(@+y) y 
by eliminating ¢' (‘) » we get 

¥ 


dz dz 
ah 2 2") — 0, 
"aa ay a f(xy") 


(22). Let z= (e+y)* ¢ (2*—y’) 


CF = ae tyy—' gp @—Y) 42 (eta HP) ax 


d 
az Gomi 12 2 a AS (m2 2 
=a(utyy—' o(2 —9)—2 (+9) p (a — 9) y; 


and eliminating ¢ (v?—y") and ¢' («?—y?) from these three 
equations, we get 


ablh. q: 
(23). Let z os + (- + log v) 


OF ‘CC l : le 
dx ? ; they). = 
BS ya ef H 
Ie (- + logy) -*, 


and eliminating 9’ ee + log y); we get 
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(24). Let z=r@ @) ry G) 


Since this equation involves two arbitrary functions of « 
and y, we must proceed to the second differential coefficients 
of z, in order to eliminate them: this process, however, will 
not terminate generally, without proceeding to the third © 
differential coefficients of z : 


Et -4O VO 
"+O 


If we eliminate w’ ¥@) » from these equations, we find 


d d 2 
rat sa oG): @O 


in this case ¢ CG) also disappears: but in general we shall 


find ¢ (7, ¥) and ¢’ (av, 7) in the equation resulting from this 
operation, and their elimination from it would present the 
same diffieulties, as that of ¢ (1,7) and W (2, ¥) from the pri- 
mitive equation. 


Again, in order to eliminate ¢ CG) from equation (8), we 
v RG 
must proceed thus : 
Cs Yet 2 dz y 
pes arte Syeem gy hin =-¢(- ep 
dx x dydx “dy y 
Ez: Goe fate ya 1. 
CED Y APO” a ea Y 
and eliminating ¢’ @! from. these equations, we find 
oh 


dae 2S a DR 
i ya 
Pee aig et Gir 
a partial differential equation of the second order. 
DD 


mil 


x 
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(25.) Let z = Uv"¢ (;) yy («) ; 
gece) ee SVG), 
a = vo) taro (4) +ty (:): 
the elimination of VG ) and vW/’ (3) from these three equa- 


tions, will likewise cause (2) and ¢’ () to disappear, 


and we shall have Pe Ni fhe —nz=-0. 
| dx dy 


In this case, however, z cannot be considered as involving 
two different arbitrary functions of x and ¥, as they may both 
be comprehended in one : 


for =n$o() +“v(“)} =f(%). 


(26.) Let z=o(y¥ + ar) + Vy —<a2). 


In this case, we find 


Git arg 2 Ay 
Ta dpa ee 
i ibd ad’?z 
ax dy? = 


(7.) Letz=o(y+ ax) (y—a2). 


If we denote the functions ¢ (y + ax) and w (y — a2), | 
by ¢ and vy, we find 


dz adz 


a2 2 
dx 4 ay 


a ey Ad 2 pees 
p 


Again, 
Gigi = dz gp” 
me aie ee Qa?z.— 
dx? dydz dx He ee p 
ka a 
p r 
dz eugaes dz ¢° p” 
~oaz2. 
? 


- Multiplying the last equation by a, and subtracting it from 
the former, we get ce 


bz ods _ 9, (42442), 9 

be APS WP Dad athy 
_fdz adz dz. adz 
=e a) aa 7) 
ES dz” 4 \a% die" 


Tidar Ody & 


(28.) Let z=o yt az) + ay (y— ae) (1) 


ss 


Z7=a¢ tyv ary (2). 


Iss 


fap tayteyy. (3). 


Q 
S 


We have now four functions ¢, ¢', Wy W’, to eliminate, 
and only three equations : we must therefore proceed to the 
second differential coefficients of z. 


SS 


i =a” — Bay WwW -arcy wv" (4). 
x 


se 


2I2 


‘ 


d? z Ae) ” ’ a oem uw 5 
eg” +a + (y ax)w aty Ws (5). 
Ze toe tcyy": 6) 
de J 


we have thus six equations and six functions ¢g, ¢', ¢", 
Wv, VW’, and wy" to eliminate from them, which is impossible, 
unless, the operation for the elimination of one of them should 
occasion the disappearance of one or more of the others, as 
in the four last Examples: if we proceed aes the differen- 
tiation of z, we find 


a We tt} C LA 
Cs Gn fad —arylY' + 3yV'} (7). 
nd me He se OO es uw : 
Tardy 72 Lae" baryw"—2y'—(2y—a2) ¥"} (8) 


' da dy = ap — ary yi 4 2V'— (Qax —yY) WV” (9). 


Oa 
d ¥3 


ae. gi" +xvy wn +3an~y Pu (10). 


We have now ten equations and only eight functions 
, b's $5 b's Wy V', Vv" and w”, to eliminate from them: 
we ought therefore generally to have ¢qwo partial differential 
equations of the third order. 


One of these is 


a re adz  adz 
We (za Ge) Gar dwdy dady* 
+ oo Peoria 
dy $ (x). 


This results from eliminating from equations (4), (5), (6), 


(7); (8), (9), (10). 
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By eliminating from equations (2), (3), (4), (5), (6); (8), — 
(10), we get 

dz_adz (@tary —a@aryt+ 3a0) dz 

ate dy Qa(v¥ +axy idx? 


44 
vdy | 
(347 + 3ary—3a'°r zy + a9 2) ad*z 
2(y + axy dy. 
4 2) fh 2, ae Ips =o 
| PAE, dxdy 
A third might also be found in this case, by eliminating 
from equations (2), (3), (4), (5), (6), (7), (9): which is 
one more than we should have got, unless the operation 
had exterminated a number of unknown quantities equal to 
or greater than the number of equations employed: this 
however connot be considered as independent of the other 


two; for if it be subtracted from the second equation (3), 
the first («) will be the result. ; _ 


+ 


On the Maxima and Minima of Functions of two 
Variables. 


Ex.(1). Let u=y*—-8y +18 y —8ytV—3Y—32- 


Ya Cada eye a Q+ 3, 2— f3. 
dy 
au. 


de. 
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If y=2 and x=1—,4/2, we have 


du 
=—= — } 

D dy 12 
au 

£L= = 0 
dydx 

jee also meg! 
x 


In this case D and F are both negative, and DF > EB’: 
therefore | : 


u= 3+ 4/2, a maximum.” 
If y=2—4/3, or 2+ /3, and e=1+4/2, we find 
D=%, E=0, F=6 2: 


we have therefore .D and F both positive, and DF > £’: 
consequently 
“u=—6—4/2, a minimum. 


lf y=2 + f/3, or 2 — /3, and r=1— /2, we find 
D=24, E=0, and F=—6 4/2: in this case D and F have 
different signs, and the function w is neither a maximum nor 
a minimum. Euler. Calc. Diff. Pars U1. Cap. xi. Art. 287. 


(2). Let w=y*—-Sy°+18y°—8y—V+3U +32. 


If y=2, and r=1—4/2, then D=—12, and F=6y/2; 
therefore wis neither a maximum nora minimum. 


if y=2+ /3 or 2— 4/33 and r=1-,/2; then D=24y 
E=0 and F=6,/2: therefore . 


umd = 44/2, a minimum. 
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If. y= 2, and «= 1 + 4/2: then 


yore LOU Pee Oy ATE, Bt coe Af 2, * 


therefore u = 13 +.4/2, a maximum. Euler. Ib. . 


(3). Let wae? tayty—ar—by:. 


Sues 2b 
eS eneaete or van and y= 
5 . 


— a 


If x 


, we have 


D-2, £E=1,f=2, and DF > fe 


ab—a?— 6? 


2 , a minimum. Euler. Ld. 


and u = 


(4). Letu=e+ry—3ary: 
ue J 


If x =0, andy =0, wu is neither a maximum nor a mi- 
nimum. 


If x =a, and y = a, wehave 
D=6a, E= — 34, and F—6a, and DF> #: 
consequently w= —a* is a minimum when a is a positive, and 


a maximum when a is a negative quantity. Euler. J. 


(5) Letusat+yt—avy-—ary tO vstery: 


d 

= =40—Qayr-ay+2c0u=0 
du —47—2ayr-av+2acy =O) 
dy 


_ If we subtract these equations from each other, we find 


4 @W—y)—a (WY) +2 (wy) =0, 
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of which equation v—y is a factor: consequently y=.r, and 
42°—3a2x°+2c?x4=0: which gives 


ane aie 2 
r= 0, ands = S82 Vee. 


If x=0, and y=0, we have 
Derive es ott Os enti ere artes 
therefore u = 0, is a minimum. 


Ife Set ease) — Ys we have 


p=-2 a’—32C +7 aJ/f/9 v—32c’) zits 


8 
2 Ripa 2 
oe ee 12a0°+4af9a 32 ¢’) 
8 
, Hi 27 a 
and DF > £’, for 9.a* > 32°; consequently vu =— 536 Om 
He esa not 2 dae acai — 32 °)3, which is a mi- 
16 2 256 
nimum. 
If e = SO VOO TS) = y, we have 
ga Salas j ae 2 
D=w4 32c°—Ta /Qa 32 c*) _ 
8 
aca F ee 2 
dik OF me A 
8 . i 
and Dk < I’; 
in this case, therefore, 
Q7 9 l \ 
Um — Bt ee — ett — "\3 ( 
G00: eager stage + oO" BG Met | 


is neither a maximum nor a minimum. 


Q17 


If we consider the other factor of du = du =Q or 
x d v dy 


Av+4nry +4y+artayt+2=0, 


pete : : aN 
and eliminate y from this equation and the equation — =O, 
3 | r 


we shall get a final equation of six dimensions, the solution 
of which would be required in order to determine the other 


values of candy. Euler. Jb. 


(6). Letusattyi-v+ry-y: 

du aos 4—220+y=0 
dx 
a = 47 —2Y+r=0 
dy 4 


eliminating y from these equations, we get 
25629 — 384.27 +192 2540043 r—0 
ma(4a2?— 19 (42 - 3). 


‘The values of rare 0, +5, 2. ; 


If r=y=0, we have D= —2, H=1 and F= —2; there- 


fore u = 0, 18 a maxrzmum. 


D=—-=E=F=1; inthiscase DF= E’*, 


b 


fips oa ies 


1 une 
andu = — ye a minimum. 
| SIE seen 2%, andy = + Mo, we have D= f=7;, 
and E = 1: consequently DF > £? and 


9 e . * 
“=x 3? 18 a minimum 


ER 
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(7). Let zt=axr?+2bxy+ey—exr —fy: this is the 
general equation of curve surfaces of the second order, and 
it is proposed to find in what cases the ordinate z is a Mats 
mum OY a minimum. | 


The equations ne = 0, and alle = 0, give us 
Hy i , : ‘ « 


dy 


ie eed Ae | sie eb—fa 
~ O8(ac—B)” ic 2 (ae— 2(ac—b) 


Also D=2a, E=26, F=2c¢: wand therefore zis a mini-= 
mum when a and are positive, and ac > 8’: a marimum when 
a and c are negative andac >; but neither’ a maximum 
hor a minimum, when a and c have different signs, or when 
ac <6, in which last cases the surface is infinite with a coni- 
eal asymptote. Lagrange, Misc. Taurinensia. Tom. I p. 31. 


(8). Letu=aa’—bay+rit+yz. 


If we make ue = 0, — a = 0, and du = 0, we find 
ax dy dz : 
x=y=z=0: again, to find whether u=O, is a maximum or 
a minimum, we must proceed to the second differential co- 
efficients of w: 


12 J2. 2 
D _ au an fe d*u ey ee eu. ; 
d x” dxdy dy” 
» du au d? 
Sees 5 Bowe ='0;: =i! 
dy dz : dz? dzda 


and 2ah?—2bhk+2ki+2hi 


maf — OAR gp ieg SANE gd, 
5 4° 


the second part of which expression may evidently become 
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negative and greater than the first; consequently u=Q, is 
neither a maximum nor a minimum. 


Qtacxryz 
Gg) Leg = 
of (a+zr) (ety) Y+2) (e+e) 


ES, ; : . du 
Considering log w=w’, as the function, and making —— = 0, 


ada 
du’ aaa 
—<_ = (Q, — = Q, we get 
dy > dz ad 8 


dy =i, vz =y’, and ey = 2’, or 


Sp as i sae ie keke Ep 


4 Pe OC SSIS £5 
and ¢=4a \/ i =a Mm, y=am’, and z=am', if m= \/: i 
y a a 


Again, if we put am (1+m)=4, we find 


d7u' 2 dw 1 au’ g 
Be Sevens mee mae gt = —, F=—= - 
d x* A’ drdy mA” dy” mA’ 
du’ 1 deu' 2 du’ 
et Se ee SO a ae ee ee a KE 
dydz mA’ ad # mA’ dzudz 
2 2 =. 12 
consequently (DF — E*) (DH— k”*) rasta 
and DG— EK =. — Saal therefore 
me Amy: 


 (DF—E) (DH ~ K:)> (DG - EKy, 


and the value of uw’, and therefore of u, determined by this 
process, is a maximum. 


This is the solution of a well-known mechanical problem : 
“‘ to find the magnitudes of the perfectly elastic balls x, y, z, 
interposed between the given balls a and e, so that the ve- 
locity communicated by a, moving with the velocity c, 
through x, y and 2 to e, may be the greatest possible.” La~- 


grange. Misc. Taur, Yom. |. p. 29, 
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(10). Letu=20y+2x2+2y2: whichis subject to the 
equation of condition 
Oo re es (a). 
Eliminating z by means of equation (c), we find 

+1 Ae ee 

Uu=2ry +— + —: 

y x 


d 


from which we readily find, making a 30, antl fa wer 
© 2 


«=y=a and therefore also z = a3 and uv = 6a" a minimum. 


This is the solution of the following problem: ‘* Amongst 
all parallelopipedons of given volume, to find.that which has 
the least surface.” 


(11). Let w=(a@+1) (y+) (2 +1): which is subject to 
the equation of condition 
a can A, 


Eliminating z, we find 


u=(t+1)(¥+1) 1 4 og A a ylogh  & SEER 
Mi log C log Cc log Cc 


) cde du 
and making — = 0, — —0O, we get 
arr 7 dy p = 


a’ +* = $y +* and therefore also = ¢ t*. 


log bc AW? bee ¢  pletaied 3 Alam 


Therefore « = , ‘ 


3 log a Slog 6 
and z= log ab A — 2 log va consequently 


3 log c 


pe { log eid ets 
_ log a log 4 log ¢ 


which is a maximum. 
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This is the solution of. the following problem: “ If a, 4 
c, be the prime factors of a number A, to find the number of 
times each factor must enter into that number, so that it may 


admit of the greatest possible number of divisors.” 


If the converse problem had been proposed : ‘¢ Given the 
number of divisors and the prime factors a, 5, c of a number, 
to find the exponents x, y, z of these factors, so that the 
number may be the greatest possible ;” we should have: 
found the same relation subsisting between these exponents 
as in the solution of the preceding problem. Waring. Med. 
Alg. p. 344. 


: oe oe ae oe a on ae 1 
a1. ‘Lew = (——— “) CC y (——— 
a—1 — c—l 
the equation of condition being 
Bee = aS 


Eliminating z, we find 


SOR eae Wes See Pe en N 2 
GDEHERH UC aR “OF aro 


‘Making 2 = = 0, and “ = 0, we find 
# 
att'— pt oO atte AS. 
rng A: wel chats eA s 


an impossible equation, unless a* +*=6" + and therefore also 


aot 


The values of x, y, z are determined as in the preceding 
example, and 


gah { YW(abic A)=1 3? 
mores 1.(— 1) (1) 


ig AED imum. 


a 
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This is the solution of the following problem: * If a, 6, 
«be the prime factors of a number A, to find the relation 
subsisting among their exponents, so that the sum-of the 
divisors of 4 may be the greatest possible.” Waring. Jd. 


1 I 
= te€hQ ye: diet. wer, Ah (: _ 3) (1 > *) (: =-), the. 
| i y z 
equation of condition being 
TUR es A 


Fe 
Eliminating <, we find 


a é 
w=4(i—+) (:-+) (-—2). 
v ¥y : C 


A 


du. 
—— = 0, we get 


dy 


making i = 0, and 
ae 


a(x—1) = b(y—1) and therefore =c (z—1). 
The nature of the equation 


LeU ee 


prevents our proceeding further in the direct determination 
of x or of uw. 


In this as well as in the two preceding examples, when 
the parts of which the functions are composed, are symme- 
trical, the conclusion which has been deduced for two or 
three variables, may be extended to any number: the same 
remark may be extended to the application of the fest for 
determining whether the result is a maximum or a minimum. 


In the last example, if .f be a number, and 2, y, z its 
prime factors, u is the expression for the number of integers 
less than 4, which are also prime to it. Legendre. Theorie 
des Nombres. p. 8. 
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In considering any of these examples as the solutions of 
problems in the theory of numbers, it is of course under- 
stood that the integers which approach most nearly to the 
true values of x, y, z &c.are to be assumed. 


(TS). Let w= at Se? + ae 
ad 
This expression is evidently ‘a mznimum, ace v= 0, 
and y = 0; but in this case, we have 
du Qu due Qy 


dirs. phe dy 


aa 
3 (a2 + y7)3 5 (2? +y?)> 


which are both infinite, when x and y vanish. 


A function of two or more variables, may therefore be a 
maximum oY a minimum, when its first differential coefficients 
are infinite. See Example 15, p. 113. For an explanation 
of the meaning of this circumstance, in the theory of curve 
surfaces, see Lacroix, Traité du Calc. Diff. p. 588. 


(14). Given the three sides 4B, BC, and CD, of a 
quadrilateral figure : to find the angles at B and C, when its 
area is a maximum. Fig. 100. ; 

If AB=a, BC=b, CD=c, 7-0 =the angle 4.BC and 
a —0 = the angle BCD, we have the area or 


u=absind+bc sin +a sin (6+) 


“aa bcos 8+ccos (64+6)}{ =O (a). 
eY = cf bcos +a cos (0+ 0") } =0. (f). 


By eliminating 6’, we find that the determination of cos 4, 
depends upon the solution of the cubic equation 
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(cos 6) + (Sr om ey) ae 0)? — | = ao) 


2ab ou 


only one root of which is possible. 


The conditions expressed by the equations («) and (4) are 
satisfied, by supposing the quadrilateral figure 4BCD in- | 
scribed .in a semicircle, of which the unknown side 4D, is 
the diameter* : for inthis case, if we describe a circle upon 
BC, cutting AC and DB inn and n’, and AB and DC pro- 
duced in Nand N’, we have BN=Cn or b cos 6= — c cos 
(6+6@), and CN’= By’ or bcos &=—a cos (6+6'), It is 
very easily shewn that these conditions cannot be foe 
wpon any other hypothesis. 


The diameter dD = / { a +0? +07 +246 .cos@ § 
iy | att Ae? +8 bc. cos Oy ; 
which expressions are identical, since a cos 0.= ¢ cos 6. 
If we suppose the figure to be pentagonal, four of whose 
_sides a, 6, c,d are given; and if ™—0@, 7—6', 7—8” be the 
angles included by a and 4, 4 and c, ¢ and d, then the area or 
u=absin 6+bc sin +cd sin & +ac sin (0+6) 


+ bd esin (0° +0) +ad sin (04+ 0 + 6”) 


= a {bcos 9+c cos (6+)+d cos (0+0+0")} =O (a). 


=d { ccos 0” +6 cos(& +") +a cos(d + +46") } =O (). 


* Cresswell, Maxima and Minima. p. 71. 
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== b $c cos & +d cos (0 +6”)? 


+a }{ccos (0+)+d cos (6+ 6'-+60" } =O. 


This last equation being reduced, by means of the first, 
becomes 


ce cos 6’—a cos 6+d cos (6+ 6’)=0. (7). 


These equations are also satisfied, by supposing the pen- 
tagonal figure inscribed in a semicircle, of which the unknown 
side is the diameter. ‘Thus suppose ABCDE (Fig. 101.) the 
pentagon and 4F the diameter of the circumscribed circle : 
produce 4B and ED to meet in F, AB and DC to meet in 
H, and BC and ED to meet in K: draw Dd, Cc perpen- 
diculars upon Af: then Bc=s cos 0, Bd=—d cos(04+ 
+ 6”) and de =c cos (6+ &): therefore since Bc + dc — 
Bd=0, the first equation is satisfied by this hypothesis : and 
the same may be readily shewn of the second. Again, if we 
join A and C, Cand £, we find 


AF? = @4+h4+04+0+2ab cos 0+2cd cos 6” 
= a? +)?+¢?+d?+2cdcos 0"+2b6.CE.cos ECK: 


consequently CE cos. ECK =acosé@: draw Dm and EM 
perpendiculars upon CK or CK produced : 


then Cm =e cos 6’, and 


vis 


Mm = ED sin DEM=d sin § 5a 0k =d cos (0! +8")y: 


consequently, 


CM = cos & +d cos (6 +6") =a cos 6, 
which is the condition expressed by the third equation (7). 


If the figure be hexagonal, five of its sides being a, 4, c,d, e 
and 1 —0, r—6’, 7— 6”, — 6, the angles included by a and 4, 
band c, cand d, d and e respectively, then the area or 

FF 
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uzabsin O+écsin '4+cd sin 0” +de sin 0” 
+acsin (6+6) +d sin (& +0”) + ce sin (6” + 0”) 
+ ad sin (0 + 4 + 6") + be sin (6 +6" +0”) 
+ ae sin (06+ 46" +06”). | 


Making “ — 0, a = 0, fa = 0, ot = = 0, we 


should get four equations of condition, which would be 
satisfied by supposing the hexagon inscribed in a semicircle, 
of which the sixth side x is determined by the resolution of 
the cubic equation 


a? — (a*+C?+D*)r—2CDa =0, where 
C= { P4c?4+2bccos# t andD=/ § d?+e?+2decos” } . 


(14). To find a point within a triangle, from which, if 
lines be drawn to the angular points, their sum is the least 
possible. 


Let ABC be the triangle (Fig. 102), P the point ree 
quired: let BC=a, AC=b, AB=c, PM a perpendicular 
upon BC = y, and CM = =z: then 


Ure VY i V+HP > +i @-2+¥} 
+of forty +¥—26(xcosC+ysin C)}, 


du _ 2 ¢ (a —x) 


dr Siete} of i @—ayr +H } 
ii z—bcos C 
J {2 +9° +0 —26 («x cosC+y sin C) } 


du y y 


—— 


= BR TOO MoE 
dy Sit +yt JS f(a-aP ey") 


pee 


y— bsinC in 
uit, Sar?ty+h—26(x cosC+y sinC)} ~ 


The elimination of v or of y from these equations, would 
lead to equations of great complexity: by a simple artifice, 
however, they may be made to exhibit the geometrical con- 
ditions, upon which the minimum depends: let 0 = the 
angle CPM, 0' = the angle BP: then | 


bcos C — er 
0 — o= Se ————oor 
‘ _ Jf ix +" +b°—2 b (@ cos C+y sin C) } 
bsin C—y 


EG EA LOT i mice ar ore eR FE Tepes oP ¢ TOC NOI 
F608 8 = 7 vay +h 2b (ecos Crysin©)}? 


if we square each of these equations and add them together, 
we find 


cos (6 + 6’)= —4, and therefore 0+ 6’ =the angle BPC = 120°: 


in the same manner we may shew that the angle 4PB, and 
therefore also the angle APC is = 120°%. 


If we represent the distances dP, BP, CP, by ¢, v, 2, 
we find 
P+ ty + o'= a 
P+ tz+ z= b? 
+ B24 2? eS c* 


The elimination of v and z from these equations would 
lead to an equation of four dimensions, from which the value 
_ of ¢ may be determined : the same method may be applied to 

the determination of v and z. 


(15). To find the point within a quadrileteral figure, 
from which, if lines be drawn to the angular points, their 
aggregate is the least possible. 


Let ABCD (Fig. 103.) be the four-sided figure, and P 
the point required; and let AB=a, BC=s, CD=d, and 


* Cresswell. Maaima and Minima, p. 120. 
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| DA=c, PM, which i 1s perpendicular to 4B=y, and AM=x 
then 


wav irre} ty { (aay ty?} 
+f {[ce+at+y* — 2c(x cos A +7 sin A)} 


+ {P+(a—2x)+y? — 26 [(a—zx) cos B + y sin By} 


=tti’+2" +2": 
du _& “(a—2) «—ccos A (a—x)—b-cos 2 
dee ae amas abe uric Der 
du _y .y¥ .y-esnd ae bsin B | 
ascii gk 


From C and D, draw Ce and Dd perpendiculars upon 
AB or AB produced: call the angle APM=0, BPM=¢, 
cCP = 9, and dDP = q’: then the equations («) and () 
give us | 


sin 6 — sin & = sin ¢ — sin ¢’, 
cosé + cos & = cos¢@ + cos 9, 


equations which can only be satisfied, by making 0 = ¢, and 
6’ =’: the point P, therefore, is situated in the concourse 
of the diagonals AC and BD*. 


(16). To find a point within a triangle, from which if 
lines be drawn to the angular points, the sum of their squares 
is the least possible. 


Making use of the same construction and notation as in 
Ex. 14., we have 


uxiwi+y? ee ryry +a? +y + b?—2 6 (x cos C+y sin C). 


" * Cresswell. Maxima and Minima, p. 117. 
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. d . 
Making = =O, and “ = 0, we find 
_ a+bcosC Gi bsin.: 


consequently 4P = vee eee : 


» 


BPaY LAO HAO PY nd OPV Ae ete} 
ns! os! . 


This point is the centre of gravity of the triangle. 


(17). ‘To find a point within a quadrilateral figure from 
which, if lines be drawn to the angular points, the sum of 
their squares is the least possible. 


Making use of the same notation and construction as in 
Ex. 15., we shall find 


u=(+y)+{(a—aP+y%} 
+ f{e+a+y—2c(rxcosd+ysin B} 
+{0+(a-cyY+y —2b(a—-2x)cos B+ysin BY. 
d 


Making ct = 0, and 7B = 0, we find 


_2a+c¢cos 4d —bcos B 
Nex ighe Sad a Teron ae? 
_csin A+ Obsin B 
—_ 4 i 


If we apply the test of a maximum or minimum in this 
case, we shall find 


du du dé u 


dx* Tsay Tp ay ¥ 
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consequently DF > E*, and D is positive, and the values of 
x and y which we have found, make u a minimum. 


If it was required to determine a similar point within the 
pentagonal figure 4 BCDE (Fig. 104.), we should find, making 
AB =a, BC=b, CD=c, DE=d, EA=e, AM=x, and 
PM = y, that 

u=@Mryyt+i@-—zP+y¥$3 
+ fer+r?+y?—2 e(x cos A+y sin A) } 
+ {o+(a—zx)*+y°—25 [(a—x) cos B+y sin B]} 


+ {@+e+a°+y? —2e(x cos d +ysin A) 
+2d[xcos(A+ E)+ysin(A+£)]} ; 


du 


ie = 0, we get 


and making sn = 0, and 


_ 2a+2ecos A —b cos B — d cos (A+ E) 


x 
5 


Pg clchaal alia n take isha sk ede + E) 
ea RE See Pee Fe ae Mee Met Uae 


If the figure was hexagonal and its sides a, 6, c, d, ¢, f, 
we should find . 
u=(e?+y)+ fa@-—saP+y7} 
+ {6 + Ab fh Series cos A + y sin A) } ’ 
+ §P+(a— ayy — 2b[(a — x) cos B+ y sin BY} 
+ {@—Qefoos F+f°+2 + ¥—2f(« cos A+ty sin 4) 
+ 2e[xcos(A+F)+ysin(4+F)]} 


+{e—2bccosC+#+(a —2) 
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: + y2—2b[(a — x) cos B+ y sin B] 

+ 2c [a — x) cos (B + C) +ysin(B+C)}. 
’ The co-ordinates of the point P are 


pa 2 t2f cos A—2b cos B—ecos(A+ F) +c 0s (B+C) 
a 


6 


alls A+2bsin B—esin(4 + F)—csin(B+C) 
: 6 : 


If the figure was heptagonal, and its sides a, 6, c,d, e, f, g, 
we should find 


warty) + {@-a ty} 
+f{ge+a?+y?—2¢(xrcos A +ysin A)} 
+§RP+(a-—aeP+y —2b[(a — x) cos B+ysin B]} 
+ $f? —2fgcosG+g? + 2° +y°— 2g (x cos 4'+y sin A) 
, + 2f[« cos (4+G) +y sin (4 4+-G)] } 
+§ce-2bccos C+ 4+ (a—2zyY +y¥—2 6 [(a—x) cos B 
+y sin B] + 2c [(a—2x) cos (B+C)+y sin (B+C)j ? 
+ fe—2efcos F+f-—2 fg cos G+ g” 
—2egcos(G+F)+2*+y? —2 g(x cos A+y sin A) 
+2f[2 cos (4+G)+y sin (44+G)] 
—2%ef[xrcos(4+G+F)+ysn(4+G+4+F)]} 
and the co-ordinates of the point P are © = 


. cos d—2b cos B—2fcos(4+G)+¢ cos (B+C)-+-e cos (4+G+ F) 
en bos tt MA ei a ee 


— 
— 


4426 sin B-2f sin (A + G)—c sin(B+C) +e sin(44+G4+ FP). 
4... 7 ; 
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These formule sufficiently indicate the law of formation 
of corresponding formule for polygons of any number of 
sides whatever. 


(18). To find the point within a triangular pyramid, 
from which if lines be drawn to the angular point the sum 
of their squares is the least possible. 


Let ABCD (Fig. 105.) be the triangular pyramid, P the 
point required ; let PZ be perpendicular to the base DBC, 
and MQ perpendicular to the edge DC: let d, d’, d’ be the 
edges opposite to the solid angle at D, and D, D’, D” the 
plane angles by which it is formed: let AD=a, DC=6, 
DB=c, DQ=2, MQ=y, PM=z, and let ¢ represent the 
angle of inclination of the face 4DC to DBC: then 


Ueda ye 2) ry ee oe 
+f{oe+y+2+4+c?—2c(xcos D+ysin D} 
+ fatty+2+a? — 2axcos D 
—'2a sin D'(y cos ¢ +z sin ¢) } 5 


and making 5% = 0; 7 =O; and S = 0, we find 
y — 04 cos D’'+ccos D 
Ri Le ee 


c sin D+ a sin D’ cos @ 
SADE GEN, ly at Ro ea 9 
_ asin D‘ sin ¢ 
= ones 


Also, if we put cos ¢@ = 


shall find 


cos D” — cos D cos D' 


: : . we 
. sin D sin D ‘ 


DP=; J/{@+2cb cos D' +42 bccos D+0*+2accos D’} 
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} 
4: 


= 
—— 


Vi3@43%43e-(@4d*4 di, ° 
CP=/[3h+3b43d—Wwtet ay}, 
BP=iy{s@43d"43e—(@4+h 4a}, 


AP = {3a°+3d?+ 3d” — (2 +ct+d’)}. 


So ee) 


The point P is the centre of gravity of the triangular 
pyramid. “a Sk- 


If the point P “was required within a pyramid, whose 
base is a quadrilateral figure, from which, if lines be drawn 
to the angular points, the sum of their squares is the least 
possible ; if we make 4D—a (Fig. 106), DC=d, DE =d, 
CB=a, the angle CDE=D, the angle 4DC=D,, the angle 
DCB=C, the angle of inclination of the face 4DC to the 
base DEBC = 4, x, y, z, the co-ordinates of the point 
P, referred to the plane DE BC and the axis DC, their origin 
being at D: then we shall find 


us forty te} + {d-ayty te} 
+ apy +27 +d%—2d (e cos Dy sin D)} 
+ {(d-2) +y*+2°+h—25 [(d—2) cos C + ysin C} } 
A aa ge 2ax cos D’ 
— 2asin D'(y cos +z sin $)? ; 
from whence we get, as before 


rte 2d+d' cos D+acosD’ — écos C 
G1 ga MUA ace ab ASE le ee 


5 
GG 


x 


2a4-2¢.cos B+Icos B'—Keos C'—I cos A’ cos B+M" sin 4’ sin BE 
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_ dsin D +4 sin C +4 sin D' cos ¢ 
— Sete a be tals 5 5 REIN eae | ¢ 
_ asin D' sin ¢ 
= eee | 
If the solid be an irregular triangular prism, within which 
a similar point P is required to be determined ; if we make 
CB =a (Fig. 107., CA =b, AB=c, BE —/, FC=!;,> 
| 


DA=l", the angle EBC=B’, BCF= Cc’, DAB=4, 
@ and ¢' the angles of inclination of the quadrilateral planes 
EBCK, DABE to the base ABC, +t—BQ, y=QM and 
z = PM; then we shall find 


“u= (2 +y?+2°)+ §(a—ayP ty? +27 } 


+ {erty +z +e°—2 c (x cos B+y sin B)} 
{xr pyr +24 —2lx cos B 

— 2/sin B’ (y cos + z sin) } 

+ §(a—ay ty+27+P—al (a—2) cos C’ 
— 2/'sin C’ (y cos ¢ +z sin $) i 

tfopyeereetrl?— Ql cos A 

— 2(c —/' cos A’) (x cos B +.y sin B) 
—2/" sin A’ [(a sin B— y cos B) cos ¢ + z sing] }: 


He een") we find 
dy 


and making ut —0 = 
: | 
2csin B4(/sin B’4J'sin C)) cos ¢ =!" cos 4: sinB—I" sin A’cos Bar 
6 | 

6 
If ¢=¢' = 90°, and / =/'=/", or if the quadrilateral planes : 
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are perpendicular to the bases which are equal and parallel, 
then 


a+ccos B csin B /] 
CS, Y= Wie Soe 
3 3 2 


the point P is the centre of gravity of the prism. 


(19). To find a point within a triangle, from which, 
if perpendiculars be let fall upon the sides, the sum of their 
squares is the least possible : 

Let ABC (Fig. 108.) be the triangle, P the point re- 
quired, PM, PQ, PR the perpendiculars upon the sides, 
BM=2x, PM=y; PQ=7/, PR=y": then we have 
“u sen + y” + y” 
u=y+ (x sin B—ycos BY + { (a—z) sin C—y cos C }*; 

| d <ficlee 
and making ~ = 0 and - = 0, we find 


_abcsnA ,_ abcsnB y= 2b sin C 

ae e+P+e” “ay O+P+c’ a? £8? 4 
and Cee ed 

2 (a? + Bb + ¢) 


Allo \B P=? 2enttion es pHa tH By 
up i GER nsits oi f ; 


ats ~/ {2a +2 d — cr} 


Oe eRe BEER as NTE 
a+Pre 


bc 3 . 
hp ee SOE ays A. dn tae 
Paw eh ena. 


(20). To find a point within a triangular pyramid, from 
which if lines be drawn perpendicular to the several faces, 
the sum of their squares is the least possible. 


Making use of the same notation and construction as in 
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Ex. 18., the angles of inclination of the faces to the base, bemg : 
represented by ¢, ¢', ¢”, and the perpendiculars by z, 75 
2”, 2'”, we shall find | 3 


ge Stan ere ap oe ey 
=2+ {ysing—zcos p}? 

“e § (x sin D — ycos D) sin g' — z cos ¢' } * 
+ {{(6— x) sin C — y cos C] sin 9” — 7 cos o" 3 *. 


a =O. au = 0, we shall get three equa- 
a 


eid 
tions for he determination of x, y, 2, of the form 
Ar+ Byt+Cz=D 
Ax+By+Cz2=D 
Ae AB get Cle = 1D. 


Making 5 =O, 


but the coefficients 4, B, C, &c. are very complicated, and 
a complete solution of these equations would be a work of 
considerable labour. : 


A more simple method of solving this problem, is the 
following : let Z, #’, E”, E”, represent the areas of the faces 
DBC, ADC, ADB, ABC, and let V be the solid content 
or volume of the pyramid: then we have # = 2* + 27 + 2" 
+ 22, subject to the equation of condition 

3 V = E z + E’ 2 a ke” 2! 4. yd cae 
Eliminating 2”, we shall find by the ordinary process, making 
gas du du 


Bade Pearce es ibe 


Ay Fm etsy 'g Re aba = 
FE +? + BY 


eigPiersl o(CBA EAR cos 8) 


I= sng +E? +B? + be 
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Sik 
sin D sin ¢ sin ¢ 


Sy Be ame 


es sing+£'cos Dsing’+ E(cos¢ sing +cosDcos ¢ sing 3 
F? a& Wines Pare YN Dile 


(21). Amongst all triangular pyramids, of given base and 
altitude, to find that which has the least surface. 


Making use of the same notation as in the preceding 
Example, if 4 be the altitude of the pyramid, and 4, c, d the 
sides of the ay we find | 


; 7) i : bad cosec @ + c cosec ¢’ + dcosec ¢”) 


_which is subject to the equation of condition _ 
d (6 cot + c cot ¢’+ d cot ¢’) = E, where £ is the area of 


the base. 
du du: 


Eliminating ¢” and making gt 


= One = 0, 


we get ¢ = ¢’ and therefore also = ¢”: or the faces of the 
pyramid are equally inclined to the base. 


Amongst all triangular pyramids of given volume, the 
_ regular tetraedron has the least surface. This is an imme- 
diate corollary to the last problem. 


The same proposition is true of pyramids whose bases 
are any polygonal figures whatever. 


| (22). From a given point, to draw the shortest line to _ 
"the surface of a given sphere. 


Let a, 4, c, be the co-ordinates of the given point; a, 6, 7; 
_ the co-ordinates of the centre of the sphere, whose radius is 
ry: the equation of the sphere is 


(@— 4) + Y= PP + Za 2, 
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and 


we Le = a FO — DEG - OF, 
is the length of the line drawn from the given point to the 
point in the sphere, whose co-ordinates are v7, y, z 


Eliminating (z — c)? from u, making a = O and i 10 
and putting d= / { (a — «#)? + (6— BY + (¢ — yy}; the 
distance of the given point from the centre of the sphere, we 
find 


va + 4 (a—a) 


S 
I 

zen 
It 


x 
“ (6~ 8) 


wv 
di me = -(¢— 
or d ( Y) 
and wu = d = r, according as the upper or lower sign pre- 
vails, in the expressions for 1, ¥, and z; the first being the 


expression for the minimum and the eee for the maximum 
value of 2. 


(23). To find the shortest distance between two given 
lines, not in the same plane. 


Let r=az+a, y=b2z+f, 
and a = a2 +a, y=b'2'+ £, 
be the equations of the given lines : the distance of the poirits 
whose co-ordinates are x, y, z, and a’, y’, 2’; or 


v= Vi@—2P+ a ty 9) 
=f { (2-2 + (ea! +02 -a'2')l + (B—f' +b2z-H 2p } 
du us 


ee {2-2 +a(@—« +az—a 2’) 


HBB Bit ba HX 0, 
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= 


1 ) 
m=—-f2—2) +a’ (u —-a@ az — a2’) 
u 


+Y(B—B 4b2—H x} <0. 


From which equations we find 


cpr eid ia al A cll cae 
7 @—af t+ G—oF + (Wb — aby 
$s es itie (0, — b)(z — 2’) 
“Wh-ab 
Date ahd) (Za) 
aaa ab—ab 


anda @ = 2) @ = 4) = @—a) (B= 8) 
Yi(a-ady~y+6-vY+(ab—-ab’y} 


If the angles which this shortest line makes with the 
given lines be required, we find, since w, y, z and a’, 7/, z 
are co-ordinates of two points in it, that 


r—xv =a(z—2') and y—y' =b" (z—2”) 
”" b—b 


where a cb eee and 5” = sie 7? the equations of this 


line being 2” =a" 2” +a” and y"=b"2"”+": consequently 


ad’ +bh + 1 


ofc 9 aii ila: AE abet eit APA ict x GE eee ee 
a J{lt+a4+R3 71 +a'% + b")} 


= 0, 
since aa” +b66”+1-=0; 


and therefore 6=90: in the same manner, it may be shewn 

that 6’=90; the shortest line is therefore perpendicular to 

_ both the given lines. Lacroix. Traité du Calc. Diff. p. 524. 
e 


(24). ‘To inscribe the greatest rectangular parallelopipe- 
don in a given ellipsoid. 
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Let the equation of the ellipsoid be 
+04 
() a am a ee 
which is therefore an equation of condition to 
='8 LY Zz; 
which is the expression for the inscribed parallelopipedon. 


d 


If we eliminate z, and make as S10. Gand ~ = O, we 
dx dy 


find 


nf acer me ie granny: 
Sabe A 
and u = > a Maximum. 


(25). From a given point in the surface of an ellipsoid, 
to draw the longest line to the surface again. 


Let a, 3, 7 be the co-ordinates of the given point; then 
we have 


U=f/ f(r —eP + (y— BY + (2 — er },> 


which is subject to the equation of condition 
GUE en Bart 
a b ¢ ‘ 
| sind wy ig -0ayde 
Eliminating z and making a = 0, and i = 0, we find 
the following equation for the determination of x, — 


(ac)? + Q(aaP(ete)art fat (e+4ee +e) 


— (aay — (8 BY — (ex) } a? — 
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2 {(a a)” (e + e’) + (6 BY e + (cy) e 4 tp ol (e 4 e)} iad 
aa {(a a)” (e? +4 ee +e’)4+(b8 ey +(cy e?—ai ef? a4 


(—Qarace (e+ ef) — avee*a® = 0, 


. See Ex. 67, p- 182. 


a 
where e = 


In most of the preceding examples, we have not put 
down the actual verification of the maxima and minima by 
Lagrange’s test, as the reader will, in general, find little 
_ difficulty in supplying it. 


On: Curve Surfaces and Curves of Double Cur- 


vature. 


ArT. 137—144. Ex. (1). Let the surface be that of 
a cone, the sections perpendicular to whose axis are circles. 


Its equation is 
q 
Be ete eyi he, 


the line upon which z is measured or the intersection of the 
planes of x z and y z, being the axis of the cone, the origin 
of x, y and z being at its vertex, and ¢ being =cot 6, where 6 
is the semi-angle of the cone. 


, aig Ue tes , : 
Since nie — » and'— ee , the equation of its tan- 
Ex Wiz dy Z 


gent plane is 
Z— 27> 2 (a —2) + ny —y¥) 


H H 
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2 2 
4 =o — x) + 7 (y'— 9) 


or 222 re + yy’) 


In order to find where this plane cuts the axis of the 
cone, we must make x’ = 0, 7/ =O: this gives also z = 0: 
-or the tangent plane passes through the vertex of the cone, 
as is evident from the nature of its genesis. 


The equations of the normal are 
av — 27 $i — 2) 8, 
Eston, Mae = — Cie 


If the point of its intersection with the plane of 2, z, be 


: ; aa ee e? (z'— 2) 
required, we must make y/= 0: this gives us —~_—— = ], 


and therefore 2—x+x=2'=0; or the normal intersects the 
axis of the cone. 


The general equation of conical surfaces is 


=16© 


the origin of the co-ordinates being at the vertex: they are 

all characterized by the same property, as the cone of geo- 

metry, that their tangent plane constantly passes through the 

| : d z d : ‘ 

vertex: thus since “= == —2%."%, the equation of this 
ALN LO by 


plane is 


Rabon ec) a8 ay yur vy & *) 
4 ~~ —i vv — 2 —_—_-——__—_—--—— a _ = 
“a ) + “ p E 


and if we make 2‘ = 0, y' = 0, we have also z’ = 0, as in 
the common cone. 
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(2). Let the curve surface be the ellipsoid, whose equa- 


tion is 
G)+@+@ =) © 


where a, 4, c are the semi-axes and x, y, z are reckoned from 
the centre. 


If we make x=0, y=0, z=0, successively, we shall have 
_ the intersections of the surface with the planes of ry, xz, 
y z, which are expressed by the equations 


x $ ¥ ‘ 2 a 2 2 
(¢) sa () oe ; or ¥ =F oak); 
x 2 4 2 ee ( 
G)+@ = Ew aes Sey 

2 z 2 ¢ A 
+) +) =u "= 5 — y*): 


these sections are ellipses, and are sometimes called the prin- 
cipal ellipses of the ellipsoid. It is also evident from the form 
of this equation, that all sections parallel to each principal 
section, are ellipses similar to the corresponding principal 
ellipse. 


ee Xe Cx dz fo } 
—_—_=— — dee teh ation of 
Since ore sent Tania weet e equ 


the tangent plane is 
2 
Z—2= 


=a) (Y — ) OR 


ett 2a G@)+GQ+@== « 


If we make 2’ = 0, we find 


PAA 


which is the equation of the line of intersection of the tan- 
gent plane with the plane of x, y: this line makes with the 


s ue ge 
axis of x an angle whose tangent is — : 
; a 


The distances from the centre or origin of the inter- 

sections of the tangent plane with the axes of 2, y and z 

f i a 6 huge 

respectively, or its rectangular subtangents are — , —, me 
x 

these three points, or any two of them and the given point 


‘upon the surface, determine the tangent plane. 


The equation to a line perpendicular to that expressed by 
equation (7), is 


which is the projection or fvace upon the plane of x, y, of 
that line in the tangent plane which makes the greatest angle 
with this plane, which is obviously perpendicular to their 
¢ommon intersection: this is called the /ine of greatest incli- 
nation® : the equation of its trace upon the plane of x z; 1s" 


rat r+ 


HRA ll ep Dey 
Oe Zz 


These two equations (6) and (e) determine the line in 
space. 


The equations of the normal of the ellipsoid are 


2 
vA 
x — L — rae z) = 0, 


ay (1). 
yY—y —- —~(2)— z) = O. 
4 Pz 


* Ligne de plus grande pente. Monge. Application de Analyse 
a la Geometrie. p. 45. 


: 
| 
' 
| 
| 
: 
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If c=, or if the ellipsoid become a spheroid, we find, 
when z’ = 0, that also y’ = 2, or the normal intersects the 
axis of x, which is that of ‘revolution, at a distance 2’ = 

2 — 5 : Sas 
“ =~: if a =b =c, the ellipsoid becomes a sphere, and 

a 
when z”= 0, we have also y= 0, and z= O: or the normal 
passes through the centre of the sphere. 


The length of the normal between. the surface and a 
point whose co-ordinates are 2’, y/ z’, is equal to 


vi SAN zy+ (a —2tyty— 9}, 


Les Cha Sa ching 


which becomes, when 2’ =0, 


tii ¥ pany 
Vr NEA Tt ay 


If 6, 6’, 8” be the angles of the triangle formed by the 
intersections of the tangent plane with the planes of xy, 
YZ, 2, we find | 


_ and the area of this triangle 


= mae 
aie xe las bs gt 


Ra pve Scag t - abr 
Wis Quyz 


and the areas of its projections upon the planes of xy, xz, 7z 
are ; 


oY Nahai cotays ket respectivel 
cold aa vely. 
> Oyz? p y 
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if c be infinite, the equation («) becomes 


@ +@=» 


or the equation of a cylinder, whose sections perpendicular to 
the axis of z are ellipses, equal to the principal ellipse of the 
plane of ry: the equation of its tangent is 


which is that of its zrace upon the plane of x y: it is there- 
fore constantly parallel to the axis of the cylinder, which is 
in this case the axis of z: a property which is characteristic 
of all cylindric surfaces *. 


If the equation be 


G+ @-@=) 


it will represent a surface of the second order, called the 
hyperboloid of one surface+ or the hyperboloid of four summits : 
its principal sections in the planes of vy, ©2z, yz are ex~ 
pressed by the equations _ 


Q)'+ Genarake-o 
()- Osu arese— 0 


Q- O's n or eager- Oy 


the first of these is an ellipse and the others are hyperbolas ; 


ag BR Mai RTO NES i ee ec eeane er 


* Monge, Ib. p. 4. 
+ Hyperbolotde a une nappe. 
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and all the sections parallel to each of these, are figures 
respectively similar to the originals. 


The four summits of this hyperboloid are the extremities of 
the axes of the principal ellipse. 


The conical surface whose equation is 


OH @-O'= 


whose vertex is in the origin of the co-ordinates, is an asymp- 
totic surface to this hyperboloid., 


If a = b, the principal ellipse becomes a circle and all 
Sections made by planes passing the axis of z are hyperbolas _. 
equal to each other: in this case the surface is generated by 
the revolution of the conical hyperbola, whose semi-axes are 

a and c, round its minor axis. 


The surface of the second order whose equation is 
v2 As y ae z P) ue / 
Gis Die Gia 
is called the hyperboloid of two surfaces* or the hyperboloid of 


two summits: its principal sections are represented by the 
equations | 


* Hyperboloide d deux nappes. 
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the first two are hyperbolas: the third equation is impossible, 
and shews that no part of the surface is situated in the plane 
of y 2: its tao summits are the vertices of the principal 


hyperbolas. 


id 
This hyperboloid consists of two distinct surfaces sepa- 
rated from each other, like the two portions of the conical 
hyperbola: the former is one continuous surface. 


1 


It also admits of a conical asymptote, whose equation is 


xv 2 a yy’ ca bay a 

CY = Gis dea? 
If c = 4, all sections made by planes passing through the 
_ axis of w are hyperbolas equal to each other: the surface is, 
in this case, generated by the revolution of the hyperbola, 
which constitutes one ‘of its sections, round its major axis. 
The reader will have no difficulty in the solution of the same 
problems concerning the tangent planes and normals of these 
surfaces, which have been previously solved in the case of the 
ellipsoid, 


(3). Let the curve surface be the paraboloid, whose 

equation is 

r 2 

ee ae he ope ae 5 

which is likewise of the second order; its principal sections 
are represented by the equations 


Pakda, #atan 2ay4/(-2): 
. a 


the first two are parabolas, whose Jatera recta are 4 a’ and 
4a: the third is imaginary, and shews that no part of the 
surface is situated in the plane of yz: all sections parallel to” 
this plane, when x has any positive value a, are ellipses 
whose equations are 


QAG 
ie +o y=4aa: 
a 


this surface has from hence been called the e//ptic paraboloid : 
it may be conceived to be generated by the second section 
moving parallel to itself, in such a manner that its vertex 
may be constantly found in the first. If a =a’, the elliptic 
sections become circular, and the surface is the paraboloid of 
revolution. 


The Srasen of its tangent plane is 


Bae Sy ae Ey ae 
a 


Its sub-tangents upon the axes of 2, y, z, are 


Qaux Q2ax 
» and 


respectively. 


The equations of the normal are 


? 2a 
MS a he a Swi. 
z 


y ete, 


ext a al 
The co-ordinates of the point where it meets the plane of 
#Yy are, 
a’ 
= 2a+4xandy’ = ——“ y, the second of which vanishes 
a’ 
when a’ = a. 


Its length from the point of contact to this point, is 


As —vf4ant sa’ +5 (- ry ts 


and if 6, 6’, 6” be the angles formed by the intersections of 
the tangent plane with the planes vy, x z, y z, we find 


Pon r ‘x 
tan @ = — pace tan 0 = — 4 andtan 6” = — 74 : 
Z ary Qaz zy 
Let 


“aa 


q 


, If the equation of the surface be 


; a 
ates 
4 ee tea Gad 


the: eiprincipal sections are - 


YY =4-a 2, J de ied eee zfs 
the first two of which are parabolas, whose branches are on 
different sides of the plane of yz: the third represents two 
straight lines passing through the origin, on. different sides of 
the plane of xy and making an angle with the axis of y whose 


tangent is = ee 
‘ a 


This surface would be generated by the second of the prin- 
cipal sections moving parallel to itself, whilst its vertex moves 
in the curve of the first section. wees 


All sections parallel to the third are hyperbolas, whether 
xv be positive or negative; it has hence been called the hyper- 
bolic paraboloid. ; 


The centres of the hyperbolic sections are in the axis 
of x: their major axes will be parallel to the axis of z, when 
a is positive and to that of y, when x is negative; and if 

these sections be projected upon the plane of yz, their asymp-. 
- totes will be the straight lines which together constitute® the 
principal section .in that plane ::.two planes therefore which — 
pass through the axis of «and through these. lines; respec- 
tively, .will include the whole surface of this paraboloid : 
between them and. may. be. considered as, asymptotes_ to it. 
If a=’, these planes make each an angle of 45° with the 
plane of vy and are therefore at right angles to each other. . 


(4). "Let the equation of the curve surface be 


- 


DY 2 tos 


2ol 


or such that the parallelopipedons inscribed between it and the 
planes of ry, xz and yz my be constantly equal to a given 
cube. | 


The planes of wy, vz and yz are asymptotes tO the face, 
and all sections made by planes respectively parallel to each 
of them, are rectangular ny ppg: 


The equation of the tangent plane is 


cyz tyze'+azy'= 3a’. * 


Its subtangents are 34, 3y, 3 z, respectively. 


The area of the tangent plane included between the co- 
ordinate planes is 


9a®x 
ok 
where \ =— 2 Te -—+- x}, is the length of the 


normal between the point of tect and the plane of x y. 


The triangular pyramid included by the co-ordinate planes 


F oe yp GF 3 
and the tangent plane is a constant quantity and equal to watt 


(5). Let the surface be generated by the revolution of 


-acircle round a given line as an axis, which is in the same 
_ plane with it. 


Let C D, Fig. 109. be the given line, B the centre of the 


_ revolving circle, BA a perpendicular upon C D cutting the 


circle in Z: let 4 be the origin, 4D the axis of x: let 
AQ=1, QM=y, MP=z, AB=a, BE=r: then we have 


QOP=Y{iy+2}, 
) and AQ? = w= — fa— fy — 27)} 
GF Od Meer 21 ea rag Mae dig’ (yk +2) 


for the equation of the surface. 


2b2 *e 


This is the equation of the surface of an annulus or ring. 


The equations of the normal are 
’, le . , CNR VAC iin Ge, ‘lg 
2 @:-- 5 e | 
y¥—y = 2G 2). 


f 2’ =0, we have also y’=0, or the normal passes through 
is of revolution. 


the | 
~The length of the normal between the point of contact 
and the axis of 2, is 


5 sinoge 
=-ry/ er te 


which is infinite and therefore parallel to that axis, when 
Oman ml AG 


The equation of its tangent plane is 


ee tyy — aay / Lopatist 

r? — a? 

=e +y ay/ std Ee 
Tt 1? 


If the generating circle be inclined at an angle 6, to the 
plane passing through the axis of revolution and its centre, 
and if @ be the angle which its intersection with that plane 
makes with the line AB, then the Be: of the surface 
generated 1s 


fPo=rt+w + (usin @ — 2 cos $)* tan? 8, 


where u is determined in terms of x, y, and z, by means of 
the equation 
Qauz=a+r—2—y —2. 


(6). Let the surface be the cono-cuneus of Wallis, which 
is generated as follows. - 


| 
Let ABCD (Fig. 110.) bea rectangular parallelogram : 
in the plane of ay: upon CD describe a semicircle, whose — : 


' 
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plane is parallel to the plane of xz: the surface is described. 


by aline PR parallel to the plane of yz, one extremity of 


which moves in the line AB and the other in the circuim- 
ference of the semicircle CRD. 


Tomer 


The solid partakes of the form and generation of car 
and a wedge, from whence its name is derived. 
(SdfdaP.=2,PQ=y, QM =z, 4C =c,and CD =2r, 
its equation is ‘O eimiaye 
< = Yr — 2°). 
The equation of its tangent plane is 
CZyz — ony aya = ary, 


This solid was the subject of a particular dissertation of 
Wallis, who determined its volume, centre of gravity, &c.* 


_ If we suppose the point P to move ina semicircle, de- 
scribed {upon AB and in the plane of xy, we shall have a 
surface whose equation is : 


ye— e—ezm(z—y) el Cael ab ah 


Instead of supposing the curves, which guidethe generating. 
line:to.be-straight lines or circles, we may suppose them. to 


_be any curves whatever, and we shall thus get a series of. 


surfaces of a similar character+, whose equations may be 


_ determined in the same manner as in the cases we have 


considered. 
Gomme NE alt, Ge Seem ah ee Re OM te EL ee Re ene 


j .* Wallisu Opera, Tom. Il. p. 661. 


: o+ Denominated by the French Analysts, “ Surfaces gauches :” 
see Mémoires présentés d V Académie des Sciences par les Savans 
Etrangers. Tom. 1X: “p.'623. 1780. A Fol 


\ 
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(7). Let the curve of double curvature be the helix, or 
the curve formed by a thread, wrapped round the surface of 
a cylinder, so as always to make the same angle with the 
axis. Ora cylinder being supposed to be generated by the 
uniform revolution of a parallelogram round one of its sides, 
the helix is traced out by a point moving uniformly upon the 
other. (Fig. 111.) 


Let the axis of z be the axis of the cylinder : the plane of 
xy which is perpendicular to this axis, and all planes pa- 
rallel to it, will form circular sections with the surface of the 
cylinder, whose equations are . 


ey 4 y? =a". | 


Also z bearing a constant ratio to the arc described, 
whose cosine is #, sine y and radius a, we find 


dee Yt 9) ve 


2 =e Sin 


agate s!a 


which are the equations of the felix. 


The projection of this curve upon the plane of yz isa 
curve called the Lime of Sines, which becomes the Quadvatrix 
of Tschirnhausen 


Sem Z 8. e dz 
Since =— =— ~-, and ri; 


e -- ; 
==) the equations of its tan- 


gent are 
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gm 2 = — © (x — 2), 


/ Cres 
St ee ier) 


The co-ordinates of the point where it meets the plane 
of wy, when ; z' = 0, are 


Zz av 
v=n + Jae + ¥ COS Tt 
e a 


(ee Bie ss, F Bye & 
gS y— i= y — FX Cos ?— ; 
e a 


and its distance from the origin of the co-ordinates 


HV itp ar let a} 


ave fi + (cos—?: oy ‘ » which is therefore ee 


3 ane of e. | 


If a be the constant angle which the curve makes with 
the plane of x y, we have | 


dz ca e 2 e 


Side +dF} Very a 


The position of the osculating plane is determined by the 
equation 


(a! — x) (dy d?z —dzd*y) + (YY — y) dz@x—dz d 2) 
+ (2! —2)(dud'y—dy@x) =0: 


but if we consider z and y as functions’ of the third variable 


| 2, we'shall have d* x = 0, by which the formula will be sim- 
_ plified: thus, we have, in this case 
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dz dyd’?z—-dzd’ med a7 

a; ==; ee ae —— , 

LS AAR, em EASE ek Ge AE EG eg SAT: 
ie a?’ da? Coe be 

dszae Hae e Pee Ke vay ex 

dx sy GPaipidr 2 aa’ 

dy x d*y {a> — a7 +272 aun 

ee ee AR 

dx J@ a8) da @— al P 


and the equation of the osculating plane is 
e ex ; a* 
relia: t) + (y/ “DS Ps arvAes = 0, or 
a*(z— z)—e(ry —yr)=O0. 


If we make 2’=0, and y’=0, we find z’ =z, or this plane 
cuts the axis of the cylinder, at the distance z from the 
origin, as is likewise evident from a consideration of the 
genesis of the curve. , me 


The equation of the normal plane is 
dex ’ 
/ —= — 
(w Des peta ie = yee = +(e — — 2%) =0, | 


which becomes in this case 
e(7—z) + (ey —ya') =0: 


the equation of its intersection with the plane of x Ze when 
= Ons 
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(8). Let us take the curve surface, which is generated 
by a horizontal line passing constantly through the vertical 
axis of z and whose extremity is always found in the helix of 
the preceding example. 


lf a plane pass through the axis of z, it will intersect the 
generating line in one of its positions : and if any point what- 
ever be taken in this line, whose co-ordinates are z, 2, Y; 
then z will bear the same ratio to the angle described by the 
plane from its first position, as in the case of the Helix, which 
guides the generating line : and this angle is evidently 


Se age sete y 
8b 


J (ve + y’) 
x 
= COS T* ___s s consequentl 
Jf (a? + Y*) : , 
x 
z = etan—'Y =e sin! Aa Sa aa € COS — * ——_____. 
a SJ (x? + y’) Sx + y) 


is the equation of the curve surface in question. 


A more general method of determining the equations 
of surfaces, subject to this mode of generation, is given by 
Monge *. . : 


The equation of its tangent plane is 


U Wik a’ 

Oy ma AGE diner 28, he 
x +. y* 

if we make wv’ = 0, 7/= 0, we have 2'= z, as was the case in 

the osculating plane of the ex, with which it coincides. 


z 4 2 cme 2 
when 27+ y?= a’, z 


——-————7- 


* Application de V Analyse a la Géométrie. p. 26. 
KK 


The equations of the sermal are 


f ev 
r—i— z—z)=—0 
area ) ‘ 


ex P 


¥— os ——f 
Bt aay ) 


and its length from the point of contact to the plane of 


ry OF 


A=>—iw § i + camaet 
? ae <iy 
If x or y be very large, we have 4 = — 2, or the normal 
is perpendicular to the plane of ry and the tangent plane 
parallel to it : if r=0, and y=0, we have A= o, or the normal 
is parallel tothe plane of ry and the tangent plane perpen- 
dicular to it. 


This surface possesses some remarkable ssctiperreal: it is 
one of those, whose area included by any given curve through 
which it passes, is 2 minimum*. 


If the helix, through which the generating line passes, was 
described upon the surface of a cylinder whose sections pa- 
rallel to the base are elliptical, the surface would be the same 
as before: for these sections in the Az/zx merely determine a — 
relation between z and y, which have no such dependence in 
the equation of the surface. 


This is the surface presented by the superior and inferior 
surface of a staircase, attached to a vertical column round 
which it winds, or to the concave wall of a circular or ellip- 
tical tower ; its thickness being supposed to be uniform and 
no regard being paid to irregularities caused by the form of 
the steps. 


* Meusnier, Mémoires présentés a P Académic..,Tom. X. 1785. 
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(9). Let the curve of double curvature be the spiral of 
Pappus. 


This spiral is generated by a point moving uniformly 
upon a quadrantal section of a hemisphere, from the pole to 
the base, whilst the section moves uniformly through the 
circumference of the base. Fig. 112. 

, 

Let C be the centre of the base, D the pole of the hemi- 
sphere, AD the generating quadrant in its first position : let 
DB be any other position of the quadrant: PM a perpen- 
dicular upon the base, MQ a perpendicular upon AC: let 
CA=r, CQ=27, OM =y, PM=z: theangle ACB= ¢: 
then since the are DP is one fourth part of the arc 4B, we 
have : 


z re) 3 


from whence we get 


Qa — srt tz 4 te = 


sand 
{S26 — Sree + rt Se — w)—rz =o 
the equations of the spiral.. 


The spherical area which is included between the quadrant 
AD, the spiral and the base of the hemisphere, is perfectly 
quadrable and equal to the square described upon the dia- 
meter of the hemisphere. This singular property is demon- 
strated geometrically by Pappus*. 


The equation of the surface generated by a line parallel 


* Math. Collect, Lib. iv. Prop. 50. 
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to the plane of xy, which passes through the axis of z, and 
is guided by this spiral, is 


aay 
V@ry) 


— 1 


Zz 
4.¢08S 7 = = COs 
Pe 


The equation of its tangent plane is 
j Ce) 
2—-Z= Aras: a) (yu — vy’). 
4 (x7 + y”) 
If x’=0, y’ = 0, we have 2’= 2, as in all surfaces gene- 
rated in this manner: the other subtangents are 


42 (x? + y?) Az (x? + y*) 
—_—___—,, and — ——___+—,, 
® /(r2—2%) y / (P= 2’) 


If the spiral be generated by a point describing the 
quadrant uniformly, whilst it moves uniformly through a 
quadrant of the base ; we shall find, assuming the same axes 
and origin as before, that its equations are 


ber hel aia 
Sm bry = 0 


and the equation of the surface, generated in the same man- 
ner as in the former case, is 


YX 


=, 
nf (x? + y’) 


(7). Let the curve of double curvature be formed by the 
intersections of a sphere and cylinder, the axis of the cylinder 
not passing through the centre of the sphere. . 


Let the origin of ‘the co-ordinates be the centre of the 
sphere, and let the axis of the cylinder be in the plane of xz, | 
_ parallel to the axis of zyand distant from it by a line equal to 
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c: let a and 4 be the radii of the sphere and cylinder; then 
we have 


a*+y* +2z* = a’, the equation of the sphere ; 

(t—c)’+y* = b*, the equation of the cylinder : 
from which we get | 

2—@-8er, fe =a’; 

a /1-2e fy ie a —", 


which are the equations of the projections of the curve upon 
the planes of x z and y z. 


Ifa>b +c, the cylinder penetrates entirely within the 
sphere and the second projection consists of two separate 
ovals: the limits of the values of z are / § a? —(b — oy aks 
and / { a* — (+c)? }: for all other values, y is impossible, 
or the curve has no existence, (Fig. 113. No. 1.): ifa=b +¢; 
the cylinder falls just within the sphere and the two ovals 
meet, (Fig. 113. No. 2.): ifa>c<b+c, a part only of the 
diameter of the cylinder penetrates the sphere, and the pro- 
jection isa single oval with points of flexure, (Fig. 113. No.3.): 
as 6+c—a still diminishes, these points disappear, and when 
the cylinder cuts off a very small portion of the surface, it 
assumes the form of an ellipse. (Fig. 113. No. 4.) 


The equations of the tangent are 


zZ— 2="— = (x — 2) 

i cy peas: 

z y —y) 
a7 CL © f 


The length of the tangent between the point of contact, 
and the plane of x y is 


_— 


2 J (c7 y? m3 5? 2?) 2 
ey 
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The equation of the osculating plane, is 
(2-2) P 8—(y'—y)c? ye +(x’ —2) cfPzt—cy? J (5° —y")\ =0. 


Thus, if we apply this to the points P or P’ of the curve, 
which are most distant from each other, and in the plane of 
uz: wehave y=0, r7=c — b, 2? = a* —(c — bY and the 
equation becomes 


(2) — z)z+c(a’—x)=0, or 
22 et = Sb cog, 5 OF 
2S f{ar—(c—blt+exr =e’ +bc~— Fh; 


the plane is parallel to the axis of y and the equation is that 
of its trace upon the plane of z.v, which makes an angle with 

vhs | 
V ta —(— by} 


the axis of x, whose tangent is + 


Libis neice 5 , the equations of the curve become 


27> =a(a — x) 


aula $< / ( )} 4 

ef etek wutin vean Or aan : 
if similar sections be made on the other side of the centre, we 
shall have four similar and equal sections upon the surface of 
the sphere, which possess these remarkable properties, that 
if they be subtracted from the surface of the sphere, the 
portion that remains is absolutely quadrable and equal to the 
Square of the diameter, which is likewise equal to the area of 
the cylindrical surfaces, which are enveloped by the sphere. 


The first of these properties constitutes the celebrated problem 
of Viviani. 


(8). Let the curve of double curvature arise from the 


intersection of two cylinders, whose axes intersect at right 
angles. . 
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Let the origin be the intersection of the axes of the cy- 
linders, and let these axes be assumed as the axes of wv and y: 
the equations of the intersections are 


gt 4. u? = of 
22 + y? — 6? 
The equations of the tangent are 


ze +r a 
evtyy ab 
The co-ordinates of the point where it meets the plane 


2 2 : 
of vy are ae , and 2’ =o and its length from the 


point of contact to that plane 
yt NA ET lan oe a Ss SA 
ao 


The equation of the osculating plane is 


Be 5 
Gaye 


= 2) ee ee ——______ 
OO (a* — 2°)! 


(a? — 2) z3 


Te?) GL AG 


as)... OF 


B (a — 29a — a? (BP — 2%)38 y 4 (a? — 8) 2 2! 
. +(v’—)v’e?=0. 


Thus, if we take a point where y = 0, and therefore 
z2—=6 andxr=4/(u* — 2), the equation becomes 


we J/(a—b)4+2b+a0=0. | 
If z = 0, and therefore x = a, and y = 4, it becomes 


an —by' + (a — 8) = 0. 
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In the first case the tangent plane is parallel to the axis 
of y; in the second, it is parallel to that of z. 


™ 


The equation of the normal plane is 


vyz—z2yeX —xr2zy +xryz=0. 


(10). Let the curve of double curvature, be formed by 
the intersections of two cones, whose axes intersect at right 
angles. Fig. 114. 


Let.V and V’ be the vertices of the cones, 4 V and AV’ 
their axes which intersect at right angles at 4; assume 4 
as the origin, AV the axis of x, and AV’ that of y; then if 
AV =a, and AV' =a’, the equations of the cones are 


atxumer/s {2*+y*$, anda’ ty=ei/ {2+ta7t; 
from which we get 


(a+2x)" 


e ° 
2, 
and a+a/ <a) _ zt ai Oi ela ae 2 ok By 


for the equations of the projections of the curve of double 
curvature upon the planes of ry and « z. 


a +y) 
Pane tO ey, 


a Qi 
Vi l+e'$ filter} 
cone penetrates entirely within the first, and the projections 
upon the plane of xy are two figures with their convexities 
opposed to each other, such as are represented in Fig. 115. 


/ 


If be greater than » the second 


No. 1.3; if VS = re » these fighres touch each 
é 
other as in No. 2.: if ——__ < , the figures 


AG: + ¢*) Base e’”) 
possess points of flexure, and assume the form represented in 
No. 3. which approximate more and more to straight lines 
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converging to the vertex of the second cone, as the excess 
of the second of these quantities above the first, continues to 
increase. The Corresponding projections upon the plane of 
x % are ovals included within each other in the first instance as 
in No. 4; which in the second touch in two extreme points, 
as in No. 5; and in the third they become pairs of curves, 
with their concavities opposite to each other, the lines join- 


ing the extreme points of each pair of curves being parallel, 
as in No. 6, - 


\ 


The equations of the tangent are 


@i—a) aie +a + ey} 
efatd tea} 


eee — ey / (24 2) ~ a’ 2} 
Satur (1 + ee) of (2* + 27) —aeernrt 


(y’ poe Y)) 


(v'—z) = (2'— 2). 


The only difficulty attending the determination of the 
osculating plane arises from the complication of the expres- 
sions which it is necessary to differentiate. 


(11). To find the equation of the curve of double cur- 
vature, in which, if any point be taken, the sum of its dise 


tances from two given points is equal to a given line and also 
_ the sum of its distances from two other points is equal to 


another given line. Fig 116, 


Let Band C be two of the given points and B’ and C’ 
the two others : let a plane pass through B, C and C’, which 
may be assumed as that of wy: bisect BC in A, and assume 
A as the origin and 4C as the axis.of x: let d4B=AC=a: 
and let c, c’ be the co-ordinates of. C’, and J, b’, b” the co- 
ordinates of 6’: then the distance of a point whose co- 
ordinates are 2, y, 2, 


from B= VJ {@tartyt2?!, 


From, (7 aaa (tay +y?+2%2, 
hey 
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from C" = v¥ { (wel +( yc) 427}, 
‘and from BI =v { (@—bY +(y—0) +(2—B } 


consequently if e and e’ be the given lines, we have 


VE@tayr Pte} +Y/ fealty +2} =e. (a). 
J {ech + —efP +27} 
tf { (t—bfP +(y bY +@—H"Y } ses (A). 


from which the equations of the projections of the curve of 


double curvature upon the co-ordinate planes may be ob- 
tained. 


The equations («) and (@) are those of two spheroids, 
whose foci are Band C, B’ and C’ and whose axes of 
revolution are e and e’: the curve itself results from the 
intersections of these spheroids. 


‘These examples may be sufficient to give the student 
some notions of the elements of the theory of curve surfaces, 
and curves of double curvature, and to excite his curiosity 
inthe pursuit of a more accurate and extended ‘knowledge 
of them: but the nature of this work and the want of any 
treatise upon the subject in our own language, to which 
reference could be made, has prevented our discussing many 
questions of great and essential importance in this subject : 
such as the cutvature of curve surfaces, their evolutes, in- 
flections, remarkable points and lines: the nature and cha- 
racteristics of surfaces which admit of developement upon 
a plane, &c.: the whole of which are treated with singular 
elegance and generality in the celebrated work of Monge, 
to which we have referred before. f 


We have chosen examples, which are, for the most, only 
simple cases of more general problems, as the best calculated 
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for a student to whom this subject is new : the contemplation: 
of figures possessing three dimensions, is at all times attended. 
with considerable. difficulty, which is.not much diminished 

by any representation: upon a plane.surface: and it is only 

by a careful study of particular examples, that the mind is 
enabled to grasp the full force and meaning of general 

theories, where all reasoning must be conducted by symbolical 

language. 
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The fluents of many of these expressions may be found 
by methods explained in a valuable paper “ On the fluents of 
irrational functions,” by Edward french Bromhead, M. A. 
r.R.S. printed in the Philosophical Transactions for 1816. 


On the Integration of Logarithmic Functions. 
1). fdxlog x =tlog « —x. 

(2). fxrdsx log x = slog w— 52% 

(3). fwdxlogr= — log Lr — a. 

(4). fa"dax) nly _ aaa 

(4). Sf og ramp) PB eng 


(5). ate log 7 = : (log 7)’. 


307 


(6). fad x (log x)? = a 4 (log vy — = ofa log x 


ND | 
id Ba 


e : ie yet l oa . 
1: fx dx (log #% = Para ¥ (log x) 5 (log «) 
se or. 24.71 

Grea Se aaa 
(8). fete log w L top? tt log (1—2). 
(1 — x)? 1—2Z 
ecg VA oma Ne 1 
(9). De or log — = 2 log AVENE VP log mie 


ok log x = log? “i 


(10). pa 


7 Lied 
Gp. ee 


dx i a+ be x 
12). fo lon, = 3 leper il (oe ue 
(12). f a5 est 5 8 °8 a ak 

bx* 

24? ee 


Pe, Xc. ad infinitum. 


= 7108 x log (a+52) -> (log bx)* + a mee 


4° 


4 
ere in rea + &c. in infinitum. 
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b bra 
(13). f =e (a + bx) =loga . log x + er: 


B® x3 yes A 
+ ——— &e. in infinitum. 
3° a3 
dita , loge , 1 (log x) 
; 4). fis = log log x + MTN ee 
1 wre a 
a peaeae ~ + &e. in infinitum. 


Va were. ae 
15) I Flog) = + DS Woe) 


fis 1 mt 1.3 
2(m+1)logx 2 (m + 1) (log x) 


FER SAS 


23m + 1) (log a) + &c. in infinitum. 


(16). fades, : a®, 


og a 
(17). \faedr= stay tat 
D. faedem eae" ~ Tog ay 
een aa 


18 "da sath o 
a a log a ~~ log a)? 


n.(n—1).0°~* — n.(n—1).(a—9).2”—5 [he i 
+ “(og a? as SG ukine a ka + Xc. in inf. 


"dx 2 2 
(19). ff — = log « + ties ye Mogey 


x> (log a)? 


ToreTs + Xc. i infinitum. 


ue aS 


(20). ghee 
(21). ff 


adx 
3 


df 


ae Gee a 


oF jas i 2r(1 


(22). Wh 


nf & 


(23). ff 


of 


(24). ff —— ae 


ee ee 
-~ CG — x) log a 
1eg 
(1 — x dog ay’ 
e*d x (2—x2") 
Q—ai ¥ +a) 
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a adv 
arte log a “fs ; # (Ex. 19.) 
eae a loga , (log ay 
20° 2.1.2 f Ziel i 
hee (Ex. 19.) 


x 


1 LoS 


og a)? x 4.x" log a) 


+ &c. in infinitum. 


1 
(1 — 2)* (log a) 


— &c. in infinitum. 


Se aCe 


re) 


—+*) 


On the Integration of Circular Functions. 


GQ) f Xd x sins = "sin! 


apa 


(Qo A dt cops a = cosa) a. 


dxfXdx 
J/(1—27)* 


di f{Xdu 
FSO We 


pp fee 


ve. J Xdv 


f Xda 


| 310 
(S)reyietd © tan my veettan on aa 


mi | fea as 


1+2° 
(4). fXdasec—'x = sec—'x.f Xda 


fi dif Xdx 
Wiis) 


(5). fdax sin w= 2 sin™ tr 4 (/(1—2") 


: CATE ANG, 1 : 
(6). fede sin o=(% -7)sin~ 2+ re J (1-27). 


Oo ee 


(9). Sas" 1 n—'w=~ (SMa) 5 sin "er ) x 


2 


e x 
sin" 2 + —, 
4. 


esl 
f ). drat wages = 08 (1—z") 


] 
3 De titan —* x)", 


(11). Jee 
tan (a — t tan—' x) tan—' a 
v 2 


(12). ee ae 


— log /(1 + 2°). 


3l1l 


Zz 1 
Pehl News itn aia) sé 
re S a (Ceaees 4 


—<% i 
tan e+ e040) 
iss pon Clit et a oy) 
09 S 59> oryes Mee = log tan (F + 
aoe — cos @) iy y 
OH fe a1 OB auanocse ie’ og tan =. 


d@cos 0 d 0 - 
es ee ae ES 0. 
eh Setamer sin 0 ale tan 0 gers 
(17). f= = fdo tan? = — log cos 9. | 
= | 0, 
(8), oa RID cos = sin 0 ee. 


(19). fd sin 6 = — cos 0. 


Aa ue | j 
20)... f de 0)? = — = sin @ cos 0 + = 6. 
(20)... fd 8 (sin @) 3° v5 


(21). dé (sin 6 


ee. iat 
— —. (sin @)* cos 6.— — cos 0. 
a ) 3 


i. 3 


2.4 


(22). fd (sin 6)t = — 7 (sin 0)' cos 8 — x 


1.3 
sin @ cos 8 + —— 0. 


ww  @ 


(23). fd (cos ) = sin 0. 


(24). 


(25), 


(26). 


(32). 


5 1 
- f d0(os Oe sin 6 (cos 0) + ——=x 


. {dé sin @ (cos 0)" = — 


. £20 cos 6 (sin 6)” = — 
Fi nN 


312 ; 


5 ] e ] *, 
J 46 (cos @) = si. 6 cos? te 


: . 20 
{dé (cos 0¥ = ; sin 6 (cos 0)? + sin 0. 


3 
2.4 


Penis Hee org 
Q.4 


1 : 
(cos 0)" +", 


(san 0)" +7, 


. { d0 (sin 0) (cos 0)? = ; (sin 0)° (cos @) 


ay , 
-- = sin 6.cos 64-6. 
8. ae: 


Suh dé (sin @)* (cos 0) = ( (cos 0) + =) (sin 0). 


. {d0 (sin 6) (cos 6 = G (sin 6) 


_ — (sin 0)” — =) cos 0. 


set ; rN oe 
Jd (sin OY (cos OF = G (cos 6)? 4 =) (sin Oy. 


3l3 


(33). fd (sin 0) (cos 0)? = (- (sin 0° — the (sin 6)° 
| 6 24 
it ap 1 
— —~ sin 0 0+ — 0, 
16 ) Rt ged 16 


(34). fd (sin 6) (cos 6) =(; (cos @)? + =) (sin 6). 


: 1 f1 
35). f{d9 (sin 0)5 (cos 62> = — -— € — cos 100 
(95). f:d0 (sin 0) (eos oF = — 3 (% 


ee : cos 6045 cos 2 a). 


“| 8 Sarees i 2 2 2 9 
(36). /d8@ (sin 0° (cos 0) = (— (cos @) +=) (sin 0), 


(87). fie See cot 


(sin 7; sin 


ery E08. OF 4 
(38). ff = = ata en mt 5 Ass ith. 15.) 


4 2 
39 sedi Bilintdiact onecaduan POR, 
ds far (sin " (& (in of | Sein ; “a 


= cot @ — : (cot 6)%. 


__ sin @ 


40 =—— = tan 0. 
a); S ay (cos = cos @ “a 


_ sin 6 1 dé 
5 S ae 6)3 — & (cos 6)" rs 2, ee 0° eae 


RR 
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Aah Mats ot i = Germ t send 


= tan 0 +- ; (tan @)°, 


(43). pes CU a sin 6 + Sf (Ex. 14.) 


cos @ 


(44). gee to (em a) ak : igi elpelnecseh 


cos 6 2 


(45). foe d 0 (sin 6) oh - cad 6)3 Ig g 8 fa 


cos @ cos 7 


(Ex. 153) 


d@(cosé dé eee 
(46). eens is =cosd+ f ——. (Ex, 15.) 


dé d 8 (cos 6) bp Ree eer 6)? 
(47). oer ge ay + log sin @. 


sin @ 


(48). fo Peer CT + cos f° Se. (Ex 15.) 


d@ sin 0 SelM 
49 ao = sec 0. 
Sod Hie cosy (cos @)? cos 0 


d 0 (sin 0 2) Silla? 
(50). f° as eae = fd 0 (tané) = Sn S—0=tand ~6. 


(51). hese! 2) = —{(sin 0) — 


i 
= cos @ @, 
(cos 6)? 50 os § + Sec 
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d § (sin 6)* ges AP aa Poarege aero Gy) 
(52). fe == G (sin 6)3 — Ps sin 0) x 


ar 9)? 
1 :) 
ee 
cos 8 - 


dé cos 6 ~ 1 | 
(53). = — — = — cosec A. 
‘ eh (sin 6)? sin 6 : 


(54). [eee dé BM 


(sin 6)? (tan 6) sin 6 


—@= — cot 6— 6. 


COU ener a TO (608 9 = [(cos 6 — 2] 


(sin "(sin 6)? sin 6 


—= — sin 6 — cosec @. 


dQ ad (cos6)*_ /1 3 ) 1 3 
~ 6 9 een (8) 9 SSS ae es 6. 
(56). (hap (sin 6)? =(5 a) yi vite sing 2 


désin 6 _ I 
©7). a Agere (cos 6° ~—-2 (cos 6)?” 


d 6 (sin 6)>" _ sin 6 6 
ioe): VY cae (cos 0% —— 2(cos 2 (cos 0 os har cos 6 Crete 


d0 (sin 6) 
(69). fe anti = fda (tan 0) 


= i + log cos 0 
~ 2 (cos 6) 6 : 


» 
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do(sin 0's § peek 
(60). ye cara 2 (sin é) : sin *Sety (cos 0 
ly pales Mags eh 
2 cos @ 
d@ cos 0 1 
(61). Seta: (sin 0)? itso (sin 6)? 


d@ (cos 6) __ cos 6 1 do Fx. i 
= —_—_—, e 5. 
(62). he ti (sin 6) Q(sin 0” QQ siné yi ) 


(63). ViGarerr casa adl es ata te ae ioe sin 0. 


(sin 6) (tan 6) 2 (sin 6Y 
d @ (cos 0) 3 1 
oy — — ee ceaeee 
(64), SY (sin 6) = $ (cos ) 5 cos 0 Gin 
3 dé 
aie Q bem . (Ex. 15.) 


d@sné 1 #1 
65). =- ——., 
(65) hh (cos 9 ~— 3 (cos 09° 


(66). Pee dé d@ (sin 6 (sin 69 Bh 


1 
“3 65s 
(cos 60 3 (cos OF ~—sB3 Creed 


d 4 (sin 6) 2 : | Bee 
oD Sigran (cos 6)* a } Gin Lie (cos 6)* gs 


d 0 0 ‘ : 
(68). of: Sie = {dé (tan byt= G (sin 0)’ — sin 0) x 


1 
~ (cos 6) 


d @ cos 0 1 
69 =- -—.——__.. 
(69), Wh roas (sin 6)# 3 (sin 6) 


+0 = = (tan 0) — tan 0 +0, 
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d 0 (cos @)° (cos 0 
70 =— Ne : 
A bee aop: (sin 6) 3(sin by coy Os 


d@ (cos 6) i 1 
(71). ss Aare ant tan Oye ay! = — ((cos 6 — =) Gin 0} OF 
d 8 (cos 6) | dé 
Sha Dasa (sin 6)! % #4) (tan 0)! 


— ne = 2 1 
= G (cos =) cos 0) Gin by +. 


=— “a 0)> + cot @ + @. 
(73). fd6 (tan 6)§ = r (tan 6)* — = (tan 0)*— log cos 6. 
(74). yep hit an ae ~~ ; (cot 0)# ; (cot 6)? + log sin 0. 
(75). fd0 (tan 0) = 5 (tan 0)5— : (tan 6)° + tan 0 — 9, 
(1?) S RI 8 (cos OF a ae log tan 5. 
a2). S mim @ (cos fs is = ea eo". 
(78). T ixtieck 8 (cos 6)* = Soo si oe 0. A Sess 
(79). Waren cae (sin o cos rice Py 08, tan C as ;) ; | 


80 =~: : 
(80.) Scar al ae Gn GOST a He =~ 2 cot 2 0, 
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1 
31 my, as AB tae 
her: fie (sin os cos pe So (sin OY Mee 


| 1 3 cos 6 
82 OAS BESS, a a he 
ee ba uae (sin = = 6 (sin 8? cosé 2 (sin 6)» 


+ 3 Jog tan’. 
2 4 


2 cos 2 6 


83 may Spa Be abot d, 
: Ii Gemicay (sin i eat 6)3 sin 2 6)? ae ee 


1 i 
84: ie Semeeeny 
Ce. an ra (sin 7 cosd 3 (indy sin? 


+ log tan CG + ) 


1 8 
me COE SZ G. 
a oie rie (sin nt = oe ~ 8 cos 0 (sin 6)3 3°° 
(86). fd0cos(@0+b) = ~ sin (a 0-40). 
(87). f 40 sin (a9 +0) = — ~ cos (a0 +6). 
dé mA 
88). PURE AE Cae a dons 1A Lae Rhee 
(88) ice (20 + b)}§ [cos (a @ + b)]* 
1. _ 8 cos(aé + d) 


~ a[sin(a0+6)]*cos@0 +6) 2a [sin (a0 + b)} 
¥ 3 ad + b 
3 tog tan ( 
hon og tan 3 


(89). / d0sin ae 0+ b) cos (a 8 + 2b’) 


gS 2 Ore Eo 
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(90). f/ d@ sin (@@ + b)sin (a'0 + 9’) 


_ sin [(a — a) 0+) oA Vs sin [(@ + a@’/)0+6 + Ais 
4 2 (a— a’) 2(a + a’) 


(91). {de cos (a 8 > b) cos (a’ Q-4: By) 


ast HNC SLL Ie eee eee ite Bi Hh 
2(a + a’) 2(a — a’) 


(92). Sod cos @= 8 sin 6 + cos 8. 

(93). fd 0 cos 8 = 6 sin 6 + 2 6 cos 0 — Qsin 0. 
(94). / 8d cos 0=6 sin 6 +3 6? cos d—6 Osin 0—6 cos, 
(95). fd sin 0 =— 0 cos 6+ sin 8, 

(96). J d8 sin 0 =— & cos 8 +2 Osin 0 + 2 cos 0. 


(97). f®d0 sin 0 = — & cosa + 3 6*sing 


+ 6 0 cos 0 — 6 sin 8, 


(98). fed sing = “(4 sin & — cos 8) 


at] 
a aS 
(99). fe dé (sin 0)? = — SI! ‘ ae 2 cos @) 
AOWNE a 
Mi a (a” -+L 4) m8 


‘ e“ (sin 0)? (a sin @ — 3 cos 8) 
ag 3 am 
(100). fe dé Gin 6 = Aas 


2.3 6¢9(a sin 6 — cos @) 
=F (a? +1) (a2+9) 
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(101). fede cos 0 = anal aii! 
a+ : 


(102). fet?d 0 (cos 6 = _ <t#-cos 0 (a cos 0-42 sin 0) 


a+ 4 


1.2 


See Na 
a (a? + 4) 


co 


a (cos 6)* (a cos # + 3 sin 9) 
103). a dQ ie DIC Dale ik Biche 
(103). fe (cos 0) — , 
2. 3.6% (a cos 6 + sin &) 


i (a +1) @*+9) 


(a cos b0 + 6 sin 56) 


(104). fe%d0@cosb0= TF 


“9 (a sin b 0—bcos 6 @) 
a’ -- b e 


(105). fe dOsin 60= 


fF] 
9 (a — 6) tang 


106). at 
( eae oe - cos a Aa (a2 — 8) = ban WIE * Py 


bth rare iA Mani a0 Bh 
r/ (a? — 6") b +a cos 0 
: eons OY 


= ——______ C05 
J (a* — 6°) a+ bcos @ 


eo ee 
V(b? — a?) a + b’cos 0 f 


ell 6 
107 ay os 
) J oan + a cos A a 2° 


a9 sin 6 1 
8 — 
(108). 0 a rane a ; log (a+ Cee 6). 


(109) »décos@ _ 9 aa dé 


mR a+bcosé@ 


ae moor Ose bs (Ex. 106.) 


0 1 § 4sin 0 
(110). S ata 2) ta + 6 cos 0 


d @\ 
2 Bee ee ome ° E . 106. 
OS rat ee ) 
d0 cos 0 jes a sin 0 
111 = 
Seis eatin tt ar a Bes 6 


pat Pee: 
Of ek . (Ex. 106.) 


Nearly all the integrals of logarithmie-and circular func- 
tions which we have put down, are to be found in the fourth 
and fifth Chapters of the Integral Calculus of Euler. 


On the Integration of Differential Equations of 
the First Order and the First Degree. 


4 


I. Differential expressions or differential equations which 
result from the simple differentiation of a function or an 
equation involving two variables, and which answer the tess 
called the criterion of integrability. See Ex. 13. p. 204, 


d dx 
1). Let d es Oe aE» 
( ). et au P/F by) dx+OQdy 
dP __@vt+y)y dQ 
ex a? (7? 4 42)? ar? 
Ss 
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and therefore 
Cau 


and dX = (P _ TX) dx=0, ox X=; 


Jf (a* + 9) Se R+X, where X = f(a): 


consequently, 
Asoc VY oor +c. 
av 


: 2(yda—axdy), 
(2) Letdu = VI@ryT: 


f P dr=2 log { x+ Vey") Ee Gand ie od 


and dY= (Q - 5 dy =— 2! 


and Y =c — 2 log y, 


ee w= Glog} SVE bee 
a+ /(@*— y*) 
= log } ea ee Ta ep + Ce 


ydu-—audy. 


(8) (Letod wi aye oes 
¥y Sy? — 27) 


dP —y ae 
dy SP ae yar 


spp, 


; x 
and u =x BBE, +e. 
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(4). Let the equation be 


Gt = AE SLE, andif Pd + Qdy = 0, 
ee Re RRS Le ge 
(c+) dx’ 
tog 2 MC+M Ao 
penis 


Euler. Cale. Integ. Lom. 1. Art. 455. 


(5). Let dx (ax+hy+c)+dy bx + eytf=0, 


sae bay + Ox + sey +fy = be 


Euler. Ib. Art. 454, 


(6). Let 2aryda + ax’ dy—yYdx—3xey'dy =0. 


T= far Syren. 


eel 
whe ax’y — yx = b> 


C1), Lee LEY Pde ay de ah, 
Yo — x)” 


(8) Let 2 4 yr da _ydy 


Ya ee 


a4 
" (yda — w dy) J (a? + y?) 


te 


— ¢i 


PS oy a + 27? dQ 


ae — — aie © 


dy #@ M+ yx) dx’ 


et Sls yo Me a ae a 
OF Nae oa a ea ee reg log te +y*)—¥ } 


1 : 
+ a log. y= ©. 


Euler. Nov. Comm. Petrop. 1760. 


| dx —xdy 
QO) Miset nce eae eee See 
e @+tY VL 2Zy@-Y} ; 
LE ppae Het Tu 
dy 2(@+yP~@—yv {[2Zy(e@—y} dx 


Ss ydx 
hie) (TtyY/izy@a—y} 


falc, JC) = sin * JE =), and d1=03 
*. sina? WEe =) ae 
ye oR 


(10). Let desny+adycosyt+dysina+ydxcosx=d, 


Dp} 
i = cos ¢ + cosy = & 


{f[Pdxc=xrsny + ysin a, and.d.Y = 0; 
“Vr siny +y sinc =e. 


II. Equations which do not satisfy the criterion of in- 
tegrability, but in which the variables, admit of separation by 
different artifices: 
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(1). Homogeneous equations in which the variables may 


be separated by making y = wx, or x = wy, as may appear 
most convenient from the form of the equation. 


(11). Letadr+ydy swdy Lay do. Make y = we. 


dx _ dui — U)- 
mK. 


_ We from hence get : Integrating and 
1 +’ 


4 > 4 ° ee ‘ e ° 
putting Z for u, we get the primitive equation, which is 
® . 


log (41) —tan—'% . 
Cc & 
Euler. Calc. Integ. Tom. 1, Art. 413. 


(12). Letady —ydx=dryf(a*+y’): make y = u 25 


’ al du 
ae Oe) 


and a? = ¢* + Q@cy. 
Euler. lb. Art, 415. 
(13). Let 22" =xr+y: maker = ay; 


dy 


(14). Let ydet(wyt+x) dy = O: make x = ry; 


dy du Bie 
so. —_—_— = Aner ay eral D and y : 5 meni Ge 
y Qu+u 2y +4 
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(15). Let vydy — Yde« =(w+y)ydux enmF: make 


y = Ua, 


(« +y) log = =we*, (Ex, 10. p. 73.) 


(16). Let ody —ydx = y log (%) de. 


Make y=wa, eee: pa j 
x u log w 


andy =ae™, (Ex. 9. p. 73.) 
IT). Let jy ae z, or (ey +y) da =3rydy. 


Make y = ua, eee Stee 
rd 1—2uv 


and 
(2? —'2 98 = cz 


(18), Let dy fa? ty’) =ydx. 


Chal du 


ye We) nee 


Make v = yu; -. 


WN ce rae pereo (a Sans 7p Unt Case 


(19) Letaydz = of, — JS(a*+y*) i dy 
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d | fey: 
Make y = u2, .'. me Lay (a : “a te Sedu 
and EN ea 


feb (x+y 3? 


\ 
(20). Leta*dy = (a* —ay*)dx. Makey sur, 


C) ae _ 2 fafay? +x y-2°) 


a — Qay+x 1— /(1+4a) : 
-Euler. Jb, Art. 414. 


(21). Letda(ar+by)=dy(axn+'y). Make y=uz, 


‘ 


Rid eo wakegitey » where e = °, 


en f+ gu we b 


b— a’ 
f=>> eek al a 


log (5) = log Vfteu-i) + (E+ Dohgaee “a? 


There are three cases to consider, according as g is posi- 
tive, nothing, or negative. See Ex. 36. p. 273. Joh. Bern. 
Op. Tom. Ill, p- 119. 1726. Euler. 1d. Art, 412. 


(22). Let dv(S3r+2y) =dy@x+t+y), Makeysua, 
dx _du(2+u) and 


Td ee) oe pa 

ak 
Cee CVE a) he 
7 = 


i 


(x / 3-— aoa! 
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(23). Letdw(atbdbatcy) = dy(d4+b'x+cy). 
This equation becomes homogeneous, by making 
atbue+eyst, anda + rt+cy =u; 


ct—cutedc—a'c 


therefore: x = 
bc'—cI’ a 


nae bu—l t+al— a’ be 
= 5 


bo me 
and dt (c't+Uu)=du(butcn)s 
which coincides with Ex. 21. 
If dc’ = cb’, the expressions for « and y become infinite : 
~ in this case, if = =e,andax+cy = zt, we find 


(a’+et)dt 


Ls = 
"Ce FOPee ED ay thar bP 


o8 log (4+ BY) +4 C, 


andw = 


where 4d = ac + a/b, and B=e+eeh. 


lfc +eb=0, we readily find 


_ (2 at+e?r) 
2(ac+a b) ‘ 


Ifa = 0, b' = 0, co Q wruf 
dy =(atbxe+cy) dx, we find 


Ce* = b+c(at+bat+cy), 
Euler, Jb, Art. 417, 418, 419. 
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III. The variables in the general linear equation of the 
first order 


dy+Pyd¢= Od, 
where P and Q are functions'of x, are separable, and 
ye Bae {fel Odx +C}. 

This equation satisfies the criterion of integrability, when 
multiplied by e/?4*. 

(24). Let dy +ydx=aa"dz; 

“f P da x, and 
y = Ce~*+2" nN ty +2 (n—1) 2*—*— &c. 


Euler. Jb. Art. 424. 


(25). Let dy—a*dy+ayda-—adz; 
“fPdx= — log /—2*), eS? 4 = Yi—x, and 
yman #e J(1 — 2’). 
Euler. Jb. Art. 425. 
(26). Let dy + OTE —adz, 
fPdr=n ibe f w+ ./1 +07)? and 
y= fr-Pl ta) 3" {fade [ve 1429740 } 


BATT te au 


—Cu Leto Ga) (n+ 1)’ 


where um fr+ 4/1 + 22)}. 
Euler. 7. Art. 428. 
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(27). Let dy—ady—aydu—-bdx+bxdz — 0. - 
{[Pdz=a log 1-2), and 


C b 
ub Boas i eats. 
Fates aS Cee Pe 


| (1 — 1— m2) ) Lognng Wd ey 
Eee) tesla (1 ra rd —a)” 


Oe As 
aie ef Pas pe ——___—_—+—- and 
(1 Ney A eae 


Seis Whee Ey AG NEAT (n—l)a"—*da ah 


(l—x)" 7” 


—— ye 


This is the expression for the sum of the series 


me, mim) ig, mim+V (M42) 3 4g ue 
sie 2 “(a+ ly sy earns TeGEe. 2 yn Reh LDL ich 


Lagrange. Théorie des Fonctions Analytiques, p. 102. 


(n—i)ydev  (a—1) da 
Q9). Let d $$$ 
R29) CeO beg ae ; 


max xax 
ST ashe eae 
1—w2 (1 — xy 


:. ef Pads = hha and 


yt oy CHa tem ae “4 + ent 


This is the expression for the sum of the series 


m+ j 9 ah emits 
ie hig ee een ee Maa a + &c, in infinitum. 
n (27+ 1) (2+ 2) 


Lagrange. Id. p. 103. 
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(30). Progpiem. To find the nature of the curve LI 
Fig. 117., so that if AQ be a line passing through the origin 
A, and making an angle of 45° with the axis 4P, then the 
subtangent PT, is to the ordinate PAL as a given line a, to 
the difference of PM and PQ. 


If AP = x, and PM = y, the differential equation of the 
curve is : . 


dy yan i cd 


= 0; which gives 
a 


2 


y=errtatece, 


But + =0, when y = 0, and therefore c = — a; the 
equation of the curve is, 


& 
yrr+ta—ae, 


This problem was proposed by a Mr. De Beaune to 
Descartes, and resolved by John Bernoulli*, who gave in 
common with Leibnitz and De l’Hépital, methods of con- 
structing the curve by points. It was afterwards proposed 
under a more general form by James Bernoullit, who, in 
place of the line AQ, substituted any given curve: the 
differential equation then becomes 


ady ~ydt=qdz, 


where qg is the function of a, which is equal to the ordinate 
PQ of the curve which is the locus of Q. 


‘" (31), Let dy+ Pydx = Qy"t' da, where P and Q 
are functions of x. 
SE URES eo Sh Ade Tis hd i LO 
* Joh. Bern. Opera. Tom. I. p. 62, 1693. 
+ Problema Beaunianum generalius conceptum. Opera. Tom. Us 
p. 732. 1695. 


\ 
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-Make u = . , and the equation becomes 


du—nPudr=a=—nQdz. 


Consequently 


ws tm — PE fem Pn Qda+C}. 
y | 
This is the form under which the problem in p. 329. was 
proposed by James Bernoulli *: it was solved nearly at the 
same time by Leibnitzt and John Bernoullif. 


(32). Let dy tydrt=uxydr; 
“fPdr= ay w= 2;/and 


el ay sags + ce, 
¥ 2 
(33). Let dy +? vy at, 
i 


wo fPda«= — log /U—2), n=—2, and 


us f/y=eoV/(1—a’) — Goimui3 ' 

IV. The equation 

| dy+ydv=ax" dx 
admits of the separation of its variables, when m = — eal P 
where z is any number from 0 to infinity. oat 


* Jac. Bern. Opera. ‘Tom. ¥. p. 663. Dec. 1695. 
+ Acta Leips. March. 1696. 
t Joh. Bern. Opera. Tom. I. p. 175. March 1696. 
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(34), Let dy 4+y*dr = a'dx; 
| y 


Oe «ie dim ames ‘and 
nee 
@——3ae Co — 
H a*dx 
(35). Letdy+ydxr= ues 


Make y == ~ 4, ane fi 
x 


x 


™ | paw 


when it coincides with the last Ex. and 
“GES ¥Y¥—-X+ et aoe 
CN pean oe ah lath 


(36). Let dy-+ytdx +22" ~o, 


The same process as in the last Example, gives 


ry —-1)ax 1 
ae ean eT 
a. 


a x 


(37). Letdy +7dzr= rated 


is 
ms 
oa : ; 
~ Make x =#—3, and y = — ——, which gives 
z 
dz+2dt=9a'*t—*dt, 
which coincides with Ex. 35; consequently 


seat FO +3axat)+3a%x~? 
y¥(l—Saat)43 at 2-8 


= ¢C, 
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(38). Let dy+ydr= adr 


x3 


Make rho » and y = = 
and the equation becomes 


dz+z:dt=a’ ts dt, (Ex. 37.) 


— 


=— 


nde sah Goatees ay eee a ' 
2 g547 eee 
(v+3aa*)y—l o3gn  °—3aa>? 


2 
(39). Letdy-ydr= ti 
ri 


In the same manner, as in Ex. 38, we get 


5 


1 1 hy eS ge. 
—~= tan =>" alte Bae oa sacle ik + ¢. 
igh cle 3 /2a8( +055 


(40) Let dy+y% dx = ie 
aa 


nts 5 a’ 
Makex=¢ °, andy = — 


Cc 


» which gives 


95a* — 


8. 
dz+2?7dti= Seedy he 


which coincides with Ex. 38., and 


1 a aie 
(3—15 ax +25 ax? )y+5 a yp F296 aie 
as 
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Gi). Letdyy Ay? dia Be dt. 
Make At’ dit=da, ». At’ +'=(u +1) a, 


and the equation becomes 


AH 
dy+ydea =+ (2) dima ed #. 


This is fhe form under which the equation in page 332. 


was proposed by Count James Riccati in the Leipsic Acts for 
1732. 


V. Equations whose variables are separable by particular 
substitutions, not included under any of the preceding cases. 


(42). Let a@dx =(r4+y)? du. 


2 
Make D+ Yeu, st. dy et aedu 


and tan: V+2) = arte 


a a 


2dy 
43), db. tay eee ee 
ee é Sf(a+y) 


Make A(a+y)=2, and =u: 


re 


we thus get the homogeneous equation 


HOw: +4udz=42dz, 


hi aye ; Cane Ta a a) — stx 


Stet) Jats) 
P42 (1/2) /@+y) 


(44). Letada tidy —=my' dz. 
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Make y — 22: which gives us the homogeneous equation 
y g g q 


rdxt+2z2dz2=m2de, 


POUR GS ay Manel) Sue ARMED 1” 
5 iva ma yee 
te Cee ee Jl — ma 
J/(8 — m*) LaA/(8 — m*) 
(45). Letayda+tbady+a7y" (a’-ydxa+b' x dy)=0. 
Make «77° = 7, and 2 y” = uw: we hence get 


a’'n— b'm an—bm 
oe eat ye — 46 


nb aes ae ee 
If a’ n—b'm=0, or an—bm=O0, we must put log ¢ or 
log uw in the place of either of the preceding Sipe 4 
Euler. Calc. Integ. Tom. I. Art. 431. 


3 43 


(46). Let fydw=2xy + = 


> or 


9dr 3x dy 


ydx+2xdy + = 0. 


ys 
Make xvy*=/, and ~ = u, 
y 


gt y7 3 aie = ey. 
(47). Let “dae + 2 dy=dy—y de. 


Make y = we"; we hence get. 


aD eye ee PIO fiery . 
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(48). Let {(w@—ay)dy + ydxi(i + 2° y*) = bydy 
+hady. 


Make ry = wu: consequently 


bdu 
| ae yr? 


du—aydy= 


ay? 


orvy — btan—'axy — 


~ 


= ¢, 


(49). Let ydy + dy (atbaten’) =yda(e+ cx). 


Nike ee EES 


Dn Cay adhe n 
u(a+be+c x") 


and therefore y = 
eé-+cr—yu 


Differentiating the logarithm of this expression for y, collect- 
ing together those terms in the result which involve dz and 
du and multiplying them by e+¢cx— u, we find 

da a du 
(at+bae+ea)(e+ex) ufact e-—eb+(b-2e)utu’} 


where the variables are separated. Euler. Jb, Art. 433. 


dz (1+y)i 
{50), Let (y—2 dy =o" ry), 
(50) (y—2) has 


Make y = ce » which gives 


de udu 
1+a* +e) in /A40 Fu?’ 


: 1 +5? 
and putting 1+w?=?, and¢ = ee) Weegee 


DU 
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— ot tn 4/ (2) 
—1 »—6¢ —i peat + ¢. 
tan v2 tan NICs Sony aan 


Euler. Jb. Art. 434. 


1 
(51). Let ydw—ady aay dy (x +by =0. 


Make selrith. ot Ys 
Ca” 4+. bye 


when the equation becomes 


du 


4g yp t'dy = 0 


where the variables are separated. Euler. Jé. Art. 490. 


_ V.. Every differential equation admits of factors or mul- 
tipliers, which render it a complete differential and satisfy 
the criterion of integrability: no general method, however 


is known, by which these multipliers may be found for any 
assigned equation. 


If Mdx+ Ndy = 0, be homogeneous, a multiplier is 
MEacNy , as the reader may readily ascertain in any of the 
Z 


examples of homogeneous equations which are given above. 


1 (dM dN a ee 
If N yh oo) af (x) =X, \al “multiplier is 

Xd, ; : 

e : this applies to all linear equations of the first order, 

see p. 333. 


Whenever the variables can be separated, a multiplier 


may be found: thus if z and ¢ be the new variables intro- 
duced, if we get : 


ZAdz~+Ldt=U(Mdwe + Ndy), where 


1839 
Z=f(z) and T=/(¢); then U is the multiplier 


required. 


Thus in Ex. 35, by making 7 = : ,andy =f — #*z, 
we find 
—2 (dz+2?dt—a' dt) 


adr 


4 9 


=dy+yda— 


wv 


and dividing by 7? (2?—a*), we get 


Lz : 
inn ed 2 ee ts I ce Yi ooh 


z—~— a f (z?— a — a’) 


B av? ¢ ; ada b, 
ee a at ay dy + y ax = 71* 5 
Dia 
a (l-awyy— a 
der the second member of this equation a complete diffe- 
rential. ; 


where — is the multiplier required to ren= 


Now / Ndy=-. log } FeO St i: 
a 


a—x(1— ay) 


dxX=— He, and X = -- fi +C; the complete integral 
as v 


therefore is 


a+tx(l—zry) 2a 
log Jo cataays et 


* Kuler. Calc. Integ. Tom. I. Art. 491. 
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The multiplier in Ex. 37, in a similar manner is found 
to be 


1 
(¥ + 3aa—ty —9 Gary 


and the same method may be applied to its determination in 
any of the Examples which are given above. 


Euler has reversed the problem and in several cases in- 
vestigated the nature of the functions *, which must enter 
into a differential equation of given form, in order that it may 
become integrable per sey when multiplied by a given factor : 
thus suppose it was required to determine the functions 
P and Q of x in the equation | 


Pydxr+(y+Q)dy=0 


in order that it may satisfy the criterion of integrability when 
multiplied by : 


1 
~P+rMy+Ny’ 


where J and N are also functions of 2: the condition will 
be answered, when J is any assigned function 


and P=6(2a—- mi 
7 dx 

Q= M—a+b2a-— My 

N=a(M—a)+abQa—M, . 


where a and 6 are arbitrary constants. 


These investigations, however, frequently involve diffe- 
rential equations, which cannot be integrated by any known 
SIRE PR a rs rere Poe SER IRTSE OTT RTOS Manele J LIN uh 


* Euler. Calc. Integ. Art. 493. to 539, 
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method, and it cannot be said that the cases in which they 
are successful, are of very great importance or extent. 


In order to ensure this method all the success of which it 
is capable, it would require a very complete classification of 
the forms of differential equations of the first order, as well as 
a knowledge of the forms of the multipliers which are suited 
to each class. The immense extent, however, of this enquiry 
and ‘the great difficulties which are met with even in the 
simplest cases, preclude all hopes of its proving of much 


service in the general integration of differential equations of 
the first order. : ) 


62), Ler 20% 4, $49 «cada 
v 


The multiplier is 27 y*, and 


m 4a 4 
SNe Dement +C, 
mM+at+Il 


(53).° Let rdy—2 ydutader=0. 


The multiplier is B. » and 
x 


ey a ) 
Toetaetgiga WAC ano 


ory Few = 0. 


(54.) Let ay"dy = ae CU EE ~ 


The factor is y, and 
a y” +2 
n+2 


2 
Jy C. 
r 


(55) Let ay dy=nardy —ydx. 
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4 l 
iplier ig —2—_ = — 
The multiplier i yi reat and 


¢ 


ay" bil x 


(56) Letaxdy+2aydx=uydy. 


1 
The factor 1s —, and 
vy 


SAG cai) Beli 
(57). Let yada =(@ydy + ¥dn)Vy—Y ay. 


The factor is ——— i 
y (e+ y)’ 


te MOR aan oa yet C. 


(58). Let dx + (adx+2bydy)/f (1 +2’) =0. 


The factor is is Lh adie , an 
M (1 + 2’) 


+, log §r+/(1 +27) } +art+by¥=. 
(59). Let (Qr—y)dy+(2 a-y)dx=0. 


The factor 1s ica and 
(2 a—yy 
ot Sy a+c(2a—y)*. 
Euler. Calc. Integ. Art. 493. 
neydx 
J (1 +2") 
The factor is { y-+./(1 +47) }”3 and if x=1, we haye 


(60). Let —adxr+(n+ti)ydy=0. 


(4 at 


2° 
3 


+y? JU + 47) — = C. 


* 
2 
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(61), Let acvydx + ydy(a + bx +2") 


— ady(a—c 2") =0: 
\ 


elie multipliers Somes epee stele Se 
(atbxtceu)y—a@atbar)y+a 


and a log / {a (y.— a) 427 (y — aba+ecy* by} 


Qey : 
Bite acai Get b-VE-400 re 
2/ (— 4ac) PES | Pisin ie 
(<2 arb ve—4sac) 


Euler. Calc. Integ. Art. 499. 


_ (62)... Let wdutaydi+2uxydy—2 a*y dy=0. 


I 


he £ Pee sls tT Se lk to ae ee a 
The factor is (x —a") My? oh 2Qay+nr) 


» and 


Vy +2ay+2)+a log aty— SY" + 2ayt) _ yt reat 2) 


Euler. Jb. Art. 520. 


(63). Letydy—xrda — + ree = 


The factor is (y?— 2"), and the integral 
SF AOE eee Oe 
6 Poe 3 x3 es Siig 
Euler. 7b. Art. 524, 


(64). Letdytytde 4 “EE ne Vas, 


n> 
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The factor is 


1 
SoS a SCP ML 
(xy ee Mice) + a 
qv?” 
tt eS (Se oe 
a | a Ot Th ats Se 


Euler. £. Art. 533. 


adx : (2 v*—1) re; 


(65). Letdy+y%dx+ ay, Ge 


1—a* 
fy (1—a") +0 $ ?+a*’ 


and .*. : tan —' @G=2)**) + log / C2) coe 


Euler. Jb. Art. 533. 


The factor is 


(66). Let axrdy—ayda =(adatydy) J (a? +y*—a’). 


If the first side of this equation be multiplied by a » its 
Riad 


integral is 2”: the second side of the equation is integrable 
oH 


per se: the factors of the first side of the equation are includ- | 


ed under the formula <fF ©) and those of the second 
under the formula ¢ («? +y?—a*): also since 


1 2 2 2 2 —l ( 
Bagi (MOOS = 6 ea 


1 1 ee | y 
— x eased = = 
x yx? ip (2) : 


1 4k 
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it is a factor common to both sides of the equation : con- 
sequently 
2 kgue Vp 2 
ries Aho t Meme BGA Se Ae) |e 
x 2 g 2 


atan 


By a similar process, we shall be enabled to find a factor 
common to both sides of the equation 


aydu+budy =a"y" (a'ydxu + b x dy); 


an — bm a’n—b'm 
aml ( yo-1 
ab — ab 


which is aves) *—! yy 


See. Ex. 45. p. 336. Paoli. Elementi d’ Algebra. Tom, II. 
De kia: 


V. The following equations, in which the variables are 
separated, admit of algebraical integrals, although the in- 
tegral of each part considered separately, is transcendental. 


dx 


(OES So) Beh ae Me Soe SOS 
59 Ny (aeaineat reas Fo 


a NES SAL OTTO AW == 
Viarbytey +ey +fy') 
Consider x and y as functions of ¢, and make 


= Va@tbrtca+estfaty=/X, 
=Sfatbytcyteytfyy=V/Y: 


Make also r+y=p, and r—y=g, .*. since 


dx? dy _ ave ye ed X ay 
dP Rew ade ee Dm aes ods ody’ 
we have 


ee =b+ep+ce(p+g)+hfp (p?+3 9%) (a). 


x X 
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dpdq 


a =X-Yabqtepqtreg OP ty) 


+afpq (p+) (). 
Multiplying equation (a) by g, subtracting equation (8) 
from the result, multiplying the remainder by wis » and 


integrating, we shall get 
d 2 hee. 
is or C +e p +P 
gal 
1 
fav tv¥aqvCtep tie) 
= (rN {CHe@tntf ers 
The integral of the equation 


dt ay 
Ub a Fy 


is VX — VV = (ey) V [ CHew tn tf (ety } 


ying 

pe DES Gt SER los aT 

SPN Neo ad ey, 

_b +e@+y re @ ayia) PROMO RIE +¥) 
; Ji C+ej@w+y)t+fe+y } 


This is the process given by Lagrange in the MJemoires de 
Turin Tom. IV. p. 108; the integral had been previously 


determined by Euler under an equivalent, though much less 
simple form*. 


The transcendent is always reducible to the form 


* Novi Comment. Perop. Tom. VI. et VII: 


Calc. Integ. 
Tem. I. Cap. 5. 6. ae 
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Adé a 
—-——z-—;~» where A and c are constant quantities and c 
J/ (1 —c* sin? 6)? 4 
always less than 1*: the equation becomes by this trans- 


formation 
AYU—c’ sin? 9) YU —¢? sin? ¢) 


and its integral found by the same method is 
/(1—c? sin? 6) + /(1—¢? sin? ¢) = C sin (0+¢). 


In the same manner, we may find the integral of 
dé 4 dp bi 
V(1—c* sin? 0) \/(1—c* sin? ¢) ; 
which is ~ | 
| / (1 —c? sin? 0)— (1 —c* sin? ¢)=C sin (+4). 


} du dy 
68). Let ~—_—_~_____ 4 —___““ __ ~9, 
(68) Re adihe Baane/ ad wk cas : 


dx dy . rivet a 
Make MX; Py JV,u+y=p, 


and we find as before 
VEtVVev {C+ 2b +y+e (vty }. 


This result is obviously not deducible from the integral of 
Ex. 67, by making e = 0 and f=0. 


The integral of <s ~ wa esate 


AMX VV HS {CH2 Oty +e (ety }. 
ne are a ng a hg iy nen at en 


* Legendre Exereices du Calc. Integ. Tom. I. p. 10. 
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ga. Sep eay 
Ja) Vy") 
The integral is 


x /A—y) =y V(1—2) + C, 


(69). Let 


or deducing it from Ex. 68, 


V(1—2)— JO -y)=Vv fC+@4+y}. 
Lagrange. Memoires de Turin. Tom. lV. 
dx dy 
Bata By 


This is a case of Ex. 68. where (fat+bat+ex*)=a +f «, 
and therefore ama?, b=2a/, and c=f*: consequently 


C=a(ta+y+ Ary. 


& 


=, 


(70). - Let 


Euler. Acta. Petrop. ‘Tom. Il. 


dx bee 
oe el rerary rire a ee See 


The integral of this equation is not deducible from that 
of Ex. 67, by supposing / X=a + 262+c x’; for in that 
case, if we Sate: the radical in the final equation, it 


reduces itself to C = <, from which no inference can be 


drawn. 


Make therefore <* =-a+2b2 + cx" = 2X, 


) 
= at eby+cy)=—Y, u=xry, and g=a—y; 


ob oe my X— 2 Peg cur a 


a’? x d* Qedu 
Al ae ne) = ———____ 
| APEREUE AWE Gea CHL GE? 


a is Ee roan A a 
dx dy cu—a 


log dx+ log dy = 2 log (cu—a)+log C, 


or pene =Cd*?’, since d tis constant; 
(cu—a)* 
EXON ok (a+2bat ca") @42bytey) 
(¢vy—a)? 


(cwy—a)? 
or subtracting unity from both sides of equation 


2abW+ytac(T+yP+4Poyt+2@bhexy (w+y) _ C 
OMe cay oye, ar ye 


Euler. J. 


Yoe Let - 


tet ee Bis 
tan—'e+tan—'ystan—? 24 _ 

Lm ry 
V+y Bt 


or —___" = 
Ly 


2 


_ the same result as is given by the second of the formule in 
Ex. 71.) Euler oak 


~(73). Let eK + Se a =); 
L+r4+a*  1+y+y? 
ieee HONS ie com Re | bel 
/3 2+-r »/8 Q+y 
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{ iY ) 
DADE ASE Fo ave C, 
3 UES (e+y)—20y Qxry 
or — Ae Mae os Pasa By 
Q+u+y—Ly 


The second formula in Ex. 71. gives 


(xty)t+(r+yP +ry+ary (ext+y) eee 


| Can 3 Be 
gp Mercer Goh ea BP 
(ry—1)° 
one of whose factors ey » coincides with the solution 
Ges 


deduced by the ordinary method, as may be readily seen, by 
subtracting unity from its reciprocal. Euler. J2. 


(Toe ee Cs EY 
a4+-2bx4+cx" atQby+cy* 
dx d 
Let >= x, =YV,q=7-y; 


Cee haar d*y Qdq 
“dtdx didy Mgid tee 


or log dx +log dy=2 log g+C, 


gg 4—Cdt; 


or 


% AE al ge a (a+2 pate )(a+2 by Teo. 
(t—y) (vy) 
or adding b’—ac, and extracting the square root of the sum, 
we find 
a+b Fiigh kbeey igi 


. (t—y) 
Euler. J. 
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NY d a Es 
(75), Let Mb +er' tert + f 2°) 
ms dy 


Pe ee eee lL We a Cy 
V(O-cy+teyt+fy’) 


This example coincides with Ex. 67, if we make a=0, 
and put 2” and y* in the place of a andy. Euler. J. 


ax dy 
(16 eet os eee AD BET ge ad 
oP : Mic teat+ fr’) J eteyt+fy’) 


This example coincides with Ex. 67, if we make a=0, 


and 6 =0, and put wt and y* in the place of x and y. 
Euler. 6. 


\ 
On the Integration of Differential Equations of 
the First Order, but not of the First Degree. 


1. By resolving the equation with respect to dy or ae 5 
dx dy 


and thus reducing it to an equation of the first order and first 
degree, which must be treated by the methods in the pre- 
ceding section. 


(1). Let dy* — at dx* =0: 
= = +a, andy marte, orys—arte,y 


both of which values of y satisfy the equation. 


_ The equation is also satisfied by the product of these in- 
tegrals, or | 


(Y-avt—c)(Y+axr—c')=0, 
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which is equivalent to the equation 


(y Le cy? ce. a* x. 


(2). Let dy?— axrda’=0, 


dy Oak ae 
Spe umd Vat, y= saat cory =— gate +¢; 


or combining these integrals together, we get 
4 
—-cpom-an, 
att ame h 


The two first integrals represent two separate branches 
of a cubical parabola, which are both represented by the 
third. 


(3). Let dy+da =0; 


“y= —rte, ogee tv mie B+, OF jie ee ae 


or combining them, we get 
ya —(efeteyyt } e-LaV 9g FV 8) x 


Ha Ab 


(wy—@) +(e fee’ +e cy 


ELI 1— —3 t ] —3 " 
+ TZ — Gave? SEY? ba ee'c’m0, 


or +e -ay*—bxey—cx +4y+ But C= a0, 


where the constants 4, B, C must be so related to each Bina 
that the equation may admit of resolution into simple factors. © 
Euler. Calc. Integ. Tom. I. Art. 680. 


ay 
= (nyt +y) SX 


» 


(4). Le e 
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9S ah Parl ad Y 3 4,3 
+ Wy yt +2* x?) am rn 1h a 0. 
. % 
Resolving the equation and integrating its factors, we find 


xe 
eh Sie he — gre Sy = 2 4c, or 


3 


=i a 1 fp 
Ye) Fe OOkY chee ey 


(5). Let ydy?+2a eas a a 


4Y 2 ~ttYerty) “ 


Pek y 


ads = de 
Met y) ~ 


VX bY )=C +e, or f(a? + y?) = - rte’ ; 


which combined, produce 


: consequently 


PY azQert ci, 


(6). Let Jidvtdy)=adr+b dy. 


Make dy=eda, ». y=erte: consequently 


V bit GY Pa an to. 


, tdx adr 
"Yee fs 7 EPA CY Share Ee EE 
( » 4. eats (a* muah (a* + er 


‘Make du = i » and therefore x = 


Le ee 
(a? +a°yt Mie $e)’ 
by making d y=e du, we find as before 


MV ittty—co% @+ey> a red (y~c) f(a? +2). 
YY 
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II. When the equation involves d 2, d y, and a only. 


d 
. Make <2 70, 


(8). Let da? + dy = dat 
tons Rigs Te and y¥ = /p dv=cp—fxdp 


— E Me EOP Bs ena dety 
Lp el dap? ap 


and eliminating p, we find _ 
a= ve—a)—tan—" 4/ (7=*) Hoe, 


(9). Letadxtady=b f(da* +dy’): 
x= — ap+bh/(1+p")s 


2 by Bc ue 
y= - LP yep) slog tpt Vi +p} ter 


and the elimination of p would give the primitive relation 
between x and y. Euler. Jb. Art. 672. 


da? 
(10), Let 2 syiasee iy =/(+ (+ dy 


nay OD JU +p") 
Make — =p; «2 ys; 
dy P ey ? by 


/(1 2) 4] 


v 
c 


(11). fict dyitydydx—dat=0. Make &* =p 3 
; Y 
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(12). Let Pdari+dysardardy, 
or 29+ p° Mea p xe 
We must resolve a cubic equation, in order to express x 
in terms of y: make therefore p=u 2, which gives us ‘ 
au 
BSS Ge ay 3 an 
1+ 


au 
Kihoon ; 
1+23 
»v du (1—2 u®) 


ae Ta ON (1+) 


, 2uU>—] l 1 op 
“+ey > 3 eat ai 


6 


Euler. Jd, p. 441, 
III. When the equation is homogeneous with respect to 

“av and y. | ) 

(13). Let ydt-xrdy=x /dar+dy. 


Make y=ua, ..u=p+/(l +p"), 


axe da dp 
S = o> and log x = — log (p—u) ihites 


=-log V(1 +p*)—log {p+ V0 +p”) i +log c, 
& 3 


ease ER —, so l 7 5 
y Ja tpi i? Ml +p’) } 


_and eliminating p, we find 
: x =0, andv’+y*4+ cx = 0, 

The value « = 0, results from the second of these soly- 
8 Oo ait is enot; therefore, a particular 


tions, by makin 
solution. 


356 
This equation becomes, by resolving it with respect to 
dy 


es 


ai. 
Qnydy+atde —y*dx =0,. 


the integral of which is very easily found. Euler. Jb. Art. 683. 


(14). Let xdy+tydeadyde/{xy (dx?+dy’)}; 
orp? +u=p VJ fu(l +p’) }> making y = “2; 
sustp—p +ipttip V+p’) (4p +p) 


dp (2-p) 
pii-p tp’) 


and log x =— log (p—u)+4 f 


of St+q)f{4-A-77 § 


Jal 2 
where g = AWA panned 5 


Euler. 26. Art. 684. 


79 eds Let y° d 2° —yedadys—Qyt dy dx + x? dy’ + 
a dy dar 0, 
, Usp, OY U=p (p! +1), 


% 


the second of which gives 
eh ee 
c et Pt 5. nas 1), ¢ an 
= 6 9 =— a a TS e 
P Pp 
The other value of u, gives «=y, which is a particular 


solution. 


os ees 


(15) Let fV(daetdy)= /(2xry), of 


: opty 
JOA+tp) = 24 ; 
é V (22 y) 


.#=l—ptp+(l—p) J +p’) 


l-—v’ . 4 , 
~ in the expression for mF » we find 
Xv p-wu 


and making p = 
. fh /J/2+14v 
log r=log c—log { 2—(1 + v) es log St 


and u == =; ¢ +9): consequently 


c= 


CK Be any ed 
AK Grr) 


VrtVy) vis c(va—vy)ve” 


Euler. dd. Art. 685. 
(16), Let fVdartdy)=V/y +e"), 


py tex ear 
Fr) ] =) Make y=u a 
he rie he MY + en) a A 


from whence we get 


oA Sea Wee ly Ri 


c av 


If e=1, the original equation becomes ydxw—ady = 0, 
or y=cx, the equation of a straight line passing through 
the origin of x andy Euler. Jb, Art. 695. 


IV. Equations included under Chirgut’s formula 
= prt} (p); 


swhich are integrable by differentiation. 


(17). Letydx ~rdy =a fdv'+dy, 
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ory=purta ftp’): 


differentiating, we find 


dp 
BH ee eee ee 
consequently dp = 0, or x = — mma 


The first of these values gives p=c, and 
ya=crta J/(1 +0), 
which is the general solution. 


The other gives, by the elimination of p 
e+ y = a, 


an equation ivolying no arbitrary constant, and not deducible 
from the former, unless by making c variable and equal to 
© 
ee eee 
J (a? ask 27) > 


it is therefore a particular solution. 


If we had resolved the equation with respect to af » we 
x 


should have found, (2*—a*) dy—xydxr=ade J (a* + y?—a") 
which might be treated by the same method as that used in 
Ex. 66. p. 344. We thus find the multiplier 


] Yy 1 
ee 
y (a?—a’) Me? +y? —a’) (a? — a?) VA Fk: +y’ —a’) 3 


which, makes both the sides of the equation complete diffe- 
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tentials, This process however will furnish us with the 
general solution only. 


This is the solution of the following problem: ‘ To find 
the nature of the curve, so that the perpendiculars upon its 


tangent from a given point, may be constantly equal to a 
given line.” 7 | 


The circle which results from the particular solution, is 
the locus of the intersections of the straight lines which are 
expressed by giving every possible value to c, in the general 
solution, and which are likewise tangents to the circle. 


In general, the curve expressed by the particular solution is 
the locus of the intersections of the curves which are expressed 


by giving every possible value to the constant in the general 
solution. 


Euler, Hist. de P Acad. de Berlin. 1758. p. 301. Lagrange, 
Meémotres de Berlin. 1774. p. 220. 


(18). Letydx —rdy =a¥y(de+dy’) 
The general solution is 
Ya er+ YU), 


The particular solution is 


“a af 4 
Euler, Jd. p. 306. 
(19). Let «dydx—dy*=yda*—dy dv, 


The general solution is 


Y—cLp=p—p", 
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The particular solution is 
4y=(1 + ay, 
the equation of a parabola. . 


Clairaut, Mémoires de ‘ Acad. des Sciences, p: 210.1784. 


(20). PROBLEM. To find the nature be the curve 
BMC, of which the hypothenuse 7 ¢ of the right-angled tri- 
angle ATt, the sum of whose sides AT and ‘4? is a constant 
quantity, 1S always a a sgl Bg. 118. vast 


MakéwAeBesay Pidtes =f aid gta) daca ta Ge then 


we have Fe 
a yaa =yt+(a-— @) alin 
dy Ax 


or px —yopy + (a— 2X) p* 
‘The general solution is 


aoe i 
ex =Yyt+ a9 
l+e 


the particular solution is 
@wty stay 


the equation of a parabola. Simpson’s Fluxions, vol. IIL. 
p.514. Clairaut, Jd. ) 


(21). Pronsiem. To find the nature of the curve 
AMA’, so that the rectangle under the lines 4 T’ and A’ T, 
which are perpendicular to A dA’, and meet the tangent 
LMT’ in T and T’, may be constantly of the same magni- 
tude. Fig. 119. wi 


Make 4 4’ =2a, AP =x, PM =~y: then we have 


ATay—*0Y, AT ay + Ga~see, 


and therefore 


or 
Ue at olor dea ACCRA 
The general solution is 
PY Sex -aeok SC + a*c*), 


The particular solution is 


the equation of an ellipse, of Which it is a well Rnown': pro- 
_ perty. Euler. Jd, 308, : 


(22). Prosixem.’ To. find the nature of the curve 
A M A’, ’so that if BV be a perpendicular upon its tangent 
V M froma given point 5, the line B’ VY drawn from Reeth es 
given point .B’, may be constantly of the same length, 
Fig. 119. . ‘ 


Let BV=a, BB = ae, BP=x, and PM=y; 
then we have BV? = VL + DB’ L? or 


(ydx —xdy) i: (ydx — xd yy : 


Site: amis 9 . “a ee RR I IN re 
a= ae + aedy dx? +dy? da.+dy? °* 


and therefore 
¥yY =pxr—aepraS/(1 —e + p) 5) 
the particular solution of which equation gives 


Ba ee 
, J (l= @?  p) 


ZZ 


30% 


a (1 — e?) 


on tL — ee gy 
and eliminating y,. we find 


(0:65 Sloan y 


——__—2—— = ], or making’ 
ae a* (lL — é) ’ & 


a’ (1 —e?) = band ae —x =2’, we get 


2 
y= (@—x),. Euler, J. 
a 


— (23). Prosiem. To find the nature of the curve 
EME, so that the rectangle contained by the perpendiculars: 
BV and B’V’ upon the tangent V MV’ may be ht id 


of the same magnitude.. Fig. 120. 


Let BB =2ae, BP=x, PM=—y: then we have 


By ag Yeeaady BY _ydxr+(2ae—x)dy 


Adv+dyy’ | Wide ed WM | 
(ydx—ady) Cadet (eae tag y 
aude S00 Toe) or a ely Se 
dx’ +dy* 
or — 
yopr—acptJ/ {P+ (+07 e”) p*}. 
The particular solution gives, if b? +a? e*=a, 
A sheild BS aa St ED - = ee EG 
Wn J (B+ ap)’ J (+a 2 ot) 


andi‘. .2/"'= i {at*—(ae—2r)*?, 
a 


b | 
=—~(a’—2"), ifae—v =r. 
a 


Euler, fb. Lagrange, Calcul des Fonctions, p- 280. 


Oy! 
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(24). To find the nature of the curve, so that the locus 


‘of a perpendicular drawn from a given point upon its tan- 


gent, may be a given straight line. Fig. 121. 


Let S ‘be the given point, $7 a perpendicular upon the 


tangent TM, meeting the given line AE in TJ; and let 


SAz=a, bea perpendicular upon AE: let SP=a, PM=y; 
then we find 


Y=puet Fad +p); 


a particular solution of which gives 


Yrota (a+2), 


the equation of a parabola, whose vertex is 4 and-focus S. 


V. Equations, which are integrable by differentiation, 
though not included under the preceding formula. 


(25). Let ydx-—nady=av (dv +dy*); or 
Yruntpa=arJ/{l + p’). 
Differentiating, we get 


AS diy EN CAS 
(l—a)p .(l-—a/ CU + py 


dt— 


a linear equation of the first order. 


: 


_ Consequently, 


Tg 2 jeans po * dp. 
P i. AUP 


» we have 


ya=prtertafit pr 


3604 
stl) 308 2a pits IZ Dad oF 
ib ptaytt dai (4:drig b) sits As iph 


_ 2A@A~2Q), | : 
sdqielipsibhbaasce aati ce fusite,. 


Eulet. Cake. Integ. Art. 703: 


VI. Equations which may be treated vik Marten i Eri 
not included under any 2 those above-mentioned. 


(26). Letd y= Qa + by) dx. 
Make y=2? and the equation fone 
42d2—23( 2° + Pao 
SHR is homogeneous. 
Consequently if z=u a ava ote J/(2+bu*), 
we find ! | pol. faery? 


ad ere 2udv 
L 


Set ft (Ex, 68.-p. 280. 
Biers s P ) 


Euler. 76. Art. 704. 


dy=y da 
O7 Lek #1 A ees 
«Vee SJ(du? + dy’) 


Make «x = uzand y = uJ (1 — 2*), when the equation 
becomes Steel sacs 


= r/. ct ty Rs a’), 


—uwdz 
nn ee i? __ 9? 
V/ i wd2*+(l—2) du t ig ah 
or 


dz du v (a? — a?) 


Vi a) au 


where the variables are separated, 
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Consequently 
halt x ih Prat V@TY-@) 
sin—' ———____ + sin 
n/ (a? + Y*) ~ Aa +y") 
= V (2a ae C. 
| a 
| ane gi ide) 
28). Let ,_tdyn yd , ci 
se Vaty)v detdy)~ Viola ty 
Make x = wz and y = wu ./(1— 2%), which gives 
dog daw: du 
i V4 6 ie ee ae 
_ Consequently 7 sy 
etdion] ip At ae ar Ger aergiAysio y 
Gab i Nao $y) 


(29), -Prosuem. To find the nature of the curve 
whose normal bears a constant ratio to the part of the axis 
intercepted between the origin and normal. 


The differential equation of the curve, is . 


IG +5“)- (e4 


which is homogeneous and may be treated'as. the Examples 
given in Pp. 350. : or more simply, by resolving the 


pds 


ya cs : 
equation with respect to 2 and multiplying the result by 
“A # 


uy : ; 
Fay When it becomes integrable per’ ses 
és ; ‘ 
- +¢ex —- ?) 
SG terms ne 


we thus get 
e* 
~ teary toa 
/ G y 


366 


or making ¢ = C+s, 
y+ (a —c)=ec, 
which is the equation to a circle. 
The particular solution deduced from this, by considering 
¢ as variable, is 


2 


Rea? ae Sipe fe = O, 

= 4 
the equation of a parabplas which obviously resolves the 
problem. 


The reader will find a most instructive discussion of this 
Example and of the different solutions of it given by Leibnitz 
and John Bernoulli, in the Calcul des Fonctions of Lagrange. 
p. 263, 


On the Integration of Differential Equations of 


the second and higher orders. 


i, Equations, in which if we make 


cs =p and Dy a= = 4, we findg a Ao of p. 
(1). Let ad*y =dudy; or q=t; 


dim cf ML La © = 6+a log p: 
a P 


Jj ote ulna ye 2 Np 
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Consequently, by eliminating p, we find © 


x=ae-+a log (4). 


Euler. Calc. Integ. Tom. TH. Art. 725. 
(2). Let @y=du Vda +dy’) or qa (1 +7’): 
x=c log MB Es ama ‘ 
cf 


(d x? + dy) _ 


). Let year ry Pik a 


ap. psi a | 
oo HS Om sy = +—_—_ 
) Avepy JC + py’ 
and (x ~c +(y—c¥a@ 
Euler. Jb. Art. 726, , 


(4). Let aoe =, where ds = iar | 


is constant ; 


- @s=O0=d* x /(1 +p’) + ears therefore 


Be bs _ padrdp. 


and the equation becomes 
l ¥. p* ? q 


2 2 A 
ais Ja aed ape eerily 


| TP ap. 
ap 1+ VQ oe 
tos¢- Stor rep ta '8} 
oe eee ED 
a A BS), 


Euler. Jb. Art. 728, 
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dsdy 
d* x 


(5). Let —a‘tan + sd where ds=y (dr? + dy?) 
\ a WH / 
is constant, Consequently, as ‘in the last Example, we get 


dx= AG? 180 FP ono 


ql 1 ey 
VEN a ee 
oe Cee Ee eee ee ee 
VASE +P)e a +p? 
, a Lge a 
=¢-+ —_——..,, tan => 
: Vl + pF (Ay f VU + BP) 


This is the solution of the following problem: ‘ To find 
the curve, whose radius of curvature is proportional to the 
angle, which its tangent makes with the axis of the abscissx.” 
Euler. Jd. Art. 729, 


II. Differential equations of higher orders, where. the 
highest differential coefficient is a function of the one next 
inferior to it. | ai. 


(6). Let adtyd'y = da fide + ay’, 
2 be 
or a qdg= dx / (1 + 9°), where g = 43 : 


 LCoet+ta/(1l +9"), 


=F VA +9) — Slog {gt V+ 9} +2, 


a*¢ 


and y a oa — J(1 + 9°) log §¢+ /(1 +9") } 


“4 bad ft Wass 


ae 
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The elimination of ¢ from these expressions, will give the 
primitive relation between x and y. 


ss ad y of = EY 
(7). Let Beg ag or ifs - 


.« —@logr+c. 
A aig - m wt 
yan t Gog) +ac’ logr +c”, 


(8). Let ty = ada*y(@y dx); 
Li 2 


a 


Pia 
+e; 


Lr an 
y= eH eet on 
7 uP git BY au ap es 


ili. Where g is a function of x. 


? 


(10). Let d?y Me AG 
zx 


os As RAK p=alogrt+e, 
x 

and y=arlogr-at+ertc! 

=axrlogau+er+ oY. 


Euler. Jb. Art. 739. 


| ds° d* es 
(11). Let - ee = PAE where 


ds = fd x? +dy’), is constant. 


Consequently ds@s=duxrd'u+dydy=0; 
3A : 
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and since d?v = sb cdl ig Ex. 4. p. 867. we have 
1+ p* 
lay Ose de a oe AE 
dpi (1 gr a ores a i Oe a 
b. 2 
P spastic ict 6 


— pb» 2 ; 
y = cos torte 


Euler, 2. Art. 740. 


(12.) Prosiem. A body T moves uniformly along a — 
straight line BC, whilst another body M moves uniformly 
in pursuit of it: to find the nature of the curve described 
by M. Fig. 122. 3 

Let BP=x2, PM=y, AM=s; then we have 
es — x = es, where e expresses the ratio of the velocities 

4 e' e 
of the bodies: differentiating this equation, considering dy 
as constant, we find : 


eee ies Ae 
Saetrdyy  y 


= REE, where pas: 
J 


(1 +p") 
pt vatr)= (2); 


yet? ce 


ie: 2(e + Woe oe Dye 


This is one of the simplest cases of the problem for de 
termining curves of pursuit. See Bouguer and Maupertuis 
Mémoires de? Acad, des Sciences. 1735. Simpson’s Fluxions. 
vol, II, p. 516. 
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IV. Where g is a function of y 


(13). Let a @y = ydx; 


dyd*y obs » and 
a 

dy _ US Be. 

duitanghe | eo 


dit = ae eG log EAA 
VG +6) ae ee « 


, > 
or expressing y in terms of x, we find 


y= Ce 4 Ce & 
Euler, Jo. Art. 745. 


(14). Let @ @ytydaz’?=0. 


roa sin— 14 +C, 


or y.— G sin Macro Ses. 
a a 
Euler, Jb. Art. 746. 
(15), Let .dty Say) ="d 2. 


dy _ Avy teva) 


“de Wa : 
and Esl = 2 (J/y—2 6) 6/9 + whe) + C! 
i/a 3 5) 


where c=c/a. Euler, J. Art. 748, 
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VI. Where a differential coefficient of y is a function 
of one whose order is inferior by two unities. 


avd? y Cy. a’ dg 
ae axe * dig?” d x? 


as dg@q 5 oD aad oe =f 4¢ =f as 
d x a? ax a ace 


consequently x =f sets 5=4 log Sat vig ah 2% 


d tt 
7 a= Sqdt =av (gto +5 


and y=fQd«e=a'qtac" log {q+ V/(g*+c)} 


me Cin Ge “4 45 CO mst Gee 


VII. Where the equation involves «, p and q only. 


(17). Ler Ct dey X= ~; 
Lap Sida? Qedte 
Ch pe eet a 
V+ac (a? + ac) 


C60 ee SS d So a a ee 
Vap) (wae AA e 4/0 — Ge were 


tt (a*+ac)dx . - 
and y¥ oh; CRRA ae anich is the general 

| equation of the elastic curve. See Mr. Whewell’s Mecha- 
nicsy Vol. I, p. 210. Euler, 1b. p..757. . 


dis). Lee @@tayy _ x 
dx a 


y= ft (cv—a) dx 

oat Qacr a? 
Tick 7? § a pus } 
Va = Ay yf § ary T8E8 oe 


= GY [2° @r— ay} 


l—<? c 
lo lpeteeaia +/ {x’-—(cx—a)y} tee. 


a 
(l—<) 
. (19). Let da(da+tdy)tudyPy=ady/dx+dy), 


or 


« 


da(i+p’) + ¢tpdp=adp Yi +p’) 
which is integrable when divided - by ./(1 +p’). 


Therefore 
Dis Gp rh Oat ey Sep ie, be, Vas Mee, 
PEPYS ealchp Sake c 


e+ f(a’?t+ — w*) 


= VF HEH) oe Glog BE 
Euler, 4. Art. 759. 

(20), Let &@yYf(a'+ a) +atdedy=x dx, 

or ad p Sa? + B)+epde =x dz, 


Gp de ON oa dy 


d ; 
TBR ear ie a) Ka + 2) 


a linear equation of the first order. 


Consequently 


2 2 a i/ 2 =) 
ee AC 


9) 


1 


Z 2 3 
and y= — =~ a —- Wx + = (+H)? — 2 eR" 
oe 7 3 g | ) 


3° 
ea NOEL) # BSB 
Euler. fb. Art. 761. 


(21). Let (dy +a° dx) @y=naxdavdy, 
or@’p+r)dp=nprdz, 


a homogeneous equation of the first order, with respect te 
«and p. 


Therefore, if x=pu, we find 


IL 
P=eope@4+(l—-n)w ,2a—7, 


% 


Loepu=cusa+(l—a)v } 21 —n) 
yopur—Sfrdp 
= cu fa+—n) wu? } i-n_ 


Qn—1 


n fu du § a*+(1—n) u? } 2(1—n), 
If n=1, we find 


end 77 / (2 log ), y=ap* log (2 log? ) 
—afpdp /( log?) 


Euler. J6. Art. 762: 


(22). Letadrdyt+udad yanxdy /dut+a'd*y’), 
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orapdx+edp=urpY(dat+a? dp, 


which is homogeneous with respect to x and P3 


d oy ox %a,% 44,4 
se ges een ee A ra 
d x ne ae us 
dx .du 
we  g—u 
= nN a*uwe— | 


ee ?  , 
Rute Uu— Wau +2 fl —n* a? + at uy 
If 7=,/2, we have 


dx _du(~V/2) , adu(3—2 v2) 


HX Uu 


Euler. Jb. Art. 764. 


l—au 


(23). Let dawdy—x ds*@Py=aduds J (@ 2° +d? y), 


where ds=4/(d «7 +dy’), is constant. 


Since a’s=0, we have 


Bin ap PLS d*y gas ; 

1+p*. L+p? 
and the equation becomes | 
p-xg=aq,; 


which comes under Clairaut’s formula, p. 357. 


lf gd g=40, or = : » we have 
Cc 


ee ese and 2 Snead ts, 4 
P ak: y Oc 
If x= —a, we have p=0, and y=c’, which isa particular 


integral arising from making c=. Euler. Jb, Art. 767, 
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bdatds* dy 


24).° Det dix dy- dr ay = ——_—______=— 
( ) e x JY yi S ¥ J (da® + a* dst d2y%)’ 


where ds=./(da* + dy’), is constant. 


In the same manner as in the last Example, we find 


p-at = SS ee —t 
J (i+a" 9") 
1 b 
Consequently I= 5. P= - Tp ay? 
2 
Shdal eae ee ee | 


Qe Seta) 
is the general solution. 


The elimination of g from the equations 


bf a b 
i _ Bg Uta" 9g) pk as 
ce ~2(1+a’ gq 8 (1 + a? q’)?? 
Y pe Q f2z- 
+ red he tan—'aq+e, 


16 (1 + a2q?) | 16a 


will furnish a particular solution of the equation. Euler. 1. — 
Art. 768. 


VII. When the equation is between y, p and gq. 


(25). Letabdy da J/(y*da* + ady’), 


abpdp 
io. eubaee 


or dbgaV(y¥ +a" p*) = 
dy 


an equation which is homogeneous with respect to ¥ and p. 
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Consequently, if y=pu, we get 


dy abdu 


2 
— 


y = abu—u* f(a + u?)’ 
and by making Aa + u*)=s5 u, and : = e, we find 


ge meas tM 1) PE 
{sme — YH) pet very 


andda = ~— - asds 


(s*—2es — 1) /(s*— 1) ¢ 


Euler. Jb. Art. 780. 


(26). Lora combed? wiyhd a), toy doliedis ny, or 
2dydupty da — ydydu : 


Cp+ty — qy 
dy (p+y yi = Qnp ydy + nydy —nypdp, 
which is homogeneous with respect to p and y. 


Therefore 


dy _ nudu 

y (WHI) fa—Vw+h) 

Pb ndu 

WHI) fn (wt $1) E- 
Euler. J6. Art. 781. 


(27). Let SNE I 
2p + yy - Gy 


Let p?+y’=2*; then we have pdp --ydy 
3B 
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adz. 
=qdytydy = ZA ky and g -+y = | ‘ag. 


-, the equation reduced becomes 


2dymQazdy —aydz. 


Consequently, 
pie igcley (ctu) du sig tie 
2 = Lp te eS yay. 
y Qa—z° a Qu / {4au—(c uy}? Rd 


Euler, Jb. Art. 785. 


(28). Let dy (ydy+ad2)=dydwtdy"), 
or dp (py+a)=dy (i +p); 


pudp _ 24? . py 94, p, 329. 


y sapte/itps 
r=alog pt+c log {p+ V(+P") } +c. 
Euler. 2b. Art. 788. 


(29). Letdyy—yd@*y =n J(da dy? +a'd*y’) 


or making g = pee = pu, and therefore dp=udy, 
y : 


p-uyaaf(l+au’), 
which comes under Clairaut’s formula. 
If du=0, we have u=c, Phy +n /(1 +a’ c*), 
andcv=log { cy+m /(1+a*c’) Pact. 


nau 


ify = — » we have 
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n 
Pe VGEP ae): Vm=ec—atan—'au, 
and £ 


~ =sin—? 4 »a particular solution. 
na 
Euler. Jb. Art. 789. 

VIII. Differential equations which become homogeneous, 
by considering the dimension of x or y as 1, of pas 0, ne of 
gas — 1, 

(30). Let 2*d*y = xd «dy+3y dz’, or 
mg =arpt+3y. 


Make y = ua, g= 


AAS 


dx 
Consequently — =—£ =—-£_ ~ —— 
Bevo 


or (p+ 3u)du=pdp—udp, 
which is homogeneous with respect to u and p. 
Therefore 
P=4utYCr4hu’), 


As dx ly, Q2U+ J (c+4u?) 
8 cal het aE fee ee 


log Pe} » putting 4c for c; 


gt a btetd ) _¥+ Vox +9") 
7 ‘ial C'x ; 


1 
2 


: c 
or y= Cx — -, 
v 


Euler, Jb, Art. 802, 
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(Sl). Let ~— 4 ae L= fm xi dy + ny*d x). 
Making the same substitutions as before, we find 
du /(mp*?+nu?)=(p—u) dp; and making p=us, we get 
du _ (s—l) ds 
u (ms + n—s+s° 
dx Pu Reh ds 


and —- — 


v G—lhu JS(ms?+ny—sotts 


Euler. Jb. Art. 803. 
(32). Let nad*y = (yd« —ady)’. 
Make y = wax, andy = =» which gives 


ndp=(p—u)du, orif p-uss, 


nds 
du — = 0: consequently 
sn 
aN es : Sia) \ 
a » Y=n x log {( —— 
Es c 
be ee 
= nx log 


c (1—cx). 
Euler. J. Art. 804. 


(33). Let (dx+tdypjtandxr dy J (a+). 
Making y = ua, andg =~, we get 
_ 


(l+p?)du=n (p—u)dpYf(1 +1’). 


In order to integrate this equation, make p = tan 4, 
u=tan 9: this gives 
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dd~dg ” dw : 
@ Of at ew Lae AG Wi L=§—@-: 
I—n sin (9—)” 1—n sin asa See 


dx du — docosé 


and eae - 
~~ i .P-uU ° Gos ¢ sin v 


_ 29 (cos ¢ cos YW — sing sin) _dpcosy  dgsing 


cos # sin vy : sin v- COS @ 


\ 


4 : wh ky 
« "9 sata diss since dg — ™Sin wv dy. 


1—n sin ~ COS @ 1—n sin y’ 
segroerits £508 @ ca Le sintg 


~ l=asiny’ lash Aeina al ¢ 
f 

and dye fee 

1—n sin v 


‘Euler. Jd. Art. 806. 


VIII. Differential equations which become homogeneous 
by considering y, p and g as of n, n—1, andn—2 dimensions 
respectively. 


(34). Let 27d? y= aydw@+budxdy. 


. s 5 e Zz 
This equation becomes homogeneous, by making p= -, 
| . 


fe 


fas » ” being equal to O; consequently v=a y + bt; 


aes 
butdp=qdx, orxdt—tde =vdv; 


ax dt tdx 


oe —— = — , arnddya=pdr — 
2h v+tt? bes ISR \ why f 
dev dy t y ay 
Sh Yo. a eee 


or ¢dt=(ut+t)dy= fay+(o+ltidy, 


which is homogeneous and of the first order. 
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i 


Consequently 
nh ie EEN 
aa ist pS. 


where a=fg, and b+1=g—/. 
Euler. Jb. Art. 817. 


(35). Let atd?y=edudyt+2rydrdy—4y' dr’, 
forat?g =P pt+2ryp — 44°. 
Make y= 2°u, p =t2, g =, and therefore 
y=t+Q2ut—Aau’. 
Also dy=a? du+2Quxdxr=pdux=tudz, 
dx du 


and ..— = 
HH t— 24 


Alsodp=qdc=vdz, 


or cdt+tdx=vda. 


id ee ae Oe dt 
a Tgp atin e@ut—aoe? 
ee 
; du dt 


‘po ewe eur 4ur 
or 2udu(t—2u) =dt(¢ — 2u), 
wr, 
Let 2udu=dt, and «.f=u'+c3 


Se ae 


pp How — Qube 


lf cm 1, x? =(2°—y) log = / 


Wiceice smal ety tt 
) A (e—1) a 4+y. 


If ¢ = 148, oe. = tan} elog © ie 
ex c 


If ¢—-2u=0, os xi cand. he = Os 
L at—-Qu 


*.&@ = cy and y = ca’: 


this is a particular solution. Apaaer. lb. Art. 820. 


IX. Equations in which y and its eterna amount 
to the same dimension in every term. 


dxdy 
36). Letayd*ytody? = ¥o?eY , 
(36) yary y" (e+e): 


Make y = «/*“=: and the equation becomes 


dutwdr See EA, _ pee 
a fe? +27) a 


by making wu = : , this becomes 


7 ae h 
d : =i = 
f+ AMAL) a - ) da, 


a linear equation of the first order, whose integral is 


‘ye lien ease pape 


I 


ee a 


CY tea 


l—@ 


Euler. 5. Art. 828. 
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(37). Let xyd*y =ydxdytudy + oa 


Make y = «/““*, and the equation becomes 


: ane 7 
Dye eee ow d ey buds. : 
x SJ(a*—2") 
vwdu—-uda bada 
; u Ja — 2x") 


rdu 


av * 2 
c 4 h Ja? cy a) 3 fu x of oo b a — 12°) 


me Re) c erat bie i 

= b - BR log NS Teh MITT = log Ye 
Euler. 2b. Art. 830. 

X. When the equations are linear with respect to one 
of the variables and its differentials. 

(38). Let @®y+Adydx+ Bdx* = 0, where A and B 
are constant. 

Make y = e/“**, from whence we get 


dutwdrt+Audxr+Bdr=0. 


* 
Consequently 
rrerit ate ak 
w+Aut+b 


(1). Let u2+Au+ B=(u—a) (u—b); then 


if == a, we Wage — ic e**: 


ey 


if == 6, “we have y= 'c ¢°%,; 


— 


and the complete integral is 


1 Beale ok 3 Ag US os ee 


3835 
(2). Ifa = 6, then we have 
y = 6** (0+ x). 
(3). Ias=a+8\f(—2), and b=a—f ./(—1), we have 
y = et" § cet V6) bide hey Co) } 
= e*”* (c cogs Bate’ sin Bx, 
where C=c+c', and C’= (c—’) /(—1) 
Euler. Jb. Art. 775. 
(39). Let dy 45 dydet+4yda2°=0, 
| ey So es cee <7) 
(40), Let iy—adydxex+13 yd2°=0, 
| Y=" }ccos 3x’ sin 3a} 
= C6" sin (3 2#+C'); 
making c=C sin C’, and c’'=C cos C’. 
(41). Let dy — 10dydz + %Syda =o, 


y= ecto a). 


(42). Let d?y + Saree au ee 0 


Make Kina dt; then we have 
© 


dx? xd awadtz’ 


336. . 


Substituting these expressions, we find 


dy dy 
com th) cae By=0 
dt (4 eye SAB 


the integral of which is given in Ex. 38. Euler, Jd, Art. 847. 


Adydx , Bydx _ 


(43). Let ay Me aber athe 


ax 
Su Make ee: = dt, and therefore 
dye 01d) eau pene ner 


— 


de (atbadt? dx (atbayde® @+baydt? 
and the equation becomes 


a? 
aa + (AR yd “+ By =0. (Ex, 38). 


aoe 


(44). Let dy — + Ax"*dydx + Ba*yda* =.0; 


Make a*dx =dt, and the equation becomes 


ee 


de +iBy = O03 oe (Ex.S8)) 


Euler, Jb. Art. 850. 


(45). Le 


.y=c sinx +c cos¢. 


Woodhouse. Physical Astronomy, p. 23. 


4 


a’ 
(46). Let 


dx? 


+y = X, where X is a function of «. 
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yy Sesing +c’ cosa +-sina f/f Xcosxda 


— coswf X sin x dx. 
Woodhouse. Jb. p. 97. 


dy 
(47). Let — + y+ 4 cos max=0. 


Acosmx Acosxr 
m—l  m—)1" 


Woodhouse, Id. p. 99. ‘ 


y=csine+ccosx+ 


d? , 
(48). Let Ta ty t+ 4cos « = 0. 


, ; A x 
Rie PEC ORs ova Nae rie a a 


Woodhouse, Jd. p. 107. 


(49). Let oy +y+/A4 cos mx+Bcosnx«—0. 


* ye sin x +c! cos a+ Acosmx  Bcecosnxr 
m— | fay | 


my mate ~~) cos ons 
m —1 ae — | 


Woodhouse, Jb. p. 100. 


(50). Let SY + Ae = +By= 


_ @@Fet feVXdux } edt fe-*X dx} 
Y= FSO FOP 
a—b b—a 


where a and 4 are roots of the equation 


Ut A a Bi, 0; 
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(51). Let £4 4 SOY + By= =n (n—1)2*—* 
+nAxvr—' - Bo". 


e@* § eee (bax —n a } 


Y= 
a—b 
et § oe (a x"—nx"—") } 
ho al ence at ae ee a 
b—a 
ioe Geen nee ce ihe 
a—b a-—6b 


— Ce + C’ ec 4 2", 
Euler, (. Art. 859. 


ay Bisel CS AL 


(52). Let — Tis tae 


The roots of the equation u?+2u+2=0, are—1+4/(— 1), 
and —1—./(—1): consequently 7 
y =e—*cosr{ce—fe'rxdyx cos x} 
a emtsina {c+ feada sina} 


6 i ~ 
= em (C08 ae {c— = (sin r — 7 cos # + cos x) } 


+ —*sin x {~~ (e cose + @ sin x — sin 2) } 
he J 
= e—*(ccosx+e sin’) + 3 (#—1). 
(5a). tee ee eee + 13 y¥ = Acos mu. 
Us a 


The roots of the equation v’— 6u + 13 =O 
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are 3-+2 /(—1) and 3—2 ./(—1); therefore 


y = (ce cos 2x +c’ sin 2 a) 


4 A i(m + 5) sin (m +2) x4 (m — 1) COs (mm + 2)x} 
At m>-+4m + 13. 


4 in — 5)sin(m — 2) x — (m+ 1) cos (m — Qo} 
ee m—4m+ 13 


(54). Let ag —_ is dy 4 Sy 2”. 


The roots of the equation uv? ~4u44 = O, are 2 and 2. 
. ¥ = ef a Pere a d.s¢ Pf eae? dx} 


a 4 
=e (+¢a) +o 4 53 93 TF. 


(55). 


Py , dy by 1 
d x? 


Cap eae ase T 


A particular integral of the equation 


d’v dv Vv 


ax Wdxr (x 


e 3 1 
Is y = -: consequently 
x 


asia rr dx 
va dx {sl euXdx} 
== —_— = +e) fey) log = ns ——} 
(56). bet 22 SY ye 


dx’ rae (aay gy 


- A particular integral of the equation 
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ay So isis 
d x? C14— at yo 


9 


° ye 
is 7 = ———_—___: therefore 


Va 3) 
dx Qedx 
wef tt sazie 

i ee (4 5 vt vn 


Me Cetra a {er — Aiea 
a—2*)* 
(57). Let @yl—ax)=brdrdy. 


Make dy=pdwa. See Ex. 17. p. 372.: we thus get 


1) 
p=e( — aa’), and yar fda (1 —aa*) Fe, 
Euler, Cale. Integ. Tom. IV. p. 534. 
(58), Let d*y(1—aa’) — axdxdy—cydx’=0. 
Multiply by dy and integrate : we thus get 
dy (1—ax*)—cy'dx* = Cdza’*; or 


dx dy 


Se es othe integral onwaicas: 
TG aes ATOR oy? e integral of which is 


Y 
2yy=C fart Vtea%)\4 


—© fara vGters ya G 


where a?=— a, and y= C. 


There are many cases In which it is possible to transform 
the equation 
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dy l—aa*)-bedady—cydx=0, 
so that it may coincide with one of the two preceding ex- 


i dv : 
amples : thus, if we assume y = Tee the equation becomes 


@v (1—aa’)—badad'v—cdadv=0; 


and by integrating every term and collecting the results, we 
find 7, 


#v(1—a 2*)—(b—2 audadvu—(c—b42 ajud «*—0, 


an equation in every respect similar to the original and ad- 
_ mitting of integration in the same cases. 


Thus if ¢-—b+2a=0, or if b= 3a, the equation 

admits of integration. | 
: dv' : 
By making v = oe and repeating the same process, we 
ms 
find 
Bo (1—-ax)—(b—-4a)ededu'+(c-2b4+6 a)vdx=0; 
which admits of integration, when 5 — 4a = a, or when 
¢—%26+6a=0. 


_ By continuing this process, we should find that the equa- 
tion admits of integration, whenever ) = 2ia +a, or when 
e=1b—1(z+.1)a, 2 being a positive whole number. 


Another transformation of this equation may be effected, 
by supposing y = {zd x, which gives us 


dz (1-ax’) — bazda—cdrfzdx=0, 
which becomes, by differentiation, 
d*z(1—aa?) — (642 a)vxda— (c+b) 2da*=0; 


which admits of integration, when 4 + 2a=a or when 
¢-+6=0: a repetition of this process will shew, that the 
integration may be effected, whenever 
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b=—2ia+a or when c= +7b—1(2—1) a. 
Euler, Jd, p, 534. 
(59). Let OU +A Ag+ Bo + Cy=0. 
If a, a’, a" be the roots of the equation 
PEAY Rat CAO. 
then we haye 
Tat) ae oa eae OT AL rte 
If a -~atBy(—1) and a’ = 2 —BY(—1), then 
ymee® + CicosBr+C’sin Bez. | 
If a = a’ — a", then we have | 
yrme"(C+Ca+ Ca’) 
Euler, Calc, Integ. Tom. IT. Art. 1117. 


| , 
(60) Let yo See ee ee 


ae G42 dat ds 


The roots of the equation 
1-Q2ut?2 w~—-2 #+u'=0 


are 1, J,,4/(—1), —V(--1): therefore 
y =e (e+e x) +c" cos r+c™ sin x. 
Euler, fo. Art. 1131. 


(61), Let a? d* y + (a + py Ed 4 7 ? ae 


y = ¢ cosaate’ sin ax+tc’ cos bx+c” sin bax. 


Euler, £6. Art, 1132. 
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( 

| 2a?dy - dty 
60). Let 4 —_—_—— —U., 
(60) et at y+ fas Wen 0 


y= (¢+e'x) cos ar+(C +.C'z) sin aw. 
Euler, Jb. Art. 1132, 
dty 


(61). Let aty — Pe 0. 


ysee™+e'e—*4C cos (a x+C’, 
Euler, Jb. Art. 1136. 


db 
(62).- Let-a y — —! = 
dx 
| a iecoh 6 ea —_ i Dae 
yoceV+e ge cos avsin = +e%sin ax sin =" 


4 4 4a 
eet OMeT cos ax sin —— + C” sin ax sin rs 
= ce + 6, 87% cos (a x sin 72° + ¢) 


+ C, e053 cos (a. @ sin 360-4 Gs» 
Euler. Jb. Art. 1136. 


(63). Let a&y + foe = (sy 


azv¥ 3 


f Sepa 
Of Fieri sa COS (5¢2 +6) 


‘ee, COS (ax + 2’,) 


l / 
+e eFc0s(5ar+c,), 
Euler, . Art. 1136. ; 


Bay Cy 


ey Ad’y 
ieee dx rs (a+b.x) dat (atbrydx ti (a+b2) 


3D 


a= (0). 
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dx 
Make - = dt, and the equation becomes 
hi hy ‘ 


d# 
the solution of which is given above. Ex. 57. p. 392. 


: dy “dB ile 
(65). Let —+~ — 19——+ 30y = 2’ cos Fr. 
( } dx 9 ax J 
The roots of the equation u?— 19 u+30=0, are 2, 3 and 
—5: therefore 


im ee cer 4 c tf cle 


! 6 
res ee “oe 
Die fil 
me Se cos ®— sin 2) cag hoa 
] 
a eeeemare ae ae 
7usx26 Ne sa 


7 “3 (cos x+Q2 sin x) (« ok s) 


6 : 
+ say ost +8 sin 7) (« +39 
8x] 
——_—— (cos «— 5 sin («- ye 
TXB x Soe A) 
the integrations being performed ie means of the formula, 
fe—% X cos mardx =— iS <—— $ (@ cos ma 
a . X am PX 


~—~msinm«r)( X + —— se ee ee 
ce ( a +m ‘dar apemiy ax 


a(e—3m). 2X ) 
Teoh Wee ee 


m 

7 _ (m cos m 
a+ m 

Oa da? xX 
oe m di? 


3.a’°—m 
+E my +m) a : + we.) f. 


+ asin m 2) (3 ao 
ax 
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} dty 8dy | Wd*y WWdy 
66). Ler oY 23 Py 
ues Spipeea. UMP Nick iamrerecwer rey 


+ 12y=2. 


The roots of the equation w+ —8 wu + 23 uw? —28 u+12=0, 
are 2,2, 1,3: therefore 


e2" f wv fe-*udu—fe—* ad x i 


We @—1) @—3) 
e fe—*udx epee Eke ee 
(1—2(1—3) © Sh ae 
— ¢2? CY <3" ern ws 
€ ati aS fed € ters ten 
pa ay Bape ied 


The roots of the equation u!—54u? — 216u — 240 = 0, 
are — 3, — 3, — 3, and 9: consequently, pages a=—3, 
we have : 


e— 3 f ee ae Pda fog ds : 


Ae 2 (a—9) 
a(—) 
da 


+e—* far fOrdr—fe* Dae: 


’ 


Gn ie ) a 
— 3r 32 d 9x oF . d : 
€ (fe xd x) a—J e” fe rax 


Q d a i (9—ay.? 
1 a. 1 
aber tt a— 9) ste d (Sle es Q 
and since ran Garec Thats an de Turon 


we have 
64 2x 512 


eer Ce RAB ie yey Cee me a 
4 ( f 123 x 9 122 5eGF 


a 


ae 
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oa ay 4'Y _ a0 4+ 261y=e, 
(68).. Let <4 — 10 54 + 62. 7 ~ 21077 + 26ly = 


The roots of the équation 
ut’—10 w+ 62 W—21044+261= 0 
are 2+5 «/(—1), 2—5 /(— 1); 3; 3, or of the form 
at BY—-1), a—B /(—)) 4 and a: therefore 


ca ufe—"* Xdr—fe—**Xadx } 


oar (@@—ap +h 


_ 2 (a—a) tt fe—4* Xda 
; (a—a) +)? } 2 


4 (a—ay prt ((a—a)?—f? |? fee 


et { 2 (a—a) B?c08 8 x [fh —(a—ay] B sin Bx} fe—“*Xdxcosk 


“ § 2 (a—a) Asin B x + [f?—(a—a)] cos Ba fee vee 


4 (a—a) 4+ {(a—a) — PB? |? 2? 
Ee +e'2) 3 .(C cos §a+C’ sin 5 a) «* 


€ 
‘104° 


A Nos 


Ta). 
ax Tae: ry 


(69). Let 6y—62 dy +32 
dz 


dx ' 
Make a dt, and the equation becomes 


eo ped ee 


—6y=é: 
dt df dt : 


consequently 


efie See a t 4 
fs Fuh Ss Ee dati ie es eel ad 
Q 


397 : 
if se 


Se 


t ° 
cep cle pc 4 < x a 


= Cart tec’ e+ log ¢/. 


i d”y 
(70). Let —~. par a" y=X, where n is an odd number. 
y © ne root of u*+a”=0, is—a, and the rest are included 
in the quadratic formula, 


w—2Zau cos 6+ a°=0, 
where 0 = (2i+1) = » admits of every giferent value which 


can arise from integral values of 2. 


If P=u"+a", we have Het = nu"—"', which becomes, 
| ae # 

when w=acos@+a,/( — 1) sin 8, 
_ =na"—*\cos(n— 1)6£4/(— Dsina—1)9}=4A+ BY—1): 
consequently 


Sipe es 


y= —fe"Xdu 


ed { 2 Acos(axsin6)+2 Bsin(arsin6) eins degyea sin 8) 

Ai + B 

a {2A sin(axsin@)—2Bcos(arsiné) } fe **©S? ¥dysin(aasin8) 
A? + Bb 


and since 4d =na"—' cos (7—1) @6=—na*—' cos v, 


* 39S 
B=na"—' sin (n—1) 06=na"—' sin 6, and 


424+ B = na” —?, we find 


fer Xdr 


na 


o>) eax cos 8 as 
{ cos (@+awsin 0) fe “7% ° Xdx cos Gx sin 8) 


mad 
uM— 


na 


+ sin (6 + av sin ay se 778? Xd x sin (axsin@ } —Kee: 


n+l 


the number of terms, including the first, being 
Euler. Calc. Integ. Tom. II. p. 1189. 


C710) eet cH — a" y=X, where n is an odd number. 
In this case 


ar 


y= Cpa ae 
y resi f 

CM paiiiee io | : —ax cos 9 : 
——-__ { cos(8+axsin 0) fe X dx cos (ax sin@) 


nN a” 


+sin (0 + ar sin 8) fies Con ea eed sin (aw sin 0)+ &e. } 


o3 s ; 
where @ = —— , and the number of terms including the first 
nN , 


is 7 = : . Euler. J. Art. 1192. 


7 fe cosxrdx 


a 


She =— 7 fe—* cos cde + 
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+ ; { sin x /(cos x? dx—cosx.fcosx sin rda } 


] 
eet +7 6 4) -4- ri cos x 


sin ¢ sin 2x cos x cos 27 
C ue (c 822) 
+ OSS (cu 34 Smee) _ core : 


‘ x SiN w 
=c&+oe—*+c, sing +c,cosx+-——. 


dy d? dy d”y 
73 L t X= @eeee eae 
( )» Le Pr raf OC me 


The factors of 


l+utwt+ost+ oi... te 


are included in the formula 


1—2Zucosé+ uw’, 


where 0 = 2". by substituting w = cos 6+ \/( — 1) sin 0, 
n+ 


in gt , and reducing the result by making sin (n+ 1) 0=0, 
u 


cos (n+ 1)0=1, and therefore sin n 0= ~—sin 0, and cos n@ 
=cos 0, we get 


font 


A+ BY -1)=—3 +1) (142 005 8) = 5 (ett) x 


sin@(1—2cos 6) ,, _ aie pep ras 7 Eel 
1—cos 6 AC Naar a ag ~ 2(1 — cos 8) 
consequently 


crm 9 sin = § sin Lg 942 x sin 0) x 
1 Q 2g 


~ 


A400 


Se**9X dx cos (wv sin 6)—cos 5 (8.0 +22 sin 0) X 


fe-78 ¥ dx sin (x sin at — &e., 


Qn 4a 6 7 
n+l? n+i1 he eT) 
as long as it continues less than 7. 


3 Ke.; 


making 6 successively equal to 


If n +1 be an even number, 1 + is a factor of P, and 
we must add —- e—* fe? Xdx to complete the integral. 
n 


Euler. J6. Art. 1194. 


(74). Let X =y + <u + ey + &c. in infinitum. 


where X -~a+batex? +d +eat+ &e. 


Let v= Ac’ cos (# sin 0+ ¢) be an integral of the 
equation | 


where 6 and ¢ are any angles whatever: then we have 
y = (a—b) + (6—-2c)x+(c—3 d) «* + (d—4e) x? + Ke. bv 


= x24 + A e* 8? cos (« sin 9+¢). 
: : 


~ 


Euler. Jb. 1198. 


ady ,n(m—1) dy 


: np @ Ge : 
MOB eg aoe dz 1. 2 d x? 


n(n—1)(n—-2) dy bic Rees 


an 102 BSid ax 


AOL 
In this case, the factors of 
th nu 2D Di + &e. = = a +n) 


are equal to each other : therefore 


— st 


a qa fe deer feXads 
..(n— 


(n—1) (w— 2) 


+ 10 are Pfr X eda 
(2—1) (n— 2) (—3) ee £ . ; 2a 
Behe $i ace ce arto ay Aa dake. ¢. 


If X = «¢—*, the integral becomes, 


a 


Fpl we €E 
1 PODS), GeO BT Oda} 


Euler. J. Art. 1200. 
(76). Gle6 By ee Bd ey 
c a 


n (n—1) (n—2) d? y 
1 1QisByiaico air? 


pte a” ~(a—x)” 
3) a” u ‘ 


_ whose factors are contained in the formula 
bd 


a”*—2a(a—u) cos 2 6+(a—u)’, 


s 


where 20 = —"": the integral is 
n 


_ 4° sin 6 


62 a7 (sin 9)” 
vt 


A02 
{ sin (3@—aa sin 20) fe— 247" Xdu cos (au sin 20) 


+cos(30—axsin26) fe—277 O° X dx sin (ax sin 26) } +&e. 


So) 


putting for 6 the values mS etl -—", &c. as long as they 
Ld 7 % 


A \ Gor 
continue less than zy 


aad 


If x be an even number, we must add the integraf 
_ 2g: ef tt feet dr 
n 
If n = ow, and a = 2, the equation becomes 


dy dy dey 


‘ap ARR URE ay RAIN SAE) ATE Pe SEE eee 
UT.Te. de" 11e.8.day bebe 6. ae 


+&c.3 
and its integral, when 6 = is indefinitely small, and there- 
1 
fore ax sin 29=Q2ir3@, 18 
y = 4inr§ cos(Qirz)fXd-x sin (2ia2) 
— sin (Qirx)fXd-x cos (Qirax)} + &e. 


omitting those parts of the expression which are indefinitely 
small, and putting 1, 2, 3, &c. successively for z. Euler. Jb. 
Art. 1206, 1209. 


(77). ict X ahaa ee ae 
Le a as 


n (n—1) (n—2) (n—3) di 
Hy ie A ae) te 
1p QniSMAs oat = 8 Gear” 


pa Gtutasu 
Za" v 


e 
9 © 
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nu—— 2 
and y= ee raters { sin (a tan 0) { Xd cos (a2 tan 6) 
— cos (ax tan 0) f/Xdv sin (ax tan 0} —&e 
d cat 27, &c. as 
Qn 2 


= 


writing successively for @ the arcs a 
alternately 


long as they continue less than 5 ; the terms bein 


+ and Sas a 
=, and a=en, the equation becomes 


If x 
avy + &e. 


dy 
A= rc 
ut. Goede + Pees ae 


Since 9 is in this case indefinitely small, we have cos 6= 1, 
and tan =0: consequently 


la sin pfxd« cos ¢—Ccos PfXxde sin p 


ae 


— sin3o/Xdzxcos3p+cos 39 /X dx sin 3 ¢ 
+sni¢/Xdvu cos 3¢—cos 3ofXdxcos5¢ 


— Xe, in infinitum. 
TEL 
where p res Ton a2 


ad 


If e = b /(—1), we have 
ye: dy dty 
ne a each ac iggnsnaude <<? 


and the integral gives 


Jae Vel Xda~t fe +Xdx 
me ob feet Xdx+O% e734 X dat &c. in infinitum, 
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=> 


where v=. — *. Euler. J. Arts. 1211, 1214: 


oO 


~~ 


XI. On the integration of equations of the second and 
higher orders, which satisfy the criteria of integrability. 


If ‘« be the complete differential of w', and if we put 2,, 
Bey Kyy KC is Yayrfys Kes for da, Bax, Bar, Kes dys. drys 
@ y, &c. we shall find 


du du du du 
phils spunea 7 «Coe ac Ape sedi BSP OY ¢ © lL}: 
dx “ages dias d at f Cs 
du du du du 
me Dee hdd? eo a ee 0 oa 
dy Sag EET Mat iukmiictaiayen ie 


the number of equations being equal to the number of vari- 
ables in w. 


If w result from ¢wo successive differentiations of 1’, whose 
order is therefore inferior by two, we shall likewise find 


du d u du du 


De Ste) ONE RES CYST etn Ay We Peale 220; 3), 
‘Un. Caeaey ae Tees 8) 
du du du due | 

Se nee ODN AR at S =o gM. & i= ® e 
dy, dY, : dx, ; dy, ’ ° s 


If uw result from three successive differentiations of u', we 
shall find, in addition to equations (1), (2), (3), (4)s 


du du ng LU du 

RANTS AI 5 Hs fut Oe rae are sas .=0. : 
d x, i. u dx, dx, Lae KP) 
du ig gt + 6 ett 2 on oe. +&c.=0. (6), 
aY, ay, dy, dy, 
and so on. 


These equations, which are deno 


yminated equations of con= 
dition, were discovered by Euler. ma 
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(78). Let u=ad*y—yd* wv; 


Ws; du i) au 
re Yay dx, dia. pa? 
ar 4 == gy x 
| TORCCA ie RTE rina: Rate 
Consequently 
du d u du 
——d—_ 4 @ —=y,-d y= 
d or a 5 ha 
du du du 
— dyes Py eg BENE AR. 2t= 
7 ian ia r,+d* x=0 


‘The function « is therefore a complete differential, 


and w=xdy—yd x. 


(79). Let ua dyt(a+2)x dydx+(ay+2x)da?* 
+(a vy +x?) d? x. 
ve 7 =2ay, + (+2)y, 0,42 07+ (ay 422) 2, 
as a (a + 2) (ady, +ydx)+2(ay+2x)dx, 
+2a,(ady +2dxzr) 


eet — a (vd? y+2 dudy+yd x) +2 rd? r+2 dx": 


2 


= Sax, +a7 a, 
dy 


ae = (4+2) (vwd2x,+2,”) = (2 + 2) (x x +. 2,7) 
pdt 


= 2(@dz,+4) = 2 (x rt, + 7,”). 
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It is readily shewn that, by the substitution of these quan- 
tities, the general equations (1) and (2) are satisfied: and 


u=vVdytauvy dxtat?dxt+C. 
(80). Let w= (ax—2y)dy—-Qdy?+2adydz 
+ ayd* x, 
In this case, we shall find 


du du du 


— —d—++d’—_=0. 
dx The via 0 
du du 

du qet 4 pat =—@Q 
dy dy, d Y, 
dug gt® 20 

dy, dy, 


consequently w results from two differentiations of uv”, which 
=ary—y+C. 


The test furnished by these equations is of universal 
application, but the laborious operations which it usually 
requires, render it expedient to seek for other conditions of 
greater simplicity, at least for those cases which are of most 
frequent occurrence. ‘Thus, if we take the general equation 
of the second order, 


u=Pdx+QdadytRdy+Sdu+T dy, 


sve shall find, from the preceding general equations of condt- 
tion, whenever u=d uv’, that 


ads igs ode jk 
= Ooo R= — d wan) ees ee. oe . 
zi dx’ dy ane ie Fee ae (@) 
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If S=0, or if dx be constant, the equations of condition are 


dF. i wth (Ps eT | 
= panera me) e b). 
ui tntedae tac! 


(81), Let w = (27+ ry) Cy—yMutady 
+(2x-—y)dydz. 
In this case S= —y* and P= sens the other conditions 
(a) are also verified, and 


u=(a°+vydy—yda+C. 


(82). Let uw =2 a yd? x+ aie J 46 ry dx 


+2 pa ydndy LSvdedy | 
All the conditions (a) are satisfied, 
» 43 9)? Sy 
and /= 2 ay? da ease C: 


Any equation of the second order, and of the first degree 
with respect to d? ¥y, in which dv is constant, is reducible to 
the form, 


(P dp+Qda)da™=uda", 


by making dy=pdz and therefore d*y=dpdzx : the function 
Pdp+Qdzx will arise from the differentiation of / = 


{ Pdp+V, where V is a function of x and y only, whenever 
we have 


ae Oe ol oe Od Po A 
d p* dedp. dy MS Ue Pua () 
dQ 4a’Q a’Q G2 Fe Qa dP 


Sed rch LR SE ec aaee oe Dee Oy at ds. 
dy dpdx dpdy” de + Gedy? ay? @.) 


AO8 
(83). Let udvt=(Qarydytx yd) Pyt+rdy+ 
(yt) dy? dx + (Q+3y)ay dyduz*+y da’, 
«. P=2xypta’y and Q=2 p> +(y+ 2") p’ 
+(24+3y)ry pty’. 
The equations («) and (f) are satisfied and therefore 
w=fPdp+V 
 sayp t eyptl: 
Differentiating w’ and comparing it with w, we find 
art rh dyayda +3 xy* dy, and 
Saad Aime ah) th oh OF Boe eA. 
wd wma yp +x ypte y+ C) da’. 
(84). Letu=3 aasp’dp—badpt3axrpdr—bpdx 
+cerpdr+cy dx. | 
The equations of condition are satisfied and 
uw=f{Pdp+V=saxp'—bxpt+V, and 
dV 


Tit fot 
aan Mig a yee re oe . Vacuy+C. 


Consequently #’=aapi'—baxp+exr y+C. 


Particular equations of condition have been investigated 
for the equation of the third order, 


Pd®+Qdardy+Rdady+Sdudy* 
+Tdydy+Vdy + Zd@y=0, 


and formule given for its integration, when these conditions 
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dre satisfied: this subject however has already exceeded the 


limits consistent with the object of this work, and we are 
therefore compelled to omit them. 


XII. On the Integration of Differential Equations of the 
second and higher Orders, by means of Multipliers. 


The equation 
dy+Qdy+Rdardy+Sdz*=0 


where Q, R and S are functions of x and y only, is integrable 
when multiplied by the factor, 


(f Tdx+Qdy) 
* se . 
where 
2OQ dQ dQ dS , &S§ d*R 
Pia UY 5; Sz rail yaaa aha 
,_ ax" role dy i ary aaa dxdy 
Le is, SCV Ta Wy SPs a aoa 
dy ax 


if the following equations be satisfied : 


aT _dQ 


Ist, i Wry and therefore Tdx + Q dy integrable 
per fé. 
ads aR? &Ti 
Qd Wt a eR F) eee 
Se ea oe ra Teas 


(85). Let x* yd* y+9 x? dy+(2t+S8ry)dady 
| Bosh 2ydart= 0; 


p 2g 
aise 2 ie 2+3y 


yd tes he consequent! 
y ry x?” ‘ 


T= =, f(Tdz+Qdy)=log a % and z= 257’. 
3 F 


ALO 
Multiplying the equation by x‘ y? and integrating as in 
Ex. 83, and 84, we find 


x ya + 27 apc Ci 


(86). Required the factor necessary to make the equation 
@Py+ Adydr+Bydxv= X dx? 
integrable per se. 


Make d?y = pda and multiply by 7 =f (2); then we 
have 


Vdp+AVpde+BVydx=V Xdx; 
the integral of which, by the method in p. 408, is 

VptSafV Xdzx: consequently 

dS=—pdV+AVpde+BVyde 
=dy(AV - o) + BV yds, 

which is integrable, when V=«™, which gives 
S = (A—a) «* y, if we likewise have 

(A—a)a=B or &—Aat+ B=0. 


We thus get the first integral of the equation, which is, 
making A~a=6, 
dytbydu=e “da fe Xdx, 
which is linear and of the first order: consequently multi- 


plying by «, where 4 is the second root of the equation 
at’ ~Aa+ B=0, we find 


i 1 
marar} Subse Ee on sted Adx Mods SEPA Y —bz ba ix, ax. 
4 b—a 7 rae ae ri: 


Euler. Cale. Integ. Tom. 11, Art, 865. 


—— I 


All 


-@D). Let X= Ay+ Bry Ca 24 pete. 


Ni 
id’x? ‘@) 


Let the factor which renders the amet integrable per se, 
be vA: suppose the integration performed, and we get 


fo Xdr=A ot ys Bt? oe a od “! . (A). 


differentiating this equation, dividing by 2*dz2, and com- 
paring the result with equation (a), we find 


4 = (A+ 1) A’ 
B=(A4+2) B+ a’ 
C=A+3)04+B | 
D=044) D'+C=C': consequently 
Atl) A= 
A+1)A4+2) B=a+1)B-A 
+1) A+2) (+3) C’S(A 1) A+2)C—Q+1) B+ 4 
{A +1) +2) A+3) A+4) Do=A + 1) A+2)A43) D 
— A+ 1)QA4+2) C+0A41) B—A=0. 
If A+}1) A+2)04+3) D-QA4+)QA42C+A04D)B-~A 
= D (a—a) A—4) A—=P, then 2%, 2’, 2°, 
are severally the factors required. 
If we divide equation (2) by a7 +", we get 


rate X d x= X’ 


an equation similar to («) in form, but whose dimensions are 
inferior by unity. 
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If we treat equation (y) in the same manner as (a) we 


° A . 
shall find that the values of , in the factor 2°, are determined 
from the equation 


=Aat)hHA+2)C—-At41) B+A4=0, 
which results from the division of P by a—a: consequently 


Q=D a—b)(A—c): and the factors are r’ or 2°. We thus 
get the equation 


x dae 


Ee Da ae X’dixeX"= = Ay Ty 7 ips bs x (8), 


which is of the first order : a similar process will give us 
pe fat XO dab: A eae ge (e). 
= roi fade fX'xdx 
Sie Ahad A mad ey, tO ie oe 


— 2 a ——o b 
Say eee fx adr, x fuXdez 
(b—a) (c —a) (a—b) (a—¢) 
a? fa X dz 
(c—a)(c—b) 


If X=0, the equation becomes 
DaysCari Cr t+Clrrs 
the denominators being included in the arbitrary constants 
CoG hone 
It is evident that the same method of investigation may 


be pursued, whatever be the order of the original equation. 


This very elegant process is given by Euler*, who has 
developed the complete integrals, when any number of the 
roots of P =0, are equal or imaginary. 


The same illustrious analyst by the research of factors of 


the form Pdzx+ Qdy, Pdx?+Rdxdy+ Qdy’, &e. 


comment 


* Calc, Integ, Tom. I]. Art. 1226, 
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where P,Q, R, &c. are functions of x and y, has succeeded 
in the integration of several equations of the second order, 
which resist all other methods: we shall subjoin two or three 


of the most remarkable, omitting all detail of the processes of 


deducing them, which do not admit of any material abridge- 
ment. 


gy 1 nx 
88). Let oY 4 od € ) 


x n(n+lyyda 


OTIS neh 


The multiplier is 


+ ————______ 


d (Gn) 
t(o 4 panei S2Y YY 
Xr (a + x") de ra ’ 


_ and the integral 


x* 2 Aft oY y (a + 2*) (n—1)' aby’ = C, 
Q (a + r*) . eck 2 (a? 47 (at +a") 


Euler. Jb. Art. 893. 
u—t1 
(89). Let 2ayd*y—4ady'—y" t5d x* (1+a*) 7 =0, 
The factor is i + ated i and the integral 
y . 
ad x? r 2Zardudy eo (1 + x) dy’ 
y" y° y" 


; 1 n+ 
oe aE de (1 ae OS C dx. 
n+3 4 ae 


Euler. Nov. Comm. Petrop. Tom, VII. 1761. p. 173. 


Aydx 


, ‘ ‘g a Oe 
(90). Let dy + (at 2boe+terteyy 
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The factor is 2 dy(a+2bx+cau*) — 2yd« (b+) 
and the integral 


_ = (4+ 2b% + cx") — 2949 6 4 


ee Atat2br+cx’) ee 
e(a@t2bxr+cexu*+ey’) Tey ae 


2 f 
If the equation be st + SLA AS: 
dix 2 (y? + 27)? 


the first integral is 


pay _ Qxrydy 


My 
dx dx Tet Tiegasep ony 


y? 
if we make y=uaz, we shall find 
ax du /(1+u’) 
> Vea(A—a) we), 


where the variables are separated. Euler. Opuscula. Tom. Tf. 
p. 82. Calc. Integ. Art. 9006. 


(91). Lety®*@ytydy=ardx’: 

The factor is 3ydy’—3 ax da’, and the integral 

ydy—Sarydedytapde+aPrdv= Cdr’, 
Euler. Nov. Comm. Petrop. Tom. VU. p. 190. 


oan ee — 


On the Integration of Simultaneous Differential 
Equations. | 

(1). Ler the simultaneous equations of the first order be — 

Adx+Bdy+(Cx4+ Dydt=Td t} 

Adr+Bdy+(Cr+ Dy) ee ae 


Ald 
where 4, A’, B, B’, C,C’, D and D?’ are constant quan- 


tities, and 7 and 7’ are functions of ¢. | 
Eliminate dy and dx successively from these equations 
(2), when we get 
die Ramee chin ( 
B 
dyt+(ax+b y)dt=0dt 
Multiply the second.of these equations by m, and add the 
result to the first: assume m, and m, to represent the two 
values of m in the equation 
7 b+b' m 
et+am’ 


mm = 


and make a+a!m,=r,, ata’ m,=ry 0+, =F, 
and @ + m, 6’=V,: then we have , 
rtm yse—t {fev Vi dt+C,},° 
rtmyse—" {fet dt+C,} 5 
from which the functions of ¢ which are equal to x and y may 
be found. 
(2). Let 
4dx+9dy4+(44x7+49y) dt=idt 
8dr+7dy + (34 GAT Doene 2) 
os da+Qr+ydt=(7t-9 Adt 
dy aig ene 


If m mae we find m,=1, and m,= —4, and 
5-+m 


ow. yr me fe% (4t—5e') dt 


ete Be Qf 
— ee ~ 2S 4 


1 
7 Cee 


AlS 
y-4a=c,e7' fe (40 6 —31 2) dt 
=c,e—~' +20 ¢—31 7431. 


Consequently 
24 7, 4) th 
4¢,e7%+e,€7'§ + — fh — — t+ — ‘ 
y € rt . 9? (y) 
| 56 
bins ee—%— ce? — De Pied ee hte (OH 


If the two differential equations (a) for (@) correspond to 
two curve surfaces whose co-ordinates are 7, y and ¢ respec- 
tively, the equations (7), (6), are those of the curves resulting 


from projecting orthographically their common intersection 
upon the planes of y ¢ and rz¢. 


(3). Let da +(52+y)dt= oe 
dy+(Sy—x)dt = «"dt 


ll 


gat i+3 
In this case, we find m = be Se , and therefore 
| mee a 


m, = m, = 1: we thus get 
é ew 
ety = 6c * - 4+: 
J 5 6 
Find the value of x in terms of y and ¢ from this equa- 


tion, and substitute it in the second of the two differential 
equations, and we find 


dy+4ydt=ce—“dt poet +} rest, 


and i Sh RINCP ak ven 


—_— = 


ef 25 36 


(4), Let us take the linear equations of the second order, 


ALT 


2d°v dx ih IEE BO A GR Pare 

a dee ae a 

ae dx ay dy 

Fa t+ 96 —— 9x + —4+ 50 —— + 15y=0. 
ap 19 dt pure ZA 


Make r=e”, and y=a e”: we thus get 
2m +m+1+a(m+m+1)=0 
m? 4-96m—Q+a(m? + 50m+415) = oS 
Eliminating a, we get the equation 


m* +4 m—7 m*—22m+4+24=0, 


The values of mare 1, 2, — 3, — 4, and the correspond- 


—-4 —I1l —16 — 29 
ing values of a are —— , —_, ——, and : conse- 
& 
ie 7 7 13 
quently 
t= 0,6 +o, 4 Ce NC ee, 
11 16s ge anna 
of Samalaneathing Gatti ries ¥— = ey at 


(5). Let us take the three linear simultaneous equations 
of the second order ; 


Qd°r  18dzr Sa°y . Sdy 
ep) ENN 8. eed a 
Oa dt ag eee dt? a dt 


az 38dz 


MENU. de Ra weaats mCi), 
+ 250y + oe ae e620. . (2); 
BO eae ee aay 
ay dt Dive hiwedt 


418 


+ s0y — 5% +Ea —182=0. — (8). 


Make x =e", y=ae™, z=", which give 
2m? —18 m+58 + a (3m43m—48) +B (m?-3m+2)=0, 
mm +43 m— 254 —a (23 m?—m— 250) + B (m* +17m — 36)=90, ~. 
3m? 11 m— 128—a(12m?—2 m— 130)—B (m*— 18m+18)=0 | 
Eliminate a and 8 from these equations and we shall find 
mo —'7 m> +7 m+ 35 m? — 56 m’—28 m+48 = 0. 


The values of m in this equation are 
| 1999,48) 451-1, $25 
from whence we find the values of a, which are 
[e028 2.13, 
and of 8 which are 
£9, akg] Ss @: 
consequently 


ame, +0, 6% +0, +e, 6% + e,e7* + Ce Oras 
yc, 6,6" +20, 6% — 0, € +2c,c% +3 c,¢—™ 
at 


gone, +20, 6% +c, —c,e¥ +3 c,c% + Vege 


Paoli. Elem. d’. Alg. Tom. II. p. 236. 


(6). Let(4r+ By+C)d?+A4, Prt B, ae 
(Ae + By + C)dti+ A/P?x+B/d y=0 
Eliminate d? y and d? x successively from these equations, 
when we get . | 
(ax +by+odr?+dar ni 
2+ bypejdr + dty=0- 


AIQ 


Multiply the second equation by m, add the result to the first, 
when we find 


h +. b’ La gc ant ae 


(atam)} xp tom m ata 


wh detdatmdy= =(0) 


b+ b’m c+tem 
Make m = ———", and u=x + my + fhm con- 
atam’ eee atam’ 
sequently 


(ata m)ud?+ d*u=0. 
If we make a + a’ m= —k*, we shall find 
6 Oe Cree 


If m, and m, be the two values of m, we have 


Cc cm . 
vtmy “ pet =o, c,e— 
ad-a’m, 


c+c'm 5 8 
t+mMm,y + ——__? =<, CRE EES Be Sekt 
a+am, 


(7), Let @e —S8r+4y—3) de = 7 
Py +(w—s8y+ 5d =0 


The values of m are ~1, and — 4: and therefore 


] — J « .: 
Zia Sout BS Ant GS (— 3eeV™ — ce, 
y ee kee; Cp Pte Care €,6¥ 7 ken gy? 
14 ‘ 


(8). Let (257+ 36 y—73) d?—i1d*r—8 d*y=0 
(167+23 y—46)d? ~ 7x ~5 a 
Eliminating d*y and d?.¢ successively, we get 
dxr~(3e+4y— 3) EA 
dyt(e+yts)de=o0 J° 
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In this case, we find m,=m,=2: consequently 
r+Qy = 13+¢,¢ + Foy uaa 
In the second of the given equations, substitute for x 
its value derived from this equation, and we get 
Gy—yd’? +b +e + eev Sal 0, 
the integration of which gives 


c, (Qt — 1) 


peace $ —t 
y = c,€ + c,€ = 
3 4 

o 4, 


re aGra” bere tee. 


It would occupy too much space, if we were to attempt 
to exemplify all the forms and cases of simultaneous equa- 
tions which admit of integration, which 1s less necessary as 
the methods generally resolve themselves into those which 
have been given before for the integration of linear equations 5 
the subject however is of considerable importance, as such. 
equations frequently occur in the solution of dynamical 
problems. 


On the Integration of Differential Equations by 
Series and by Approximation. 
(1). Let dytydv=ax"dz, ay which «=c, when y=). 
Assume 
y=b4 Ae —ey: +B (xr yea +C(x—c)**? + &c. 
a EI PE ee ee gee Rec: 


where t=«—c, and therefore r=c+t. 
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Substituting for y, dy and 2” in the original equation 
and equating corresponding coefficients, we find 


a=], 
A= ach, 
Bate '—ac"+b 


9 2 


Ca am (2-1) ¢%—? — ame ™—*'tac”— 5 


Pe 3 3 &e. 


(2). Let dytrdy—mydxr=0. 


Making the same assumptions as in the last Example, we 
find | 


ry 14. 7 (2-6) m(m —1) («© —e/ 
J § C+] 1.2 incase. 


Yas m b 
=631 apa af = ——— (1 +2)” 
cara cay! +2) 


et rate 
(3). Let d*y+a2x"%—*da*= 0: 


Assume 


irae Ap 0. Bele: ea ee 


Substituting the value of y and d?y, in the equation, we find, 

by a comparison of the terms of the result, that we must 

make a=O or e=1, and also 8=m: from these two hypo- 

theses we deduce two series for ¥, which combined, furnish 
the complete integral of the equation: or 


=4}1 ax” ts 1" 
—— Sin sapenenetapranicompigescianiomemna® aetna atten mantel oaningne fine ace na 
J (m—1) nm 1.2.(m—1) 2 m—1) ne? 


Fe Hf 


1 DO. pine Ugk Fai Pet ey ° 
1.2.3. (m—1)(2m—1)(3m—1) ne ik i 
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ij ax” 5 a? em + 1 
tS ee 
(m+lj)m 1.2 (m+ 1) (2 m+ 1) m* 


Bea SS POI as Cote een. Rae _aclieeie +&e.} 
1.2.3.(m+1)@m+1)Om+1)m 
Euler, Calc. Integ. Tom. II, Art.93]. . — 


Mr. Spence, the author of an Essay on Logarithmic 
Transcendents, has deduced the same solution of this equa- 
tion, by means of his General Series for the integration of 
linear differential equations of the second order, of which it 
affords an easy and satisfactory exemplification: he has ap- 
plied the same method to several other cases of the general 
equation, which have been considered by Euler, where one 
or both of the series for y fail, in consequence of involving 
terms which are infinite: the Memoir, in which this method 
is explained, may be seen amongst the Posthumous Works* 
of this original and able Analyst, which have been arranged 
and published by Mr. Herschel. 


Both the series for y fail, when m=(0); in this case the 
equation may be integrated by the method given in Ex, 38. 
p- 384, which gives 


pode YS IL gaa 


which becomes, when a = - , 


OS ed 


y=(A+Z log x) v2. 


Be aid 
lf m=, where i is a-whole number, the first series 
Z 


e ‘ ] ° 
fails and the second when m= — ~: in both cases, assume 
Z j < 


yap teq+q log r=p +4 log Ca, 
where g is the particular integral of the equation, furnished 
Pa encase Ono cn 


* Spence, Mathematical Essays, p. 315. 1819. 
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by that series which does not fail: the substitution of this 
value of y in the original equation gives the equations, 


d?g+taqu"—*d2x’?=0, (a.) 


2Zaxap 


1o® pape? dx? =0,,-(8 ) 


the second of which will determine the value of p by means 
of aseries. Euler. 1d. Art. 934. 


eset =O, where m=1. 


(4). Let @y + “~—— 


In this case 


i * bh Fale se q 
Ba a ie 8 take 
ES W10e 8 ales gS" 


The equation to determine p is 


d* p 2Qdp ap 
Hee Apa rar x 


Assume 
p=A+ Br+Cx’?+ D2 + &c. 


and we shall find 


A’ 3a A waa 
Beg ba Tea ak eat Gi, Seo 
making B = 0; and 
y=prtegtg log x. 
Euler, (6. Art. 935. 
(5). Let @ if 
; 23° 


If y=pt+ceq+q log x, we find 


AQ4 


16 a? 
—% —_ 1 
Fy [ent ee 
3 
64 a r—-4#+&c. 


lie Sogn da wees 


The equation for the determination of p is 


dpvniat.2IAd aes BME AAs hoes dere, 


oad x /x 
If p=Ke+A4 /rt+ B4+Cr-i+Dr—-'+Er—t+&e,, 
we shall find | 


A! a 1K ee hes (Ga eae 
a 4a ‘ 15e3? 
D= 100 x 16 a? A ake: if B-o. 


3). 
_Euler. Jo. Art. 938. 


(6). Let d? y—c*2”y dx? =0, which is the same equation 
asin Ex. 3." 


i ex” ti 
Make y = qe SPSS Oe he qge™+1, when the equation 
becomes 
Pgt+2ca*drdgq+mca"—'qdx°=0. (2.) 


If we assume 
pas A te (vate cut armed 
and make a=0 and a=1, successively, we shall find 


Asi- ee ee m.(3m+2)c a" +2 
{= m(m+l) 1.2.m(2m+l)(m+ ly 


m(3m+2)(5m+4) 329" +3 


i ote an ~m(2m+1)(S3m+2) (m+ 1) z Ke f 


A25 


+44, eee (m+2)(3 m-+4) C2 a? +3 
(m+2) (m+1) 1.2 +2) (@m+8) (m+1yP 


(m+ 2)(3m+4) (5 m+6) 3 a +4 
18:8 (are Gms meh ite toe 


If we make m= —2,, the equation becomes 
dy —yx da? =0, 


cx 2 Mtl 
and we find y =q </?4* = q x « 2aml 


if we assume 
q — Ar 4 Bae NS We Og ere Digi 3 &e. 
and determine g from the equation ae 
@o+Qc2 "*dedg—@rer D1 ¢dz* =0, 
we shall find ; 
3x—1 
(es ASy — GAD Te) Pes 
2(2A—l)c 


es (A—1) (8A—1) (8 ,—2) oe oe 
2.4(QA—1° 2 


A @—1)($A~ 1) (8A—2) (5 A~2) (5 a—8) 273 
@ 2.4.6.(Qr-1)23 4 &e. } 


care : F 
The last series is finite whenever 1 — — 
Ate "1 


gL Olt pies 
Qt 

2it]1 

ticular integral of the equation, in finite terms. 


: in all these cases therefore we derive from it a par- 


If we denote those terms of this particular integral, which 
involve the even powers of c by P and those which involve 
. fae | 
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the odd powers of c by c Q, we shall find the complete in- 
tegral or : 


ext 2h 1—2Aa 


ee Tear an » O&Sxaa 
yode 2ra—-1(P +cQ)+A'e (P — ¢Q) 


since c must have a double sign. 
The integrable cases of the equation 


dy—eyxdx=0 


depend upon those of the equation of Riccati: for if we 
make y=«"”, we find 


dus wdr = <2 cde, 


ae - 4s 
which is integrable whenever # = — Fema Euler. Jd. 
Art. 944. 

(7). Let dty—c x—*yda2*=0: 

In this case A = 1, g = Aa, fpdr= — =, P27, and 
Q = ©. 

wy f{ Aen 

Euler. 2b. Art. 946. 


(8). Let dy—cy x-tda*=0: 


1 1 
Lk ise Pear ok (x - =)» Spa = 32.28, 


i <tr, and O = a consequently 


ee 5 ae Sapna 
ya (A OM AO) od = (dO = ae) 


* 
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If c?= —}*, we find 


y=(d cos 3 $4244 A’ sin 3) 2%) at 
+ 5 (4’ cos 3b at—A sin 3 ba), 


Euler. 76, Art. 947. 
(9). Let dy +5? y oe Yat =, 


Y= ce BEN BY ay cos.5 ba? + 4’ sin bat 
y aR 


of eA x (A cos 56x? —A sin 5 ba*). 
Euler. 2b. Art. 949. 
(10). Let-a* (a +5 r\@Py +uleter*\dudy 
+ (f+g2") yda*=0. (8). 
If we make 2" =z, this equation becomes 
2*(a+bz)d yt z(cte’ z)dydz+(fty'z)ydz*=0; (y). 


we may therefore confine our attention to those cases of 
equation (8), in which a=]. 


Assume 


ys Ax 4 Barth + Oat? + &e.; 


_ and ‘substituting for y, dy, d*y in the original equation {(), 
when n=1, we shall find 4 indeterminate, and that a must 
be determined from the equation 


a(@—l)a+ac+ f=0: - (8). 


the two values of a furnish two series for y which combined 
furnish the complete integral of the equation. 
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One of these series will terminate, when we find that in 
addition to equation (5), we also have 


(#+2) (a+72—1) b4+(a+i)e+g=0. (e). 


Euler by different transformations of the equation (8), and the 
theory of multipliers, has found 9 different cases in which this 
equation admits of complete integration in finite terms*. 
The same subject has also been completely discussed by the 
German analyst Pfaff, who has generalized some of the inte- 
grable cases of Eulerf. 


The integration of differential equations by means of 
series, of which we have given several examples, will likewise 
be a method of approximation, when those series are con- 
vergent, at least for those values of the independent variable, 
which come within the limits of the calculation: this how- 
ever is not always the case, and the series rarely admit of 
such modification, as may increase their convergency. 


Methods of approximation were made use of, even in the 
very infancy of the Integral Calculus, particularly by the two 
Bernoullies, and ‘Taylor, which principally depend upon 
what has been termed the geometrical construction of differen- 
tial equations : however elegant some of these methods are, 
they cannot be considered as a substitute for the processes of 
exact calculation. 


Euler has given methods of approximation dependent 
upon the series 


(tay x. 


+ &c. 


dpjhede Af Wy. esd) A ere A 
J fe H +r Vy ves MoE aes 


* Inst. Cale. Integ. Tom. Il. Cap. VIII. Comm. Petrop. Tom. ° 
VEL 1773. ‘ 


+ Disquisitiones Analytica. Helmstet. 1797. p. 135. 
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| d: a 
where A, 4,, A, d,, &c. are the values of 4, cy 5 ay Medd 
2 lar Ay 
when 2 =a, and where two, three or a greater number of 
them are considered as arbitrary, according as the differential 
equation is of the first, second, third or a higher order.* 


(11). Let dy=dx(a" +cy), and suppose y=b, when 


< =a; then we have 


4=hb 

dy = bcy, «. A=a*+cb, 

dx 
@? s iy 

3 
ey eek mite Sd, . Ay=n(n—1) a? 
+ nea +a" +25, &e. 
Consequently, 


y=b4(a"+cb) (@ ~a)4+(na"*—* 4c a"+¢7b) Saath 


+ &c. 

If we make x—a=h, a very small quantity, we shall find 
y=b', when x=a+h or a’; these values may be substituted 
again, anda new value of y= 0’ corresponding to w=a'+h 
or a’, may be determined: it is evident that the same pro- 
cess may be continued as long as we please. Euler. Calc. 
dnteg. Tom. I. Art. 661. 


(12). Let Py + as = 0, supposing that y = b, and 


d 
ot =, when r = a4; 
dx 


sed oc ——-, and A, = — La 
ais" e ea 
dy 
By FO" Ts b 
ee 7 =, and A, = a &e 
Consequently, 


b (w—aY | (b—ac) (w@—ay 
= ag) io Sn ee ee ee eee 
daiine eera Ger le a At te ed tr ei y 


Making x—a=h, a small interval, and r=a'=a+h, we 


find y=0’, and 7 


tions, we may find an approximate value of y for any given 
value of x Euler, Zé. Tom. II. Art. 1098. 


This method, however, though of easy application, fre- 
quently fails in giving the approximation to sufficient accu- 
Tacy, in consequence of the accumulation of errors, introduced 
after each operation: it fails entirely, when any one of the 
coefficients A,, 4,, 4,, &c. becomes infinite or extremely 


large, for any value of x employed in the process of approxi- 


mation. 


Lagrange has attempted* to remédy these inconveniences. 
by expressing y in terms of a continued fraction: this 


method has the advantage of always terminating when y 
is expressible in finite and rational terms, and leads in 
general to a certain and frequently rapid approximation : but 
the equations from which the quotients as terms of the 
continued fraction are obtained, become very complicated 
even in the most simple cases. The integrals of some equa- 


tions which he has expressed in this manner lead to results of 


uncommon elegance. 


en 


* Mémoires de Berlin, 1776. p. 236. 


d ? é ; 
“J — ¢’, and so on by successive substitu- 
dx F 4 
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The method of approximation which is commonly called. 
that of successive substitutions, combined with the ordinary 
processes of integrating linear and other equations, is that 
which admits of the most extensive and important applica- 
tions : it is this method that is so much employed in works on 
Physical Astronomy, in which alone it can properly be 
studied. 


———<-—- 3 


On Partial Differential Equations. 


In a subject of such difficulty, as the integration of 
partial differential equations, it would be useless to multiply 
examples to any great extent, unless they were accompanied 
with the principal steps in their solution: we are compelled 
therefore to omit the exemplification of several important 
parts of this subject, or at least to notice them in s0 slight 
a manner, as to serve rather as a guide to the student in the 
course of his reading, than as furnishing the materials from 
which a perfect knowledge of the theory may be obtained. 


A considerable number of examples with their solutions 
“have been given by Mr. Herschel in Note O, to the Trans- 
lation of Lacroix. 


13700 Equations of Total Differentials, of the form 
Pdx + Qdy+RKdz =0, 


f eq; 
which satisfy the criteria of integrability. 


| yd 
ays het HAE ay 5 UGE 


a—Z a—z (a—zy 


= 10. 


In this case, we have - 


and 


eee ee Oe 


consequently, considering z as constant, we have 


f(Pdx+ Qdy =—4 +f@=0+ Zs 


and 


therefore 


me 


dx+ydyt+2zdz 2dx—adz 
2). Let = ga Bie 
@) S/ivP+yt+2} ep 2? 


Considering z in the first ‘place as constant, and proceeding 
as before, we find 


+2z2dz= 0. 


J fur? + y+ 27} +tan—'2 42 =¢, 
2 se 
II. When the equation 
Pdz+ Qdy+Kdz=0, (a). 


does not satisfy the criteria of integrability, but may be 
made to satisfy them by means of a multiplier, which can 
only be the case, when the equation of condition 


1Q ean aR 'aP 
p {cs a op a 
oe dQ | 
R cara sea ° e 
+ 7 Maa 


obtains. 
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Or, if the equation (a), is reduced to the form 
dz=pdx+qdy, (y.) 
the equation of condition becomes 


dp, dp dq_ dq 
— —*~ —--f-pyp-+=0. 5. 
Une ae de? dz C:) 


from which the equation (8) may be readily deduced. 


For it is evident, if.z be a function of w and y considered 
as independent variables, that the second member of equa- 
tion (vy) must be a complete differential: and the equation 
(5) is the expression of that condition, p and gq being con- 


sidered as functions of z, x and y. 


The process of integration is to consider one of the three 
variables as constant, and to apply the rules of integration 


which are given for equations of two variables. 


(8) Letdry+tz)+¢dy@+at+dz(r+y=0: 


_The equation (() is satisfied : make therefore z constant, — 


and we have 
dx(y+2z)+dy@e@+2)=0, 


or 
dx + dy eo: 0; 
e+ z Yea 
therefore 
log ( + z) + log(y + 2) =f(@), 
or 


(r+ 2y + 2)= Z. 


_ Differentiating this equation, we find 


dx(y+2) +dy(a +z)+dza@+tyt+22=dZ; 


consequently 
dZ=%2zdz,and Zo 2 + ¢: 
3 
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* we thus get 


(@#+yyYt+U2=zE2 +e or ty t+ rz¢yz=me. 
Euler, Calc. Integ. Tom. III. Cap. 1, Art. 12. 


(4). Let da +dy + dz +(@+y + 2z)dz =0, 
therefore, + + y = f(z) = Z: consequently, 
dZ+Zdz=-dz—2zdz. 
therefore 
“Loew * —~zarttyy 
or 


(w+y tz) =e. 


(5). Let Qda(y +2) +dy(@+3y + 2z)+dz(+y) =0: 
therefore 


(ce +y(y+2)=¢. Euler. J. Art. 11. 


(6). Let dx(ay — bz) +dy (cz — ax) +dz(bx—cy)=0, 
therefore 
ay—bz 


Cig sow 


= ¢. Euler. £6. Art. 13. 


Other examples are given by Euler, which are remarkable 
for the artifices of analysis which they exhibit. 


III. When the equation (@ or 6) is not satisfied. 


In this case, the second member of the equation — 
dz=pdr+qdy, ae 
is no longer a complete differential, unless we cease to con- 
sider x and y as independent variables, and assume one of 
them equal to an arbitrary function of the other; it then — 
becomes an equation between two variables, and may be inte- 
grated by the ordinary processes for such equations... 9» -u- 
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The integral will thus be exhibited by a system of two 
equations, which are necessarily indeterminate, as they both 
involve an arbitrary function. 


As the integral in the former case might be considered 
as the equation of a determinate curve surface, so in this case 
it may be considered as the equation of an infinite number of 
curves of double curvature. 

(7). Let dz =aydar+ bdy. 


The equation of condition is not satisfied ; assume there- 


fore y= _ = = 1, where X is an arbitrary function of x ; 
© 


therefore 
dz=aX'dx + bdX’', 
and 
z=aX+b X’, 
- The system of equations : 
y= X’ and z=aX + bX’, 
constitute the integral of the proposed equation. 


(8). Let zdxr+udy +ydz=0. 
Make y = X, and we shall find 


dv ads 5 
z aK} empl x ASSY 


(9). Let d2? = a*(da* + dy"). (a.) 
_..Make y constant; consequently we have , 
 dz=ady,  «.z=ay+X, where X = f(z), 
Mood dz-=ady+dX =ady+ X'dz; 


substitute this value of dz, in the given equation (a), and we 
get 


adx X'dx 

AS orc a 

aE 

d a AY AD edited 
an 2y =a Xx : 


The condition expressed by the equation («) is satished 
by any curve of double curvature, whose tangents make a 
given angle with the plane of wy; thus the straight line 
determined by the system of equations 


embz+e 
Tea ese 


will satisfy the equation. 


Monge, in the Mémoires de ?’ Académie des Sciences for 1784, 
has given general solutions of this equation and of others of the. 
same class, which do not involve an integral sign, and which 
therefore furnish any number of algebraical solutions: the 
reader who wishes thoroughly to understand the theory and 
geometrical character of those equations, would do well to 
study this Memoir. | 


IV. Partial differential equations in which the differential 
: ya ARR , 
coefficient 7, 18 given in terms of. 2%; yyr and. Z. 
xv 
d 


o6 2 Sak + p y- 
Euler, Calc. iiee: Tom. IIT: Art, 33. 


We 
LSE ee SC ee eee ES 
Oe ax J/(y? — &”) 


oopey sin + oy. Euler, Jb: Art. 48. 


.2=/Sf f2Qry+poy}. Euler, . Art. 56. 


(id) aLebi ee Eee %.)) 
dx 


Euler, Jb. Art. 57. 


dz nz 
(15). Let Eo ae 


. z=a"¢y. Euler, Ib. Art. 61. 


(16). Let a = Nr — Z. See Ex. p. 329. 
ie 


*. Z=n(e—1)+e—* Hy. Euler, Zé. Art. 62. 


(17). Let es = ai e See Ex. p. 325. 
ur +2 


AOR Ze Ba + oy. Euler, Jb. Art. 63. 
2? 


az x2 
(18). Lea aia 


2 


+. py; oraf:z = c, when #= a, 
Qay 


vid log z = 
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then we have 


Euler, 1b. Art. 69. 


Be. Wy 
dx Uv+e2 


(19). Let 


dr — tz _2dz 


ames 20 gees 


“) Y 


> 
*.e—¥(@ +y +2) = py, orif z= 6, when x =a, 
the integral may be put under the form 


e~y(@+y+z2)— e—3(at+b+y) = py. 
Euler, Jb. Art. 70. 


dz _ y+z2 
ep) dz” yp +a” 
tan—?2 — tan—'= ~— tan 424 Fe JT = by, 
y y yrr2 


or if z = 6, when x =a, 


mon UAE) ee ONE Yo y, 


y? + x? 3 y? + rr 
Euler, J. Art. 71. 


V. Equations of the form 
Pp+Qq=R 
dz dz | ae . 

where p. Sas gs ec P,Q, R are quantities any how 
involving the variables 2, Ys B | 

The following theorem of Lagrange will enable us to inte- 
grate a great number of equations which are included under 
this very general formula; ‘if we integrate the equations 
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Pdx—Qdy=0. (a). 
Pdz—Rdx=0 
or Nie eee 3 
and make the integral of the first (a) = a, and of the second 
(8)=4, then the complete integral of the proposed equation is 
b= $(a), 


where ¢ denotes. an arbitrary function.” See Lacroix, 
Art. 314. | 


(8). 


The success of this method will depend upon one at Ieast 
of the equations (a) or (), involving two variables only: the 
integral of this will enable us to exterminate, if necessary, 
one of the three variables from one of the remaining equations, 
after which it may be integrated in the ordinary manner. 


(21). Letap+oqg=1; 
The equations to integrate are 
| ady —-bdx= 0} 
adz~— dr= of 
and therefore | 
ay—bxr=a 


ll 


Consequently, since 8 = $(a), we have 
= z= = +o(ay— br). 
The solution is the equation ‘of all cylindric surfaces 


whatever be the- nature of the base, Monge, Application de 
P Analyse a la Geométrie. p. 5. 


1(22), "Let ‘p= a 


AAO 


: z= o (4+ bog 2). 


Euler, Calc. Integ. Tom. III. Art. 97. 
(23). Let pr + gy = 0. 
‘ z= o ¢) : Euler, Jd. Art. 139. 
_ This equation expresses the condition which is fulfilled 
by all curve surfaces, which are generated by the motion of 
a straight line, which is always parallel to a given plane, and 


which always passes through a given line at right angles to 
that plane. Monge, Jd. p. 22. 


(24). Let Xp + Yq = Z, where X, Y and Z are func- 
tions of x, y and z beeen 


SESE ASSES B 
he Sk A TS 


(25). Let x’p Bylo RE 


z 


PV AG ha st: 


(26). Let p +4 ="; 
. | 
z= egp(x — y). Euler, Jb. Art. 129. 


(27). Let mpx +nqy =a, 
SS She = log y + (5). Euler, Jb. Art. 141. 
W y 


(28). Let g oie +23 
The equations to integrate are i 


ydx +aedy =0, and dz— J dy =0. 
2 


AAY 


Consequently xy = a, and the second equation becomes 


dz—¥ ae =.0, which gives; 
y’ y 
ee foment AN Ge ed Ne os 
POR 3X ° 


z= B + o(vy). Euler, Jd. Art. 


The same process is followed in most of the ex 
follow. 
(29) Let pe+gz4+y=0; 


sin~ 1 


z 
2 2 
he V1 (y? + 2?) 


(30). Let p +%o = == 3 


eee Cy 


® Z 


(31). Let yg —aryp = = 


5) 


ar et y). 
ol ot mires pry). 


(32). Let py + Gmpisnsz 3 
vis: Zre@ +. y)O(wii—.y), 
Euler, Ib, Art. 195. 
| (33). Let p@ + y) + g(y — x) =z. 
The equations to integrate are 
(v+y)dy—(y—xv)dxe=0. 
(xv +y)dz—zdr=0, 


(y—x)dz—zdy=0. 
Bi 


152. 


amples which 


= o(y* + 27), 


44D : 
The first gives | 
ta log »/ Bei y , =a. 


the form of which prevents our exterminating, without 
extreme difficulty, y or v from the second or third equa- 
tions; make therefore, since the equations are homogeneous, 


e e d z d t 
v=tz and y=wus; the first equation gives — =— and , 
z u 
dz _ —di 
the second — = ae: 
z t 
consequently, we have 
a p4 
ae =— oee of? +uv= iia — ; therefore, 
u t Za 


2= SJ (x? +y¥)¢} ane log /(a7 + 4°) }- 
Euler, 5. Art. 196. ie 
(34). Let pe +y)—g@ twas 
By a similar process, we find 


z 


zaetygo(r +y). Euler, Jb. Art. 206. 


(35). Let p(x - 2y) + q (Qe — 34) =23 


z 


a o(v —y)?. Euler, Jb. Art. 207. 


eres 


x 
(36). Let prz+qyzZ=7y3. 
x 

Zmty+Pl-)- 

©) 


(37). Letc—za(a—x)pt+b—y)q; 


ia a Dy B genet. 
Soon 2 a Bw 


: 
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The solution is. the general equation of all conical sur- 
faces. Monge, ApHicatiCts es Dek: 


(38). Let (y — bz)p —(@w—az)qzbu-—-ay; 
we hence get, 
(y— bz)dy +(t—az)dx=0, (1). 
(y— bz)dz — (bx —ay)dx=0, (2), 
(»—az)dz +(br—ay)dy=0, (3). | 
Multiply (2) by a, and (3) by b, subtract the products, 
divide by bx — ay, and we get 
dzt+tadx+bdy=0, or z+ar+by=a. 
Again, multiply (2) by x, and (3) by y, subtract the Bigs 
ducts, divide by 6a — ay, and we have 
zdz +xdx + ydy = 0; Or ef ye 27> 2B, 
consequently 
gry +2=o(%2 +art dy) 
which is the general equation of all surfaces of revolution. 
Monge, Jd. p. 21. 


V. Partial differential equations containing four or a 
greater number of variables. 
The principle and method of integration employed for 


equations of three variables, may be readily extended to those 
.which involve four, or a greater number of variables. 


(39). Let nu+pr+qy=az, where n= ce, and 
u 


z=f (a; Ys uw). 


In this case, we have 
wa &.——\0du.= O, (1). 


wdy—ydu=O0, : (2). 
udz—azdu=0, (3). 


from which we get 


(40) Let ap+bgt+en=0; 
‘z= § (cx — az), (cy — b2)}- 


(41). Let pr+qyt+nu=az Pah 
u 
° vy a y *) 
ee Maat J arma 9 ~ -_ e 
Ss ae u wo, % 


(42). Letyt+uptwteuwgqt@etyn=O; 


ur+tu 


Uy dung pee! 


Ree ete: Nagle 
x e+y 


ve dase diy, ep el or du _de—dy, 
very ory abies 


Qa+tytu)du 
ear eT Baas Le ey ° 


Also dx +dy+du= 
ety 


and therefore 


du _dx+dy+du _dxu—dy 


See i —=e ee | * 


ety Qe +y +2) yu ” 
~ (@@—yyv@w@ty +u=a, and in the same manner, 
(9 — u(x +y + u) =f, and since dz = 0, and z=7%, 


we have 


é 


z= of (@—yY@tyt u, (@—4u@t ytu)}. 
Euler, Jb. Art. 483. 


AAD 


(43). Let @+y)n+ept+etulgsuty; 
~Zbrytu=ayo{wz—wvy), wy—wry)}. 
Paoli, Elementi d Alg. Vol. Il. p. 274. 
VI. Equations in which the differential coefficients 


p and 9 exceed the first degree. 


Consider q as a function of p, x, y, z, and substitute for 


2 and “4 in the equation of condition, 


dp dg dp LA ale 

apne PEt ig On mia Pay (8). 
we thus get a partial differential equation of four variables 
P> % Y, 2, which being integrated will furnish us with a 
value of p, and therefore of g in terms of a, y, Z, and an 
arbitrary constant «; substituting these values of p and q 
in the equation dz = pdx + qdy, and integrating, we shall 
find 


Fs Y, 2, a) = B= pa; 
_ from which a may be eliminated by the ordinary processes of 
the Differential Calculus, when a particular value of @ is 


assigned. Lagrange, Mém. de Berlin. 1774. 


Other methods of solution have been given, particularly 
by Euler, which though less systematic and general than the 
preceding, yet frequently lead to the results in a more 

simple manner. 


(44). Let PE= 1. 


rh dp dp £ ri . 
I ; = 7’ d — = th t 6 b 
Making Fy = By an a g, the equation (8) becomes 
we 
G + —= O 
p b] 


“consequently, “dp =0, and p =a, 


Again, since dz—pdx—qdy=0, 


AAG 


we have i lig ls Sak Bar, 
a 
and : z—ax—-tJ=B=(a); 


and © x—% + ¢’a =O, where ¢'a fh OB, 
a? da 
_ Thus, if ¢a =a, we find 
| z=2/fy(l +2)}- 
Euler, Jb. Art. 83. 


(45). Let p? + g? = 1. 
ig alle, 
By making qo WS get . 


£ l tris 
2 +t 2 aera: 
Jap) * Jl=P) 
consequently dp = 0, p= a, and the integral is found by 
eliminating a from the equations 


z—at —y (1 —0)— ga =0, 


q’ + 


Me eoeaayayhee kno et ‘a=0O 
ea) p , 4 


Euler, Jb. Art. 90. 
(46). Let g=rpt+p’; 
wg —(@ + 2p)p — pn =p, 


we hence get y — logp =a, 


z-ap—/ = ga= oy — log p) 


and x +p += -? (y — log p) = 0, | . 


AAT 


(47). Let g = p?z; eliminate « from the equations 


Zz oH 
SRE 
z x Pre 
POT ee ANA 


(48). Let g =p vy’ 2’, 
' consequently . 
g—Qay spp —praypsnrap ys + 3p ry’ 2, - 


from which we get the equations 
Bian +(z+3pxr)dx= 0,9 
2 Ms 
2Qdz—pdx=0; \ 


2 2 for p in the second member of the first equa- 


putting 


tion, and dividing by 2x z, we get 


renee OP ert fof eels St 5 

P 22 % 
q at if a? y? ° e ° 
reg kas and q = - substituting for p and g 


the equation 
dz—pdx—qdy=0, 
and integrating, we get 
zt ; a? a 
nl —2ar/fr— = —pa=0, 


4 ; 
ayr4—st + pa =0. 


The same method of solution will apply to any equation 
of the form ' 


AAS 
q = p"X Y Z, where X, Y, Z, 
are functions of w, y, z, respectively. 


(49) Let z=apq, 


we hence get aq + er ba 2 Si gs 
| feew P 
which gives all aad 
P 
x | . 
and 2v2—5-— IS ga =O, 
ae y ONG 3g 
1a ft pas : — uC), 
Qat Qa/a oe 


Thus, if ¢a = ./a, we get 
PR tt Euler, 7b. Art. 136. 
a 


(50); Let y o°==' a? p>, ? 

by the common process, we find 
z—alogt—2Qa fy —- p24 = 0,1 
logt+2ify tga fy 

or z =f (log x + 2 /y). 

This example properly belongs to those given in Sect. IV. - 
p. 438. 
xy 
AY 
= jas meee y pal, 


(51). Let g= 


3 


& 


~ 3a 
3 

y= - p= oa, 

a 3 


Euler, Jd. Art. 166. 


_we thus get 


| 


(52). Let g= 2" 4 
1 
-2—anry—_logy—ga=0, 

Qa 
1 ' 
vy —— logy + ga =0. 


(53.) Let px + qy =apq3 


in eee Pe Be ‘ 
OOPS Ue Day 


consequently oP yp om a, 


ees at —pdx—qdy}{=z—2rp +f/(vdp —qdy) 
=zZ— 2p, since rdp—gdy = 0: 


~ 2-ap—9 (2 _ yp) <0, 


AWE gl el ke 
a+ (ap—y)¢ Ce yp) = 0. 
Euler, Jd. Art.. 139. 
(54). Let pgry=az; 
Ld chee d CY ye pr 
Pp at BAY aR Sony 25 


and t=“; 

Ay 
ady_udz ny ee 
ES WO: ea 


a log y = 2u/z —wloga —fdu{2/z—Qulogr}. 


Make (fz — u logxr = ¢'u; 


Oo 


Jv L 
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“. alogy=2u/z— 4. logr — 294, 
=@logr+2ug¢iu—2ou. 
Euler, Jb. Art. 218. 


———_- 


On the Integration of Equations of Partial Diffe- 
rentials of the Second and Higher Orders. 


I, Equations of the form, 


a? z dz a? z dz 
nee a Pk ee), Trt Een tS sm ED, 
naa dx 0, “or x ax Q 


where P and Q are functions of « and y. 


(1). Let sorts ey 2 


d*z 
dudy 
ore DE Pee: Sie Aba + or 

den es o 


z=fdefdy(e+y)= wy ee +PLEWY, 
where $x and Wy are arbitrary functions .of x and y 
respectively. 


(2). Prosiem. To find the volume of a cone whose 
altitude is # and the radius of whose base is a. 


Let 2 m f(a + y?) = é Ke + y*), be the equation 
of the cone; then if wu be the volume, we have (Lacroix, 
Art. 246.) 

d? u 
dxdy 


= rai ve@e+y)s 


45] 
du 


eC gat vie —2*) 
"da ae y+ ee = log }* t. 


integrating between the limits y = +./ @ — 2°) and 


4a SA(@— 2°); and 


2 
we “<, the integral being taken between the limits 


és 


#mo+aand4=— a. 


(3). Pros. To find the volume of an ellipsoid, whose 
equation is 


-. eu th cy / f1- a A vr 
dudy eigen ats tbe 
du xcb gt 
—=- = 1-—-— ) 
dx o} ( o) : 
ra ee Yossie ( _ iN: 
(from F = =+,/(-* be a) oe = 4 i vee 


= 22808 (from = = + 1 to = 


21s 
i 
p— 
Neo 
w 


and for the whole ellipsoid, on both sides of the plane of x yy 
we have 


OS 


4Agnvabe 
5 


(4). Pron. The axes of two equal cylinders intersect 
at right angles; to find the volume of the portion which is 
common to both. 

Let z? + y° =a’, and a* + y’? =a’, be the equations of 
the cylinders ; 


du al Bis ee 5 foe tb 4/ (a = YP) . 
Porte Fg Bis See gs ? 
8 a Si tee rt 
YY A ass ee Maen), as ee ’ 
and the whole volume | 
16 a 
sn) 


(5). Pros. With the data as above, to find the sur- 
face of one cylinder which is intercepted by the other. 


If « be the surface required, we have 


du Jf ie = a 
= ] Fira Neier ay eee a ed Pes ae ee 
dxdy Mie PT / (a? — yy” 


du + f(a? — y’) 
— = 2 Se TNC ES Low Wilte le ere = if 2 5 
dy i be ——ig/(0 ei) 

) +a 
AD eB ot ens fe bs Boe ae 


(6). Pros. Two paraboloids of revolution have their axes 

coincident, but the vertex of one of them is upon the base 

_of the other; to find the volume of the portion which is 
common to both. 


Let 2? + y’ =az, be the equation of the first paraboloid, 
then 2? + y* = a’ (b — 2), is the equation of the second : 


Pu 2+y? 


ae dy ae a 
du _ (4a? + 2 c*) i ee we! he nh (0? — 19") 
Ti sg ae oD y= Fale 
where c? = $44 d 
data 
rip < dag eae = ae 
cae eT bh ea = aes 


ADS -~ 


(7). Pros. The axis of a given cylinder passes through 
the centre of a given sphere ; to find the volume of the 
portion common to both. | 


Let 2°+y*+z2%=07 and 7°+y?=37, be the equations of 
the sphere and cylinder respectively ; 


du 2 paar 
grays. Nh eh Iie Bee 
du 2 2 2 2 
s— = (a — 5°) / (0? — 27) + (2? — 2) x 
dex : 


Ry oem! j ttt 4/08 1) 
OV Jaen P Venter 
“= VAST tes U/(b? — x7) 4 (a2 fat =) 

3 3 


ea 2 : 3 eps 2 
sin? ge f + stan FV a 
a? — x? 


S Afb? -- 2°) 


Ag + 6 
2a= om { a— (a*~ $3 ey So = ae 
(8). Pros. The axis of a cylinder bisects the radius 
of a sphere at right angles, its radius being one-half that of 
the sphere ; to find the surface of the sphere included within 
the cylinder. 


If 2°+ y’+ 2°= a’, is the equation of the sphere, then 
x* + y* = cw is the equation of the cylinder ; 
Re gary =<) a 
daddy” JG =e yy’ 


ay via ih x \_ $V (ar — a?) 
: FEE aa Ger ta (or 27) 


+ f 
Peatvits Cost Sec Ye ? 


44 


If similar portions be cut out from all the four quadrants 
of the sphere, the whole remainder will be equal to twice 
the square of the diameter of the sphere. 


(9). Pros. With the same data as above, to find the 
volume common to the sphere and the cylinder. 


PU ae 


uy Lene = f(a? — # — y’). 


dit — @—)Jen) + (@—#) sin J 


consequently the portion of the hemisphere which is not 
included in the cylinder is an algebraical quantity and equal 


to ; of the cube of the diameter of the sphere. 
(10). Prog. With the same data as above, to find the 
surface of the cylinder, which is included within the sphere. 


| Let s = arc of the base of the cylinder 


dx ‘ 
EY co aw ed 
Nar — ®)’ 
‘itd 2 ax) du 
and unfeds=* MC 
bic 
eee OY EA aie ation fe 


or the whole cylindrical surface enveloped by the hemisphere 
is equal to the square of the diameter of the sphere. 


d* z ndz.m 
1 ee Let fs SS Be VE ae ere — 5 ke Beis een and 
cae ee ame cer | 


integrate considering # as constant ; 


ADD 


_ az —my 


Rida 7a pals iia Aae ioe: 


integrate again, considering y as constant 


BE Sa! bore —— . ylog x +y’pxr+ wy. 


7 


Euler, Cale. Integ. Tom. III. Art. 299. 


d*z dz a 
grdy w@+y? de ky 


—a 
=e + Wy t+ fdr f(x + yo. 


- Euler, 2. Art. 280. 


ad? z ax 
te Es alll By upc el ON er NO ae ER 
( ) e dx Sa if y*) ) 
oe o =a f(r} + y*) + Pys 


gc ard(a" +y’) +a-ay log.f{xt+ /(a* +7) } 


3° 


+r oytwy. 
Euler, 2. Art. 231. 
ad? 2° naz dz 
14). ==. —_ = 
(14) we de - Tae wars vs, 
dv on 
eee) ey Ds 
LHD 
v= xu py 
n+ ‘ 
: im OY ot ey 


Euler, 2. Art. 258. 


(15). Let Fea Beye, 


Euler, Lb. Art. 259. 


d? z 9x wo % 
16). iP =—=— $= —_— — : 
Sir oF dx gt pat da ways 


5 GES YD aku ablose. cot 2 at 
sik cnc gees iad Say (e549 6y* tan E) 


1 
+ gt ET 8Y )O ye wy. 


Euler. £. Art. 260. 


(11). Partial differential equations of the form 


d% z (drz d* z 
Ais Pe ee 
d x? Ai dady QT ; 


or r+ Ps+ Qt: —R, 


EO ey Ez 
dot daddy: 
R are functions of 2, 4, 2% py 4 


where + = 


t= Sees , and where P, Q, 


The following process of solution, first given by Monge, 
is of very general application: Form the two systems of 
equations, 


kdp +Qdq—Rkdv =0, By 
dy—kdx=0 

ah () 
kdp+Qdg— Rk dx =0,$ 
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where & and k’ are the roots of the equation 
Me —- P+ QO=0: (7). 


if from either of the two systems (a) or () we can deduce 
either separately or by adding any multiple of one to any 
multiple of the other, two primitive equations Mf=a and 
N =, then N=¢(M), will be a first integral of the proposed 
equation; the integral of this equation of the first order, 
determined by the ordinary processes, will be the second or 
complete integral required. 


This determination, however, of the second integral from 
the first, frequently presents great difficulties, in consequence 
of its involving an arbitrary function of the integral of the 
first equation in the systems (e) or (8); it is generally 
therefore more convenient, to determine, when possible, 
another first integral N’ = ¢,(M’), from the second of the 
two systems (a) or (8); we shall thus be enabled to eliminate 
p or q from the two equations N= ¢(M"), and N’ = ¢,(M’) 
and the resulting equation involving only one differential 
coefficient, may be integrated in the same manner as the 
Examples given in the last Section. 


a? z a® z 
(17). Let dz pace’ Ge ; Or } Been ab 4 = 0. 
az 


The system of equations (a) and (8), become 


dy—cdz=0 
: (a). 
dp—cdqg=0} 
dy +cdx =O 
B). 
ate 


: From system («), we get y — ca =a and B-—tg2.b; 


fo Pom cg OY ems KD). 


3 M 


458 
From system (6), we get y +er=a’, andp+eq= b, 


w pteq=vly +exr) ra) 


Eliminating g from (1) and (2), we get 


ree ] : 1 
p= =seoy —ea tov tens 


ws 2=O(y—er) t+ hil + ¢2). 


This differential equation is that which occurs in the 
solution of the problem of vibrating chords, and was first 
integrated by D’Alembert in the Berlin Acts for 1747, by 
a process extremely different from the preceding, but very 
simple and elegant. The same equation was afterwards inte- 
grated in a different manner by Euler, who maintained that 
the arbitrary functions which it involves, might be. dis- 
continuous ; contrary to the opinion of D’Alembert: this 
circumstance gave rise to a controversy between these two 
illustrious analysts, which was finally decided by Lagrange — 
in favour of the opinion of Euler, in a masterly discussion of 
the problem in the Mémoires de Turin for 1759. 


(VS). Leet et foe rg. 
From system (¢) p—c gq — 5 tty + qca= p(y—ex), (1). 


| for fRdx=faydr=sty—asrrdy 
1 
a) 
2 


ay sfewds = ay _ ae 
Also, by system ((), 


pteq- avy - zee =Vly ten); (2). 
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1 
pat y + — so (y— er) +5 =V(y +62), 
By to (y—ex) t+ Wy +e 2). 


] 
6 


(19). Letr+ Gt bie + abt 24 


c+y | 
p—bq— ; siete ae (1) = p(y—a2); 
ee ee 
ie ane + y?. log (@ + y) 


_(a+b64+2ab) een a ( “~) r+y 
Sedserees Shier SEES ee ———_———. 6 _ 1 eer 
EEOC eae Cur ere (ia 


b is “= ) (: +y 
Aisa wenaein ie peas te | 
Gio soe FY oN pb 


+ oiy¥—ax) + vv, (y — 62). 


(20). Let rit # at 0 


In this case & = — 5 — # and the two systems (a) and (A) 
become identical: they are 
dy + “dx=0 
b 
: dp — zd {= O, 


“ bp-aq=Gart by). 


This equation must be solved by the process in Sect. V 
i 


A460 
p. 438. as we have no means of deducing a second equation 
of the first order, as in the last examples; consequently 
adx+bdy=0, and dxg¢(ax+by)—bdz=0; 
“ a€+by=a and drga —- bdz=0, 
or tga —bz=Wa, 
or z2=2¢,(av + by) +, (ar + by). 


Monge, Application, . os pe GA. 
t 27.4 
(20), Wheto s+ ee Oe 
s z tp 


ae ay =— Ydu — O 
x 
(«). 


| 
© 


ap + tdq = 
and 
ae I = a, and p+aq =pt+ig =9(2)s 
yo av bh 
and in the same manner as in Example 20, we find 


ae(O. 
ro v 


Monge, Application, p. 75. Lagrange, Mem, de Berlin. 1774s 
p. 273. 


oO: 2 
(22). Let Pine CP AG. fe Ds 
a 
“ dyttdx =O; OF 10 eer, and see cody 
7 | 


dp ae hig = 0, or? = $(2), 
i vi 


46 | : 
and as in Example 21, we find 


Z=VWirg(z)+yt ory =vV,(2) +2 4, (2). 


(23). Let Sea or AP ety 


ety 
f dy —dx =0 ? | 
Ap . Ries (a), 
dp—d it te PO 
v ha neae : \ 
dy+dx=0 
Zs (3). 
dics = Him & 


5 es 


‘consequently, y¥— “wa and the second equation of system ahs 
becomes 
dpe yee es 4 pda ual , 
“ya 


from which subtracting 


p(y — dz) = eBoy 5 2469 _ ital 
2Yi— a 2y—e ya 2y-a’ 


~ 


we get 
(2y —a) Sean Una 8 ig set +2d2z= 


_¢Yy— 2) 
nd — @ = 6h a Se ty 
and pg ef) 


From this equation we get 

: sted Wy rth 
eet ieee Ce dy = Oy 
: 

or Yor ty 6; 


ay 2zdy _ a 
eg ok 


and therefore. dz —o(Zy — 5}, 


" 462 : 


a L ping Se 
and raF AV —Gfe ‘dy p@y — ae 


where J= 2+ y. 
If we had proceeded with the system (@), we should have 
got t+y = 8, 


and dp+dq - Pat —o 


3 


which cannot be integrated: 


The differential equation in this Example admits but of 
one first integral, a circumstance of frequent occurrence and 
which may have been remarked in Example 21.; it arises 
from the form of the primitive equation which admits of the 
elimination of one of the arbitrary functions only, by com- 
bining it with the derivative equations involving differential 
coefficients of the first order; thus the process in question 
will enable us to eliminate .(*+y) from the complete inte- 
gral of the preceding equation, but not the other arbitrary 
function $(y — x). 


In some cases, indeed, we can eliminate neither of the 
arbitrary functions, without proceeding to derivative equations 
involving differential coeflicients of higher orders than the : 
first and therefore the partial differential equation of the — 
second order, will admit of no first integral whatever; an , 


example of this may be seen in the equation 
2, 

r-— t= as ia 5 
7m 


whose complete integral is 
z=eytatvyy—a—-7{ Pe Yt+Hn-W Ya}. 
See Paoli, Elementi d’ Alg. Tom. II. p..293. 


(24). Let s+ap+bq+abz= V, where Petts, i 
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dz 


Make qt az =e which gives 
dy 
dv a z adz : 
Gamaaly beae kee ak 
and | Ly bu aT; 
ad 


by the method in p. 329, we get 
os NS Vides Ft ass 
and repeating the same process, we get 


Sisaeit Db BAt- sa hy = OTe oer aK, dy fs” Vax. 
Euler, Jb. Art. 292. 


(25). Let s + Spt itgt ent, 
oy 

where V = f(x, 

Neat ec een, 

BApares 
Which gives otis Se a 
ada unt 
cabatie 
z= Uv “Sore yt SydyfvVdel. 


Fuler’ Ib. Art. ae 


The same method is obviously applicable to the equations 


s+Pp+Qqt Spq+ ten, 


and 5+ Pp+Q¢+( PQ Q+ 72): z= VJ, 


where P, QO and V are functions of x and y. 
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Laplace in the Mémoires de I Académie for 1773, has 
shewn how to reduce other cases of the equation 


s+ Pp+Q0qt+Rz=PD, (2). 
d P dQ Shae 
i i = va a P —© , to similar 
in which R is not Wear rasta ti 
equations, in which that condition is satisfied ; the method 
consists In assuming oo + Pz=v, when the equation (2) 


a 


becomes 


ld NO g oe ween (3). 
dx 


From this we get values of z and of = , which substituted — 
a 


Ne Et , : 
in the equation ak Pz =v, give us the equation 
y 


dv dv dv | 
contend Willis (2 oats _—~+ RV = WV. 
ely gewedg b i 
° ° ad P ° ° : : 
which if R, = P,Q + 7 -, may be integrated-in the same 
a 


manner as the two last examples; if not, the same process 
must be repeated, and if the equation be integrable, we shall 
finally get an equation in which this essential condition is ~ 
satisfied. We shall thus get a value of v involving two” 
arbitrary functions: the value of z is easily derived from 
equation (3), at least when the condition is satisfied after the 
second operation; the method of determining z will easily 
suggest itself when a greater number of operations are 
required. 


7 —— 22 Os 


: b (ab+b—2a-2) 
26). Let id . | sid 
(26). Let s+ pia pt Sie @H5F 


r 
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Make 0° ie re ge d t 
wee Tp ODD, v, and we ge 
dv | bw (A. a-—p2)y 
dzeoxvt+y @+yy “ 
_(@ t+yy dv, bia +y) tp fy 
i pass er A v, where A=a+@2~— 4B, 


dz_@ty dv 2@4y) dy b@ty) dv sy. 
Gi A ‘dudy Amotaa Ash hyo As 


consequently substituting these values of z and a in 
3 + oe = 0, and dividing by fo at » we find 
d*» a+2 du. _b dw, (a46+2b—a- 2) 
—__ _—— + o—— fF eee ee OD. 
dudy «vty dx w+y dy (xt y)* 
Mabe ete Ce) a, ay 
dy c+y 
d b 
and we get 7 ra 
dv at 2 
u(r + a oe UV 
(P+ yy vy fa, ek Lan as 


se (WHY) LS (o4yy— +? bay) dy +f) F, 


ans oe dv ba +y), 
fe ot oo —b dx at+2—6 


= (ty —*f (wtyy—et'y y)dy 
— (£ + p—*—' fle + yl? +? dy 


+n @) + Oto fa) 


which becomes, when a = 4 


© TOF) +0} —@epr—t—'(Fe + oy. 


3.N 
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The equation 
Rr+Sst+Tt+Ppt+QqtNnz=FP, 


where R, S, T, P, Q, N, and V, are functions of x and y, | 
may always be reduced to the form 


aes P’p' + Og + Nez a 


by considering x and y as functions of two new variables, — 
wand v, to be determined from general or particular integrals | 
of the equations, 


du= (dy + Ada, and ava 42 Cdy +k dx), || 


where & and ¥ are roots of the equation | 


RP +Sk+T=0O. 


= OR ES St 


In determining particular values of w and v, we must 
consider au and ow as the most simple multipliers necessary | 
yay 

to render dy + kdwand dy + # dx complete differentials ; | 

thus, if £ or #’ be constant quantities or functions of w alone, | 

gu and a are each equal to unity; if k = Jand k= —Y E 
dy y dy x a 

d dv 


u 1 
then —— = x and —_ = - , and so on for other cases. 
dy Yin ® 


As this transformation is of great and frequent use, it | 
may be convenient to observe, that if | 


dP 2) az Me, zy gO patie Clas 

du? t dado Mo don aD die fe 
ee, RRS LN aie ; 
Dea eyo > ag a Mandi samy 


we have 
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pamp' +m 7; 
gunp+n'q; 


‘ f dm dm’ 
raomr +2mm ss + met + —p +—_7 
- eet areas? 


Fe oer oa iy HU AeAt Rode 1, am t 


A Na dy 2? 


f i 
fonr +2nn's +n? 4+ ney, oo sig 
dy dy 


(27). Letr—at+2abp+2abhg=0. 


In this case, =a, and k= —a; making a a | ze 


— dy ; 
we have 


du=dy +adx, and dv =dy—ada, 
particular integrals of which are 
uayrtad, and v =y— az; 
rm e@r— as tat 
foe fete 2 toh 
\ paap—aq,andg=p +43 
consequently the equation becomes 


—Aa’s + 4a°bp =0, 


aA a* 2 bdz _ 
dudv est tis 
az anche 
e a se 'e7? ‘SU 
du 
and 


ZS" Lut vi} 
Sb Os8) f(y + az) 4.o(y —a2)}. 
Euler, Jb. Art. 316. 


2 


(28). Letr — at + iy She 70, 
hy! y 
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By the same process we find 
 dtz nae 


Seal =a 
Ce aaa eae fh Of — 


-2=(u+vyVYu—-Lut+ ov 


ad 


=2yWV(Yy + ax)— ly + at) + oly — a4). 
Euler, 6. Art. 317. , 


2 
(29). Letr ~-4.t=0. 


a 


In this case #=4, # =— 4, 
x a 


‘ 2 2 
pay mae Le 4 SY. f 
x? i 


rh 
Paar tier + oe; 
A ke 


consequently 


° ~ 
© o & 


| 
x 
e 
cor 
~S- 
a 
RIS 
a7 
on 
<< 
ry 
S 
= 


Euler, Jb. Art. 307. 


(30), Let +r — mt + 
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In the same manner as in the last Example, we find 
= (eaA\Y iret ~) ~) 
Z=(ry)i f (ry) iv ( d G + p(vy). 
Euler, Jb. Art. 318. 


(31). ‘To integrate the equation 


Recto CAI ail 1c gece ig 
dxedy ux+ydx xrt+ydy («+yy 


by a series, and to assign the values of 6 which make that 
series terminate. 


It is evident, that x and y must be similarly involved in 
_ the integral, the form of which may be conjectured from the 
result given in Ex. 26: we may assume, therefore, 


r A+1 | 
zeaAwe+y) rt Py) + Baty) (fa + Fy) 


Y At 2 vt "" 
+Cwt+y) (f(x + Fy) + &e. 


_ or, for greater simplicity, omitting the functions of y in this 
assumption and replacing them after the determination of 
A, B, C,_D, &c. we have 


1 2 
z= A(x +y) fat Barty) ae Cire) fet Kes 


Ae ae  aes 


and substituting for 2, da’? dy’ dudy 


in the equation, 


we get | 
A+1 +2 
O=bAwt+y) frteB(ary) frtbCiwty)” f'r+ &e. 
+2ar.A +a JA t+aB 


$+0AQ—-1)4 42aA41)B 4+2aQA42)C 
'+rA4A +Aa+1)B 
+(.+1)B + (42.041) C, 
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we from hence get 


rato azy/ $s ae 


—_ —@+) 4 = ae since 64+2arX+N—A=0, 
2(a+A) 2 
—(atrAt+1)B  +-—1DA 


from) NR Rs Sy eat aN oe Te ee eet 
Q9Qat2ati) 2.2.(@i—3)” ‘ 


_— —(a+a4+2)€ = —G-2)A 
- 9Qat+Qra4+2) 2°38 8i-1)’ 
—- (a+A4+3)D _ + (#—2) (i—3) A 
“A(Gat2r+38) 2.2.3.4.2i—1) (2i—-38)’ 
ag FATA) D 2 iGA3\G =H 4 


~ 5(Qat2at4) 24.3.4.5.(27—1) @i-3) 


The series must terminate whenever a +A +n =n —1, 
is a whole number, n being the denomination of the last 
term but one in the series; the constant 4 may be included 
in the arbitrary functions of x and y. 


Thus let \ = — a; it is evident from the formation of the 
series, that B = 0, C=O, &c. 


. 2g=(tty)—*(fr+Fy) 
Let A =— a — 2, and therefore 6 = (a + 2)(a — 3); then 


om Soe (x + on aa Oe ae + Fa)—3@ ae DWT ere @ 


1 uf Vis 
+ aa +) * OF ED AES 2), 


The series will terminate, whenever 
b=(a+i)(@ —i— 1). 
If 5 = 0, the equation becomes 
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and we must have a=—z, or a =z + 1, or any positive or 
negative whole number, and therefore, \=0, or \= —2i—1: 
in the first case the integral is 


oe ftw) Cy) — 5 ty) (fan + Fy) 


@—) 


1 2 ai " 
ga Stes 1)" (ety (fox+ Fy) — 


and in the second we have (# + y)*+* z equal to the same 
series. Euler, Jb. Art. 322. 


Weenie i mies DHE Oz 
32). Let ——, 
Sac vas GH Ray a see ct “dx 


= 0. 


If we transform this equation by the method given in 
page 466, we shall find 


a> 


] by 1 y 
uUs=-rt+—%,andv=-x%——, sothatu+v—=—ur; 
Q Qa? 2 Qa? 
the transformed equation is 
d’ z m dz m daz 


eS hes 8 CELLONE Sen oa ee oer a erectoce: | () 
dudv  u+v,.du u+vdyv 4 
which may be integrated whenever m is an integer. 


‘Thus, if m= —1, we have 


ae (eee by 
fat) %, 
abe 3 : 04) (Gases da 
ae ( Za we Qa y° 
If m=2, we have 


as (GY eae 


Qa Qa 


as Ce”) +P (SS). 
oe oa 


Euler, Jb. Art 


AT2 


a’ py 4m ad? z 


Let dt z ——y7 gm—1 
(33). e de? Zz dy : 
Transforming the equation, as in the last Example, we 
shall find 
sa 1 
i | ieeprises id 2 zm—1 + pli ste ee 3 
g 2(2m— l)a 
1 
and v= 1 ye emi — aes 3 
Q 2(2m—l)a 


so that u+u=2r %*—1;5 the original equation becomes 


d? z M4 m dz m Bh 6 
dudv ut+vu du utv dv 


If m=0, we have pei bhi and op ojos 
g 2a 2 


=f (ae by) + Flax — by). © 


If m =— 1, we have ee 
Q 6a 


and 


and 
. ga fut Fu— stfu + Fu). 


1 b 
If m = 3, we have vu =—~277—3 wi 
f Be et 30 we 


b 
2 “10 @ 


+ 


ek) — oad ae Fu) Fa (fu + Fv) 


aa ae flu + Fv), 


4.3 


= 


y 


2 


2 
a 
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This equation is evidently analogous to that of Riccati, 
and integrable under the same circumstances. Euler, Jb. 
Art, 345. 


(34). Let nee! pee abt 
d x? dy? y” 


Make u=y+axz, v=y—avt, and the equation becomes 


Pain OZ 
dudv (u+v/y 


— 


— 0, 


this becomes a case of the equation in Ex. 31, when a = 0, 
and is integrable in finite terms, whenever 


Thus let z = 1, and therefore 6 = — 2; then 
1 
ale F {fytax)+ fy —ax)$ 


—f{fiy tan) + F’'(y—anz)}. 
Euler, Jb. Art. 333. 


(35). Let ee = a2; a particular integral of this 
dady 
equation may be found, by making 
z= ae 7 1. 
a’ 2 : avd VY wicer: 
dzxdy y 
ay ay 
add sete aan Y=", cid gee 
or more generally 
acti rf iis 
z= Ae a ei ae GF y + &c 


ATA 
where 4, a, B, 8, C, 7, &c. are arbitrary constants. Or if 
mn =a, m'n' =a, &c, we have also 


z= Asin (max — ny) + Bsin (m'ax — n'y) 
+ Csin (mx — ny) + &e. 
z= Acos(mx — ny) + Boos(m' x — n'y) 


+ Ccos(m’ x — n'y) + &e. 
Euler, db. Art. 282. 


(36). (ipa te OS Maken tae 
© dx 
9 Hic! se We s) homage Ol ay 
and z= e«*py + ey, 


ae Z dz d3 z ae 
a VEY 1 See A aie a RS Yh 
(7); ea Peau eae dy? 


where A, B, C, D are constant quantities. 


If &, £,, #,, are roots of the equation 
AB+CH +Ck+ D=OD, 
then 


pier GMA oc oat 
Euler, Jb. Art. 421. 


S Gore Det 2 ~ (a+ 8) Oe 


d x3 aoa 


+ So Bz 
dy? dy 


Ta this cate, | Be eed SY fom = a, 


+ (2ab + a") 5 


2a Vly Faz) trvyy $02) +6 y+ 52). 


AT5 


P 3 
(39). Let $3 = 30% 4 gees sat 
ORE Sat ATR 


Therefore £ = k, =k, =a, 
and z=W(ytar)+rv,(y +2) + a i(y + a2). 


(40). Let oe =a>z. Make dee = kz; 
d 18 


dx 
3 
; ~ ecek ge (at 2s 
consequently & =a, ote a, aa 


and 


— e* py + 6— 3” cos Bee Piy ft eter sin 27 VS 9,9. 


Euler. Jb. Art. 395. 


az az dz dz 


1). Let — b MON i eens ees Big teed 
oe * A atkh dudy Nita A rare 


Make z=c** v; after the proper substitutions and dividing 
by g-*, we, get 
dv d?v 


. z2ee"fPpty-ax)tvys. 
Euler, Jb. Art. 403. — 


dz dz dz 
4 5 b =~, 9 b — sh . —_ 
a2); Let (a+ 256)2—(2a+3 Le bt ¢ aysen de 
d? z d? aes 
Toe Sted pm Fa ay 


Make z = «’ », and proceeding as in the last Example, we 
get 
d3 4 Bw 
—— +¢ ——: 
an du dy 


oan +36) F2 4d 


A716. 


2 
Making ie = u, and integrating, we get 


— @+3d), 
c 
u ='€ ¢ (cx — dy), 
__ (@+3d) y 


and zgmeefe "  o(cw—by) +rory + pry f- 
Euler, Jb. Art. 404. 


az Pz (ocet 


(43). date dudy 


2 
Y=, orrt—s°?=0; 


let —* Sas) OF a oy See Ue 
S t 
‘. dp=rdat+sdy=v(sdu+tdy) =vdq; 
} “ p=); 
and the complete integral is found by eliminating a from the 
equations, 


y—oa =(z—a)¢’a 
e—-Wvaa(z Det 


This is the equation of all curve surfaces, which admit of 
developement, or which can be spread flat upon a plane 
without tearing or doubling ; of this kind are all cylindrical 
and conical surfaces. Monge, Application....p. 82. 


(44)... Let PrP -Port—s*. 
Make g=9(p), s=rg¢'(py t=s¢ (p)=r{ o (p)}?s 
Pheri) —gipy} 03 
by last Example 
. @p=1, and gape, 
where ¢ is an arbitrary constant; the integral of this equation 


gives 
z-crv=W(a« + y), 


” 


ATT 


a particular integral of the original equation, involving: only 
one arbitrary function. 


This method of solution applies to all equations of the form 
P= (rt—isy Q, 


where P isa function of 7, g, r,s, t, homogeneous with respect 
to r, s,and ¢; any positive number, whole or fractional, and 
Q any function whatever of a, y, 2, p, 4) 7 5) t; &c. which 
does not become infinite when r¢ — 5° = 0; it was given by 
Poisson in the Correspondance sur I’ Ecole Polytechnique. Vol. Il. 
p. 410. 


(45). Let ¢+ 2ps+(p*—a’*)r=0; in this case Q=0. 
i (p py +2p%' pt (p*—a*) } r=0, 
or dg@+2pdpdq+ (py? —a*)dp*=0, 
.. dq=-—(p+a)dp, 


and therefore q+ : Pie Op eC; 
consequently by the method given in p. 445, we find 
z =prt(chap—-=p)y+Vp 


Orrtay-—pyt wp, 


which is a particular integral of the equation. This equation 
_ expresses accurately the law of the propagation of sound in 
an horizontal cylindrical canal, when the vibrations of the air 
are not considered as infinitely small and when the tempera- 
ture is constant. Poisson, Jb. 


(46). Let (1+q@)r—2pgs+(1t+p*?)t=0; 
in the same manner, we get 


1+¢)dp?~2Qpqdpdgq+(l+p)dq=0. (1). 
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by differentiating this equation, considering dp as constant, 
we get 


ag=0, org=ap+4, 


where 4 is determined in terms of a, by substitution in equa- 
tion (1), which gives 


l+a°+2=0; 
consequently q=apt+(/(—1-—2"), 
and z=p(a+ay)+yf(— 1-4’) (2). 


a particular integral. 


The original equation expresses the condition that the 
two radii of curvature of a curve surface are equal, and upon 
opposite sides of the surface; the second equation (2) is that 
of a cylindrical surface; the only surface which answers 
both these conditions is a plane which is obviously included 
in the equation (2), and which indeed is the only surface it 
can represent. 


The complete integral of this equation has been given 
both by Monge and Legendre; under its most simple form, 
it is the result of the-elimination of a and 0d from the 
equations 

raat b 

yooatwysd 

zafda Jl fl (pat y+ Sdby/ {1~O by}. 

The extent to which these examples have already pro- 
ceeded, compel us to omit all notice and illustration of many 
other transformations and methods of solution of partial 
differential equations of the second and higher orders, which 
have been given by Laplace, Legendre, Poisson, Monge, 
and other analysts; the same reason induces us omit the 
discussion of their geometrical characters, and what is of 
most importance, the exemplification of the methods of 
determining the arbitrary functions which enter into their 
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complete integrals; a subject which has been noticed by 
Mr. Herschel in Note P, to the Translation of Lacroix, but 
which in most cases belongs to a different branch of analysise 


Partial differential equations occur in many of the most 
interesting and difficult researches of Natural Philosophy, 
and thus the most important results are connected with the 
improvement of methods for their solution; amongst these 
may be mentioned the vibrations of a cord, whether of uni- 
form or variable thickness, in media both resisting and non- 
resisting, the motion of waves and the propagation of sound 
upon all hypotheses, as alone sufficient to convince the reader 
of the importance of a subject which is hardly noticed by the 
mathematical writers of this country. 


i 
On the Particular Solutions of Differential 
Equations. 


I. Grven the complete integral of a differential equa- 
tion, to find it particular solutions, if any exist. 


If U=0, be the complete integral cleared of radicals, and 
if c be the arbitrary constant which it involves, we must 
eliminate ¢ from U=0, by means of the variable values of ¢ 


which are given by the equation = =< Ch 
Cc 


(1). Take J/(@@* +y—@)=y +e, 
the complete integral of 
| vndxu+ydy=dyVf(ae+y? — a). 
Exterminating the radical, we get 


U=2—2cy—c —a =O, 


sewn Uf er DC ae, or c=— Y; 


ay 
“1g 


ASO 
and therefore 
e+ry—a—od0, 


which is a particular solution. Lagrange, Mémoires de Beriin- 
1774, p. 199. Calcul des Fonctions. Legon 14. 


(2). Take «? =sin(2y +c), the complete integral of 


rdx 


Ligeaarys 


dU 7 3a 
*e ree Cosity tale, or 2y tess or inh 


the first gives 1 —’ a*= 0, and the second 1 + 27= 0, both of 
which are particular solutions. 
(3). Take Ex. 67. p. 345, whose complete integral is 
Ae, Veo ele y) /(C + u), where 
w=me(rtyt+futy). 


Exterminating the radicals, we find 


(f= 1 —~C*—2 Cu—-v?=U=0,7 
Ae) 
dU 
and therefore Ti 2C —2u=0, or C=— 4, 


consequently Y— Y=0, is a particular solution. We must 
except the case, when e = 0, and f=0, as in Ex. 68. p. 347, 
when the integral appears under a different form, but of 
which X —Y=0 is a particular solution, where C= 
— 2b(4+y)—c(«x+y)’: and also that in which two pairs of 
roots, or the four roots of Y = 0, and Y = 0, are equal to © 
each other as in Ex. 71. of which the integral involves no 
radical, and only the first power of C, and cohsequently admits 
not of a particular solution. Lagrange, Memoires de Berlin, 
1773. p. 206. 


48] 
(4). Let y- ar — 5H ( — ay + a —a)' = 0, 


be the complete integral of 


1 b? 2 
Yr ax — AES: vate meraee AY am 2. 10, 
LUPUS a (¢ — a) + (cc —af=O, 
dc 


an equation which is satisfied by making ¢ —a = 0, or 
j F fig 
{¢c-—ayru rh 


the first gives a particular integral, 
y—ar=0; 


the second gives a particular solution, which is 


(5). Let a* + dt b2'+ ~a x? —y=0=U, be the com- 
plete integral of the equation of the second order and degree 


: 2 2 ee) 
pe a acy ie Rey ty 


frac 4 SBI 6) 
CH any dx? dx d x? d x* ; 


Lee = ah ek 
Bere py wg = pion @ gi an, FO. 


Let d' U denote the differential of U, considering a and 4 
as variable, and 4 as a function of a; then we have 


sqrt b) —p = 9, © 
a Ua" db 
SS ere 2 ) she jae {) 
op ag Wt 24 + (w+ 2b) 7 , 
Og EO ay a dager, 
da 


452 
e e ° e e db © 
a variable quantity ; eliminating My by and ‘7 from equations 
a 


a a 8 EE rial Ce dd U 
Can? an eae “da. dxda 


we get 


bi dy a ae ors 
We Gera) Syd te) 503 


by solving this equation (a), with respect to ou we shall 
x 
readily reduce it to the form, 


4dy+2@uda+adr 
fei FAR is dies sane FAL Ea | : 
Si 6y + 44° + 2%) Adar eet 

and | 
A166 yt4ar +a =r/(1 +a?) +logfat /1+2%)} +C, 
a particular solution of the differential equation of the second 
order, involving only one arbitrary constant. Lagrange, 
Calcul des Fonctions, Legon 14, | 


(6). © Let {p—(r-1)b}t+px— == —y=0=U (1) 


and 
Pp eee ax 2ap(*#—1) a> (w— 1)? PE eS fa) 
Set a Wie deat he ee yrdat ent’ 


be the two first integrals of the equation 


—{p—(x—-—])qg}?=0. 


ape 


In the first place, taking equation (1), we find 


aU 


pn 2@ Nip —@ = by = SO, 


and eliminating 6 from U = 0, anaes = 0, we get 


db 


4 ‘ 
(ce — 1p y + ae — 1)(4 —2)=0: 


ASS . 


4 


if this be reduced to the form 
Rei Li) dae Ce 
e(e©—-2)  8(#—1)(4—2)’ 
and integrated (see p. 320.) we get 
y =F” $e + loge = 1) - ta i 


a—2 


dy. — 


a particular solution of the given equation. 
If we proceed with the second equation (2), we find 
dU. x beeen Pee aL. 
ire pence AE mo 
da 9 - x 


and substituting the value of a deduced from hence in equa- 
tion (2) or U, = 0, we get 


+ 2a 


. a a 
(w— 1py + Tas F(t — 1)(# —-2) =0, 
the same result, as deduced from the first equation; this 
confirms the remark of Lagrange*, that it is indifferent from 
which cf the two first integrals of an equation of the second 
order, the particular solution is derived, as it is in both cases 
the same. 


II. Given the differential equation, to find its particular 
solutions, if any exist, without the intervention of the com- 
plete integral. 

If ee ATG bee 

P dx dy 


lowest terms, then all the factors of N made equal to nothing, 


dp M 


Toa where Mf and.N are in their 


* which satisfy the differential equation, are particular solutions 


of it. 


There may however exist particular solutions which this 

process alone will not ascertain; as, for instance, in the case 
ms ax d 

where:p =f (x) :-it is only necessary to. make. p, =, 4 and ft 

| 3 i pede 3 63 


* Calcul des Fonctions, Legon 14. 


ABA 


MM ° a e 
a) yr and proceed as before, in order to derive all those 
1 
solutions which are not determined by the other trial. 


If U=f (x, y, p) = 0, where the equation is not solved 
with respect to p, then we have 


dU aU 
BP) aol es lean tee 
Wilco Trane See ape Eo 
dp P 


the particular solutions are determined by eliminating p from 


hil 0 and U = 0, provided always that these solutions do- 


dp 
dU ee = colt 
not make —— = 0; they may likewise he similarly derived 


by eliminating p, from aah Oy and, Ue. 0.) 
dp, 


; d 
Lagrange remarked that particu/ar solutions render =f or 
oe 


ee = = atest which is a necessary consequence of the 
preceding, since 
| : tli Pah oh, dat y ) 
ae d?y We Pire Ue: 40 
da | 
ap 


of which the numerator and denominator must be equal to 
nothing respectively, in virtue of the equations 


BU Soars gu dU 
NU mit (ody toad p = Oyand- “= = 0! 
dei dy hapa mee ae 


It is amongst equations of a degree exceeding the first, 
that we must look for particular solutions; for if the first power 


‘of p alone enters into U = 0, it will not appear in oe ony, * 
P = 


which will not therefore enable us to eliminate p from U= OF 
upon which the determination of the particular solution 
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‘depends; the same remark extends to equations which are 
linear with respect to p, but which involve radicals, for we 
can only consider such equations, as factors made equal to 
zero of equations of higher degrees, depending upon the 
number and nature of the radicals involved. Corresponding 
processes for determining the particular solutions of equations 
of higher orders, will enable us to extend these remarks to 
such equations; and we may assert generally, that no linear 
equation, properly so called, whatever be its order, admits of 
a particular solution. 


(7). Let dy = dx /(y—a); in this case we have 


dp 1 
= «/(y-— a) and —] = ——__22= 6, 
aoe dy 2/y—) 


when y = a, which is therefore a particular solution. 


The complete integral is r=24/(y—a) + ¢, which gives 
the particular solution, by making c=w, a variable quantity. 


dx dx JU — a) 
e at t d: = Bee ieee! cee 1 — 5 
entat y Jia, dy! x 
GF Sa gts 1+ v= 5 
dU a if 


If p, = 0, we have 1 — a*=0, which does not make 


—— = 03 it is therefore a particular solution, since we have 


oY —7, and therefore y must be variable, otherwise ay 
ne. O dx 


would in this case =" . If «=0, we have. also aa = Od 
x 


also in this case dy=0, or y=c a constant quantity we 224); 


is not therefore a solution of the equation. 
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(9). Let ydx —24 Sad ao” + dy’) = Or 


or U=y— 2’ —- a p* =0, 
dU 
Uy ee tet mee, O) 
ap F 


If p=0, we have y*—2*= 0; but since P= 0, we must 
have y and therefore in this case 2, a constant quantity : it 1s 
‘not therefore a solution of the equation. 


If r=0, we have also She =0, to which the same remark 
applies. 


The complete integral of this equation is 


{yt J (y?— 2”) } 2 
4 x? 


Euler, Calc. Integ. Tom, I. Art. 681. 


1 ee 3 | 
ak 5 log Ly+Ay*—2%) } — slogr@=C. 


(10). Let yp?—2rypt+art+by=0=0, 


cf Tp TOP 28 ie 

the elimination of g from these equations, gives us @# + 
by — « =0, which does not satisfy the differential equa- 
tion: it is therefore absolutely necessary to examine in all 
cases, whether the equation which is the result of the elimi-, 
nation of p, be a solution of the original equation or not. 


(iy. Let y-a#p-a(l+p) =O0= U; 


; PON a ty 4 a 
as dp ae sia, 
and Pree ety omar Daag Oe 


is a particular solution. 


hh he si a ak 


oa 


Or thus, p = — 


1D) 
RQ 
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Qu 


] 
Jf (a? + hay—4a) 


and 


& 
~~ 


when ew +hay— ta? = 0. 
Euler, Jb. Art. 701. 


(12). Let («9 —pyP(a?—Q2rypt+a)=0 =U; 


os a = 2 —p(@P@+a—-xryp—wy) =09. 


ii p ="r, weet -- 
(ec — «fa? + a? — Qa? y) =0; 


from the first factor (x -- #)*? = 0, nothing can be inferred : 
the second factor 2? + a? — 2a*y = 0, is no solution of the 
equation. 


If we wish to extend this method to equations of the 
second order, we must. consider two cases; Ist, when it is 
proposed to determine a particular solution of the equation 
which involves p, x, and y only, or whose integral involves 
one arbitrary constant, or 2dly, when the particular solution is 
a function of x and y only, and involves no arbitrary constant 
whatever. 


2 


In the first case, if g = {4 | we must eliminate g from 


d x° 
U=0, and <- — 0; in the second case, we must eliminate 
q . 
pand q from U=0, Gp =O nd 2 = 0, and in both | 
q 


cases, we must try whether the equation which is the result of 
elimination, satisfies the original equation or not. | 


(13). Let y—ap+—q—pgtep =o, 


48s 
Da Fi 


——d 


1 
Sk ae pe 2g = Oe 
dq 9 Pp q 3 


eliminating from these equations, we get 
| 43 
TM as Sol i a omer (a). 
a particular solution, since it satisfies the original equation. 


This equation admits of no particular solution of the 
second kind, or which is a function of w and y only, without 


an arbitrary constant, since the equation Fes O, does not 
rg 
involve p, and therefore does not enable us to eliminate it ; 


3 
but y + >= O, is a particular solution of the first particular 


solution (a), but which does not satisfy the original equation 
U = 0; an important remark the truth of which has been 
demonstrated generally by Lagrange, Calcul des Fonctions 
Legon 14. 


The completé integral of the equation U=O, is 


ab+ be +s aa*—y =0. 


(14). Let yap + 4 —p+(2c— l)pq 


| —(2 —r+1)¢7=-0=> U0; 
a0) See 
pee a Qx— —2(y —wv +7 = Q. 
tania 2 2 1) (a de oe 


Eliminating g we get 


: xt py | 3x 3 p % 
et thd gob eo et PO 0, (a). 


a particular. solution of the first order, 


By eliminating p and ¢ between the equations U = 0, 
dU dU 


dp dq 


489 


a . 
we get y tees * + 4) = OY 


. which is no solution of the original equation. 


The complete integral of the equation is 


@+ab +P + bet rae —y=0. 


oe x3 ; 
(15). Let y — vp + —4 — — = p+ opgx— gar 
F 2 4 
pret gre® —o* =O0= U. 
where raise La 
I te 


= 


/ 


Eliminating r from the equations U =0, and =0, we get 
x 


BF INN A OOS To ah 
3 + — + —=0 
3 6 36 d 
a particular solution, being a linear equation of the second 
order only, whose integral is 


y 


, 2 
ers CD ob oy dO = (I + log x). 


* 


The differential equation admits not of a particular solution, 


_ whose order is lower than the second; for the equations 5 = 0, 
44 


dU 


and —— = 0, are inconsistent with each other, and with 
dp 
dU ars, 
oP O, and therefore cannot exist simultaneously; the 
r 


reason of this is evident from the complete integral of the 
equation, which is 


a be ras 
at Benn oe at ee Oe 
j D) 6 
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III. Given a solution of a differential equation, to find 
whether it is included int the complete integral or not. 


Let y=X, be the given solution ; in the equation reduced 
to the form dy=pdza, substitute X+/ for y; if the expan- 
sion involve a power of 4, whose exponent is a proper frac- 
tion, then the solution in question is a particular solution; 
otherwise not. 


If the given solution, involve x alone, we must reduce 
the equation to the form dr=p,dy, and substitute a + h 
for x, where a is the value of x deduced from the solution 
X= 0; the test is the same as before. 


From the principles explained in Note F, it is obvious 
that when the solution y = X, answers the preceding con- 


et ; d : d 
ditions, it must also make = o in one case, or ve == G0 
y x 


in the other ; or if U=O, be the given equation and a rational 
function of x, y, and p, then if the solution y = X, makes 


d 


U dU ps ; 
“~ = 0, and not —— =O, it is a particular solution; other- 
dp dy 
wise not. 

In equations of the second order; if p= X, be a 
solution, which involves « or y or both: for gq substitute 
ae +h, or X' + h, in the equation: if the result involves 
no powet of 4 whose exponent is a proper fraction, p = X 
is a particular solution, otherwise not: or more simply thus 5 
p = 4X; isa particular solution when it makes U = O and 


d p 
If the solution does not involve p, it is a particular 
: dU dU 
solution, when it makes U=0, —— = 0, and —~ = 
dp dq 


It would perhaps have been more natural to have made 
the problems considered in this section precede those given 
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in the last, such at least being the order which they occupy 
in the works in which they are investigated, and the proposi- 
tions are obviously the converse of each other ; in the exem- 
plification of them, however, it does not seem to be a matter — 
of great consequence to adhere to the precise order in which 
they are deduced, as the student must be in possession of the 
theory, of both the propositions before he can proceed to 
apply either one or the other. 


(16). Let ady +y?dxr=a’dux + xydx, which its 
satisfied by making y=a. 


In this case p = 1 us yee gai for y puta +h; 
a 


Pome 
. p= 1— ——-,, in which no power of 4 is involved, 
a a’ 
whose exponent is a proper fraction; y=. is therefore a 


particular integral, as is evident from other considerations. 


In order to find the complete integral, make 


(Basen ae need 
ax? at 
this gives vact@ fot fe 2%0dxr}, 
x 
a’ area 2 hos 
Bad 1 er eh = i 


fetfe 2@dx} 


when. c=. Euler, Cale. Integ. Tom. I. Art. 544. 


a). whe tae ae which’ is sitished by 
o , ; aN. J wamese ry bh Rene ep 


alias y. rt se 
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sea A af — 8p + opts OQ, 


dU 1 dU 
fo eae &.6;*and ey oh 6" 


by making y =a’, we satisfy the equation 4 <= OF Gt 6 
P 
therefore a particular solution. 


(18). Let dy = yes , which is satisfied by making 
ees fy 
Lat 40) 


1—at 3 Jr 
Sao £ yp ey make x=a—h, where «is one of the 


roots of | — «* = 0: we hence get 


,_ V¥{1—-1440R—60°F + 4ah’— ht} 
LM RTT IE TERI NST 


= Qa /h + &c.'; 


consequently 1—x*=0, is a particular solution. 


(19). Let a dynadeuda Sy’? —+*), which is satisfied 
by making y = 2. 3 
v Us(ap—al—yt+v’=0, 
dU Biri Pe eet ae : 
ap = a*(p—1)=0; which is satisfied by making 


y =, which is therefore a particular solution. 


(20). Let (rmy—1)(2vyqg—yp+arp’y—xy(yt+aepy =O, 
which is satisfied by «y—1=0, 

dU | 

te = 2(t7y - 1) (@rp —y Bxryg — yp + vp?) 


— 2a y(y + xp) =0 


A9S 
dU 


ae =4(uy —lxyQryg—yp + xp’) =0 : 


and both these equations are satisfied by making x y—1=0, 
which is therefore a particular solution. 


IV. Every particular solution must render infinite a mul- 
tiplier of a differential equation; but the converse of this 
proposition, that every solution of a differential equation 
which renders a multiplier infinite, 1s a particular solution, is 
not generally true*. 


1 A 
Ls 
“Sa? + y’ — a?) 
multiplier, which the particular solution 2° +y%- a?=0, 
renders infinite. 


(21). Take Ex. p. 479, of which 


a 


(22). ‘Take the equation 


2aryda dx 
xdx—3yd 
whose integral is 
J/ (1 + 2) 

] 1 + 4? (sali ee RI a 

Seba MATEY h agceayaek aio 
in this case y = — 4/(1 + 2°), which renders the multiplier 

] : % : Ro 

—______________ infinite, is a particular integral correspond- 
fy+ /(1 +2’) $? ? P § p 
ing toc =— o. 


(23). ‘Take the equation in Ex, 62. p..343, whose mul- 
tiplier } 


1 
(w — a) Jy? + Qay + 2) 


* Laplace, Meémotres de ? Acad, des Sciences, 1772. 
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becomes infinite by making w—a*=0, or y’+2ay+x=0; 
both of these solutions are particular integrals, one corre- 
sponding to c = o, and the other to c = 0. 


(24). Take Ex. 17. p. 357, of which the multiplier 


1 | 
(x? — a’) Site 1. y" ass a’) 


becomes infinite by making 1*+ y*~ a?= 0, or a*—a’=0; 
the first is a particular solution; the second does not satisfy 


the original equation, and is therefore no solution whatever. 
: / 


Legendre* has shewn that every differential equation 
admitting a particular solution, may be so modified that the 
particular solution may become a factor of it; and Poisson f has 
shewn that any given particular solution may be introduced into 
a differential equation, by multiplying it by a factor con- 
taining that solution, and subsequently effecting a change of 
the variables ; though these problems are extremely interest- 
ing in the theory of particular solutions, yet as they are of 
little use in the practical parts of analysis, we shall not 
exemplify them; we shall conclude with a few remarks on 
the particular solutions of partial differential equations, 


V. Given a solution of a partial differential equation, 
to find whether it is included in the general solution or not. 


If U =f (a, y, 25 P) 7) = 0; be an equation of the first 
order, then the solution z = F(a, y), is a particular solution, 


dU 


if it makes du = 0, and _— = 0; otherwise not. 
dp dq 


% Mémoires de ? Académie des Sciences, 1790. 
+ Journal de ?Ecole Polytechnique, Cah. XUV. p.-73. 


BI 
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if U = f(t, Yy 2 Py Jo %> 5, t) = O, be an equation of the 
second order, then the solution z = F(a, y), is a particular 


solution, if it makes 


aU 2%, dU dU dU On 
dp > dq ¥ dr S ee 
or if z = F(z, y, p, g), be an equation of the first order and 


a solution of U =O, then it is a particular solution, if it also 
makes 


The mode of extending this rule to partial differential 
equations of all orders is obvious. 


The solution of this problem, immediately suggests the 
solution of its converse ; namely, to find the particular solu- 
tions which a partial differential equation admits, without 
knowing its general solution ; thus, in the case of equations of 
the first order, if V = 0, be the result of the elimination of p 
odie fey fay adi the 
dp dq 
factors of Y=0, which satisfy these equations, are particular 
solutions; a similar method is applicable to equations of 


and g from the equations U=0, 


higher orders. 


(25). Let z=px+qy¥+ pq, which is satisfied by 
making ® = — @y. 


Us=z—pr—qy—pq7=% 


ee gi), if ze— Ly 
dp 
Ty Ty TP =o if z=—27y; 


the requisite equations are therefore satisfied, and z=—wvy 
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is a particular solution, noteincluded inthe general solution, 
which is the result of the elimination of P from the equations 


c= prtyop +por Come. 
O= r+yp pt opt pop.y 
(26). Prog: To find the nature of the curve surface, 


so that the perpendiculars drawn from a given point upon its 
tangent planes may- be always of the same length: 


Let the. given, point. be the origin of the co-ordinates, 
a’, yf, z the co- ordinates of the tangent plane, and & Yy, 25 
the co-ordinates of the surface; the-equation/of the plane is 


zZ=atbha+ey, 
and at the point of contact, we have 
Pacehss YP a. r yea 
Som ey XT SU Y SYy 


d 2' az Mig of dz 


—_-$=—= a pore 5 i mr 


dir’ Ei a ee od Pires 
aad therefore its equation for that point fas baw sRGB 
DS ht putt gy, 
Tg Snip igydoyzebos 


Again, if wbe the distance ee ste given point and the 
point of contact, we have 


y eae talk +27) 


and since this line is perpendicular to, the given plane, it is 
~ AEE and du=0; consequently 


edu # dx byfdy ald a = Oxe oi Lois 
but dz =bdx+cdy; isi 
therefore ( °br2/)d.x" Fy! F ex’) dy =0, 


AQT 
or wv + b2'=0, and xy + ¢2' = 0, 
or w=—bz, andy=—cz 


at the point of contact: 


ia Ze a—b*?z— ¢*z, OLra = 


a 
errr es 
I 4b? ¢* 


and op Rinteniis: § Orth ek COD, UG 
4 Yute+e’) Ylt+pt q*)’ 


or zap -yg-hVA tp +g) ==, 


aU Bie hop he 
dp. > JO+tRP+eP) 
PUB ah Bs) yitdikegis OOP). Dy 
dq iE G bis 8 coe ea 


and the elimination of p and q, gives us 
2” i y? +22 = i? 


which is the equation of a sphere, and a particular solution of 
the differential equation. 


The general solution is derived from the equations 
zgabar+yob +hyf1t+ 0+ (by } (1). 


h(b + 9b 9'd) 


CRRA TERE eee 


=O. (2). 


If in equation (1.) we make 4 = c, we get 
z=bricythVWlt+e+c), (3). 


the equation of a plane, involving two arbitrary constants and 
which is evidently a solution of the differential equation, as 
it gives 
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The surface given by the particular solution, always 
touches this plane, whatever be the value of the constants ~ 
b and c. See the remarks in p. 358, 359. 


Lagrange has denominated the equation (3), the complete 
solution of the differential equation, to distinguish it from the 
general solution, which involves an arbitrary function ; under 
this form alone the theory exemplified in p. 479, by which 
the particular solutions are deduced from the complete inte- 
grals, admits of application in the case of partial differential 
equations. 


1 oR 


The connection between the complete solution and the 
general solution is very simple in the case of partial differential 
equations of the first order, and the second may be always 
deduced from the first, by making c = ¢ 43 thus 


zgmar+tby+ar7t 

is the complete solution of 
sane ae Res ga RI 

If we les b = pa, we get | 
z=axr+ypa + a’ + (pay : 

and - dapee s Sakd in oatiea) 


a system of equations from which the general solution is 
determined. 


For equations of the second order, the complete solution 
U= 0, will involve jive arbitrary constants, the elimination of 
which from the equations | 

dU dU dU au aly 
U=0, — = ee Ope a =i apace FY Baa A098 if 

, d x dy d x? daxdy dy’ 
will give the original equation ; but in this case the passage 
from the complete solution to the general solution involves con- 
siderable difficulties, even in the most simple cases; it is on 
this account, that we can derive very little advantage in the 


0, 


499 
determination of the general solutions, of equations of the 
second and_ higher orders, from a knowledge of their com- 
plete solutions, which in some cases can be determined very 
readily. For further information on this subject, the reader 


inay consult a Memoir of Lagrange in the Berlin Acts for 
1774, p. 266. 


(aT parelaete ea * Qrq ( — —) 


eliminating r from U = 0, and ERED es O, we find 


dr 
ee as ; ( z ; 
Bp ae eee ar ks ome 
| (p ] + xr ¥y p 1 ao qb a 
and since the factor Pp — Pies 0, 
i ‘ } + v 
tee fy : ( ~ wees 
} ee Bek be - 1l+27 ‘ake 


it satisfies both the equations, and is therefore a particular 
solution, its integral being — be 


z= +ax)oy- 
Poisson, Journal de 1 Ecole Polytechnique, Cah, XIII, p. 115. 


dU dU Bae — Via 
dr ? t 71d Dp x 


| and 
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and all these quantities vanish by making z =x + y; it is 
therefore a particular solution involving no arbitrary function. 


(29). To find whether g =— 3 P +cp + a, which is 

a solution of . 
t+2pst+ (py —€)r=0=0U, 
ig a particular solution, or a particular integral : 


dU qtr i dU 


Say a Ae eke SEE cs dai 


which the solution in question does not render severally 
equal to nothing; itis therefore a particular integral. See 
Ex. 45. p. 477, 


There are many circumstances in which the analogy 
between the arbitrary functions which enter into the integrals 
of partial differential equations, and the arbitrary constants 
which enter into the integrals of differential equations of two 
variables, is not maintained, some of which have been already 
noticed (p. 462.): one of the most remarkable of these ano- 
malies, occurs in a class of equations, whose integrals ex- 
hibited in a series by means of the theorem of Taylor, involve 
a number of arbitrary functions less than the order of the 

; , moiezis diz g 
equation ; thus in the equation —-~ =—~, not integrable 
dy?) ax 


under a finite form by the eee a if we assume 


zg= 2,4 


<5 TOs TZ, + &e. 


where Z,, Z,, Z, &c, are the values of z, Gey D2. 
Bie od 2? 
when x = 0, we shall find idetrsy 


iy ont Sabah dele adh 
dy? EE 


shigee Sold 10 (enponnt 


which involves only one arbitrary function, 


bOL 


But if, Pi Ze ae Ke. are the eels Ae pike a iD : Sov, 7 
ad yo dy? 


when y = 0, by proceeding as before we shall find 


deol ye d. fx “fe | | 
exfrtyor+ Ht: de Saat + Ste ®s i 


which involves two arbitrary functions, 
But this solution (b) is not more complete than the first _ 


(a), as the arbitrary functions may be reduced into one, and 
the solutions made to coincide with each other; thus, assume 


Fei B sche to PE Ea hes 
epi ots Hani Pot ToS & ese 
And 224 oy 4 Be 22 ur ai fev 

| ages fgg Hie 


Dae PGi Be) 4 Be. 


el By ae hooky | 
dy? I 2d! SESS 


which is identical with the first solution. 


= Py + 2. 


And wwlienevér ie areal roeineient eolinye’ toone — 


of the variables, is of a higher order than it:is relative-to thew 


other, the number of arbitrary functions which enter into the 
integral of the equation, exhibited in-a series, is equal to the 
exponent of the lowest order, or they may be always reduced 
to that number, even when’ the integral in the first instance 
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involves-a number of arbitrary functions. equal to the. ex- 
ponent of the highest order *. — i aa 


A question may naturally be asked, whether such inte- 
grals are particular solutions, or not ; in one sense they might 
be considered as such, though in reality the most general 
solutions which the equations admit of ; they more properly, © 
therefore, constitute an exception to a proposition which is 
generally true, that the number of arbitrary functions, which 
enter into the integral of a partial differential equation, is 
equal to the exponent of the order of the equation. _ 


PPP 5 ES ee ee ona aeaemeeeeamrnenaaiaes tomes 


* Poisson, Journal de l’ Ecole Polytechnique, Cah, XIII. p, 109. 
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ADDITIONS axo CORRECTIONS. 
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Ca — 
PART L 
fey A] sige” ater’ 
Q. a from bottom, for du = -read st = 
. i * U 
21. 13, This theorem, though usually attributed to Mac- 
Jaurin, is certainly due to Stirling, who gave it in 
page 32 of his Linea Tertii. Ordinis Newtonianay 
* published in 1717, two years after the appearance 
~~ of the Methodus Incrementorum of Brook Taylor : 
he has given several applications of it, including 
the Binomial theorem and the series for an arc in 
terms of its. cosine. 


67. 8. This theorem is deduced as follows: if ‘ 


1 1 
a? 2 e, 3 


tan | tan b= -, tan 6,= 
: | e 


4 then since 
b a (b ia a b;) oa bs MG. 


fx 


it 8 obvious that 
hi 1 
tan—? = — taney Os ds tate 
Winer vs 
' ince | 
_ ot 
titan) ea =, 
‘i ey+r e 
ee i ee 
tan—*+ = tan—' £ i! + tan’ = 
e 1 es 
‘* ee, 
a ieee h ee tans sy 
* ey + | ey 
Ss 


CH ae ADDITIONS. 
Page line a ; 
| tee fis SNOR25° a Ab? iolossient Bi 
] é é 
tan = -=.tan*t So tan— 1b 
ap é; ] ae 1 f 
ee, 
} . €, F-& 
ae ee taf fan ey 
o Sec ae €1 stork 2 
&c. ~ &c. 


1 
and substituting successively for. tanT 5 tan ip 


Foal 
amy &e. their values given in each succeeding 


C4 


uation, we shall get the expression i in the text. 


[ 90. 5 & 3 o> botttom. Wecannot consider these equations 
as Beets i true in all cases; this is obvious, if 


we make rae , in the first of the series to which 


we refer: the reader will find an Bo tination of 
this paradox, which has long been a source of em- 

t. 
barrassment to Analysts, in ‘some series of this 
kind, in a Paper by Mr. Babbage in the Philoso- 
phical Transactions for 1819. 


yo 


108. 4, for w=—27, read u= — 26. & . ‘ea 


eee 
as aria 


e ars 
— 19. for Ata >. ee » 
c 2 


— last line. for w=, read 3u=. 
127. °°. 5 from bottom. for Prop. 16. read Theorem 16. 


ey ene) 
9. 10. for u ts read u InJ3 


132. 21. for CM, read CM. 


| b 2ab 
142. 11, for y = — “24, read y= - Soe —— 


se 


we 
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Page line © 


148. 17, 18, Instead of tpi in the text Paice 


5 £8 V% 7) 
Y= oe (1+ 9/2)2 = Seapets 


152. 19. for y= te) > read =v). 


168. 15. for w= ac 12 ©, read u? =a £082 0. 
“W175. 17, for, CU, Teea 2 ms. 
il. | 205 21. for ME read MT, and for AT read 4 Y. 
183.....2. for in bot these cases, bo i 
186. 20. fo EM, read A AE ye 
0 ght MES Q. 


7 ty 
B88... ais a read 49 


aos +8 4 - . 


2 tan 


fos |! pd baw Where a 1s the” radius of ‘the generating cir 
1 Horte: and b Sia of the describing point. , 


5 


off @y 
* 2101 14, for. 
' o ape 


: dy > rea i 
an) wa. 


262. 20. for equal to. the “square ) the diameter, read 
cre the salar epg the Care 


= * 


first cases. | 
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Ex. 3. 


Ir ought to be remarked of this 


integr 1d of many others, which are contained in this — 
collection, ‘that its form is modified by the addition or 
subtraction of some 01 stant quantity, in order to render it 


more pi 3 thus the ordinary proces of integra, ™ 


give us ia: al 
OF 1 —P Mex 
(a + bx | 
. a 


+3 a + ba), 
and by subtracting ul “ from this result, we get the expres- 


sion in the text; a soi process is dolewreis in Examples 4, 


%5 Kc. 
In Ex. 56. p: ao: the constant quatitty added is 


' opal "rs ao an 


Oo pe sph Ss 


sin e 


ons are made in Ex. 57, 58, 59, 7. > G4Mand 65. 


similar add 


We have been prevented by the short time which has 
elapsed, between the printing and the publication of the | 


latter part of this. Work, and ot occupations, from giving 


a dee a examination of it to form a list of 
errors, of h it is very probable that the number is con- 
siderable 3. Se however, that they are not so numerous, 
or of such a kind, as to” "aed much embarrassment to the ; 
student. oie | 
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In applying the general principles of the Calculus of 
Differences, laid down in the Appendix to the Translation 


_ of Lacroix, we have assigned the first place to Examples 


purely analytical of the methods themselves, endeavouring 
always to select such as may not only be useful to ‘the stu- 
dent as exercises, but also as results, which he may have 
occasion to refer to in his future enquiries, and will thus be 
valuable in themselves, as mateeals which he will find it 
advantageous in a more advanced state of his knowledge to 
have ready at hand. M any of. these results Mem eben: of 
some generality which we believe will not ba found else- 


where, or at least, are not in common use, and where these 


occur, the leading steps of the demonstration are either set 


down, or the principle on which it depends mentioned, and 
in both cases the student will find a useful exercise for his _ 
invention in supplying what is omitted. We have then pro- 
ceeded to questions of a more mixed nature, illustrative of 
the application of the Calculus of Differences, to a variety of 
subjects in which it may be employed with advantage as an 
instrument of investigation, such as the determination of the 
general terms of the series when the law of their formation 
is given, the theory of circulating functions, continued frac- 
tions, the determination of curves from such properties as 
involve a series of consecutive points separated by finite 
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intervals, the doctrine of Interest and Annuities, and sucle 
other subjects as can be properly treated within our limits. 


The want of a regular treatise, on the Calculus of Differ- 
ences in our language, has long been a serious obstacle to 
the progress of the enquiring student. The Appendix 
annexed to the translation of Lacroix’s Differential and 
Integral Calculus, although from the necessity of studying 
compression it is not so complete as its author could have 
wished, will, it is hoped, remove this obstacle in some degree, 
and at least put the analytical principles of the pure theoretical 
part of the calculus in the reader’s power. But the method 
of applying those principles, and the formule derived from 
them, to the various cases and questions of pure, as well 
as mixed mathematics, in which they may be advantageously | 
introduced, also demands some degree of explanation, and 
accordingly, in such of our examples as have this for their 
object, the reader will find the successive steps of the pro- 
cesses fully detailed, till the questions are reduced to such 
analytical difficulties, as the Appendix, or the preceding 
problems will enable him to surmount by himself. 
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SECTION I. 


EXAMPLES OF THE DIRECT. METHOD OF DIFFERENCES. 


Ix the following questions, x is supposed to be the 
- independent variable, so that A x is unity throughout. 


(1). Required the differences of sin +6 and cos x90, 
§ being constant, | 


A sin ye ete . cos (045) 
2 ; 2 
al Br, 6 
A cosr@=—2.sin= sin (2645 ; 


(2). Required the differences of ‘sin (hk + 2x6) and 
cos (h--2 6) 


. f, ef “eo 
A sin (h+2 Oe 2 ; sin 3 .cosSh+ (2+ =)°$ 
pe ak 1 
A cos (htm 0)=—2 «sin 5.sin + (2+ = et. 


(3). To find the (2 ”)* and (2”—1)" differences of the 
same functions, 


AM sin (hk + 28) = Ga )" .sin { A+(1+) 6} 


0 2n 
A” cos + stevia 0). ioe (2 sin 3) .cos {A+@t+n) } 


A*—' sin (A + 2 9)= 


S 


oy . A an — 1 5 ( 9n—-1 )} 
= (2sin5) BS alg r+ ran 


A**—) cos (A+ 2 O)= 


an— I ee 
=~—(2sin2) sinfht (0+? nO) 
9 2 


In like manner we may obtain the following differences: 


sin 6 
; opted ni Se oe vB so Leah 
eh cos x4. cos (4 + 1) @ 


(5). Acotanvd= 2 eS ae 
sin v6, sin (7+1)@° 


(6) wor Plows eens 
Pay Pad 1 


£ 3 : pei | 
Cie ee ge 
a — 4 a+] 


(8). A 2° sin’ = 9+? sin —* (sin Re 
° e oF ° Qr+i* Q=+2 ° 


on FN 6 4 
: Ao (sin =) = 2°*+2 (si an) 
(9) n= 2 (sins ). 


Q tan wee 
(10). Atan —=— ‘ 
pas Be? 
cos — 
9? 


] 0 2 
C11). A. tan = = — 2. tan =. (tan g yi 


(12). A.(—2)*. sin S 


x= ( —})**? O*-+3 . gin 5 (cos) 
0 mt Qt of 2 Q*+2 J 


ae) 


(13), A oe GOs Beas 
Q* . sin — OF). gin = 
9° 
i tan gear 
(14), A ~ ? 
2°, tan — a+ 
9" 
i i (tan i . 
(15). A 4 tae 2 
en wae a 
] 
cos — $1 g 
(16). A : Z ont 
er: f Se 
Q° . sin =t 5 sy 
r 1S 2 cos =nit 
C17.) cot. 2" dsaat—~ 2, ; ’ 
sin 2s oy) o 
as.) A log (2 sin 270) __ log tan 2°9 
é 9* ey gt +} 
1 1 
| (19.) | A NG =— 5 zs 
# ee AN e+ 
(2 . sin 5 (2 uct aa =e) 
(20.) Let s,= sin (a+ 0); c,= cos (4+ 6), then 
fala) ir inked alesis 
Cpe Cyt yess sly tan 
= 2 sin (n+1)0. Sotn+ti . 
Coe Cy qnyee Cy +antes 
(21.) "The same notation being employed, 


7a as Sc tages ph cam ss 


Spo Sy py SreSr eo 


pet — 1)’ 
(22). frvgi> oot SOLS Bc 
SreSetars + sSrtonti 
; —_yyti 
= 8 he0s URE On ec eee 
See Sr pass++Setonte 
a x Si be ge 
(23). PR iach pay her peagioati i 
Ops Oy tet fre bro 
na fi 
fe arot ealGa er 
Cy eo Cp teyes + slr pani 


(+1) +" Cy +onte 


= 2.cos(n+1) 06. ; 
Cy Cy, 22 Oe tnty 


(25). Required the difference of arc tan x6, or (as we 
shall in future designate this function) tan—! x @. 


ae | G 2 
0140 eta §* 
The expression tan—'w2 0 must net be confounded with 


I ; : : 
. The reasons for employing this mode 
tan x @ 
of expression instead of the geometrical circumlocution are 
(tan =. 6) or arc tan x @ are these. 


A tan7'wv@=tan 


(tan. 0)—* or 


We have already in the differential calculus as well as 
in that of differences, experienced the great advantage not 
only in point of brevity, but of clearness and symmetry which 
arises from denoting the repetition of the operations expressed 
by d and A, by annexing the number of repetitions as an 
exponent to the characteristic, and we have already seen 
(Appendix, Art $78.) that the inverse operation of integra- 
tion in the two calculi is rightly represented on this principle 
by the same characteristics d and A with negative exponents. 
The same notation may be used to denote the repetition of 
any operation, whether it be such as modifies the form of a 
function, which is the case with those just noticed or such as 
expresses the nature of the function itself, as log, cos, tan, 


» 
\ 


5 
Jd 


&c. We may use log’ x, cos’ 2, tan” a, Xe. for log log 2 
cos cos cos a, tan tan....tan a, &c. respectively, and in 
general 


f(f (e)) or f f (x) may be written Pia, 
f(F CF (@)) or FFF (%) may be written f? (4) 
and so on, which gives in general f”f” (x)= f” +” (#). 


If we now enquire the meaning of f° (x), we need only 
make 20, m=1, which gives 


and consequently f°(r) =x. If now we make m=1 and 
n=—1 we find 


FIT @=HLr@) = 4 


so that f—'() must denote “ that quantity whose function f 
is 7,” or rather, that function of « which operated on in the 
manner denoted by f shall produce simply 2. f—' (x) then 
denotes the inverse function of f(x): thus tan—'ax will stand 
for arc (tan=2), sin—!a, cos —' a, log—1 4 respectively for 
are (sin = &), arc (cos = 2), e’, or number whose logarithm 
is x*, The symmetry of this notation and above all the new 


* The notations f* (x), f~" (#), sin71 2 &c. were explained 
by the author of these latter pages in a paper, “ On a remarkable 
application of Cotes’s theorem” in the Philosophical Transactions, 
1813, as he then supposed for the first time. The work of 
a German Analyst, Burmann, has, however, within these few | 
months come to his knowledge, in which the same is explained | 
at a considerably earlier date. He, however, does not seem to | 
have noticed the convenience of applying this idea to the inverse i 
functions tan—?, &c. nor does he appear at all aware of the znverse. 
calculus of functions to which it gige rise. Burmann is a zealous. 
partizan of the combinatory analysis of Hindenburg, the very. 
principle of which is the exclusion of all analytical artifice, which | 
is no where so strongly called for as in the calculus here alluded to. 
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and most extensive views it opens of the nature of analytical 
operations seem to authorize its universal. adoption, not to 
mention the real inconvenience which more than one author 
of eminence has been put to for want of some notation 
founded on principle to express any inverse function without 
introducing a new characteristic. 


The equation which gave rise to this digression is easily 
proved if we call to mind that 


tan 4 —tan B 
1 +tan 4A.tan B’ 


tan (A— 5) = 


for, if we take the inverse function tan—' on both sides, we 


have 
tan 4—tan B } 
b 


A ee + tan A. tan 

and for A and B writing tan—* A and tan—'! B, 

f AWB} 
1+ ABS 


which the student is left to apply to the case in question. 


tan—' 4d—tan-' B=tan—' 


(26). Required the difference of tan—' (h + 2 6), 
apni 


Sean om anal . 
Atan—! (+26) = tan EER: mL: 


(27.) Required the difference Of tan. Siete 
Sek Ob Oe, } ae 
A tan iF Wprset fos 
ae Ab—aB 
Toil TEEABY peaB BY yp 
+a*+ab ed Loader te +e) 


(28). Required the difference of tan—'.w, 
Au, 


FANG 5 Waemllt 7 Mik — AK Meet ome ai. oa 
li ik hen 


" 
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(29). Required the difference of 2°. tan—' (5) 


63 e: 
ALO tangs ce “See 
Seni (; =) = dhe 4.8 130. aS° 


(30). It is required to demonstrate the truth of the two 
following theorems in which p represents 2 sin 0, 


cos 2280 = 1 — np. sino —"@—2) 52. cos 2.4 
op AE UNE} Pein 86 Rc. 


Is 3 


sin 2nd =" p.cosa— 72)» sing 


_ a(n—1)@~2) 


3. .-cosi3.0 + &c; 
icars | # it 


the sign being alternately + + —-— and the series breaking 
off at p” whenever x is a positive integer. 


These may be deduced from the general expression for 
u,4.,1n Art. 345, by substituting cos 2 .v@ or sin 2 x @ for 
u,, developing their successive differences and finally making 
r=0, 


(31). Required the successive differences of 2°, a°, r', 
_ a”, expressed in powers of #, and the law of their coeflicients. 
A.@=2r+l, A®.2*= Q, 

Ay a8 224+ 384-1, A. a —6r4+6, At tae='6, 
A.at=4846 2244041, At. ate 12 2424 e414, 
A?, =24u436, At. at= 24, 


i: (m ded 1) ONE Sea TER nt OR ig 
TZ 


m(m—1).. (A 41) An on yon, 
ramennen ars 


A®, 7” — Ao” + me Atom x + 


S 


Fa 


this last equation may be derived from the value of A”.a 
given in the Appendix, Art. 350, by developing its several 
terms by the binomial theorem, and collecting the coefficients 
of similar powers of x. If we then call to mind the defini- 
tion given in that article of the expression A” o” the truth of 
the above equation will be apparent. But the most regular 
as well as the easiest.mode of obtaining it, is from the gene- 
ral theorem of Art. 361. 


(82). To prove the truth of the following theorems 


(sin 0)” , cos n = 


’ De at af o” 
Ob ees 2 y+ — Ke. } 
} ere eal ”) fe ) 


(sin 6)”. sin 2@ = 


Ro” +1 nm pm+3 
gS A (2°) — she Car &e. ¢ 
Bla ..(n-+ 1) 1....(4+3) 5 
these may also be deduced from the same general expression 
for A”u, by substituting for w,, sine @ and cos x @, and re- 


placing A”u, by the value given in Example (3). 


The numbers comprised in the form A” o” enter so ex- 
tensively into the theory of series, and afford such remarkable ~ 
facilities in the developement of functions that we shall take 
occasion to annex in this place a short table of their values - 
as far as A’°o' and hereafter to present the most remarkable 
of their properties, sufficient to explain the manner of their 
employment with reference to this object. 


(33). To calculate the actual numerical values of Ate x 
for all values of m and » from 1 up to 10. 


——— SS | TEP qeeeeeep | ete 


OO8869E | OODGSEOI | OOOOFGOE | 005¢E96Z | OFFSEEOI | OOOSOTS | OSE8I8 | O$6SE | ZB0I | IT | ..0-} 


Pos8OV; 96LG 
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The inspection of this table affords room for one or two 
remarks. The value of the function A”o” increases with 
the indices n and m, but is more influenced by the latter than 
the former. The expressions A”o”, A™o®t', A®o*+?, &c. 
go on perpetually increasing in a very high ratio, and end in 
surpassing any assignable number. Their rate of increase 
too surpasses at last that of any assignable geometric pto- 
gression, as we shall soon see. 


(34). To assign the approximate values of A*o", A*o" +*, 
Ao" +*, &c. when # is a very high number. 


This may easily be done, if we actually develope (¢—1)", 


fear phate dy 


by the binomial theorem, and compare the coefficients of the 
powers of 7 so produced with those of the same powers in 
the series, 


or 


ae eee 


apt tee. $5 Art. 361. App. 


for we thus obtain 


aN Tg — 2 ee a 


Ano tis1.2.... (n+l) xz, 
C 3 
A® o*§ +7— | un ee mel te RE ae mL 
24, 
3 2 
A* ot? t= 1, OR re Sie Oueeta nO" | 
48 


Anetta Bo eae Le +300 +5n'—2 an 
es 3760 » Ke. 
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As n increases, these functions therefore increase ulti- 
mately at the same rate with those progressions spoken of in 
the Appendix under the name of hyper-geometrical series 
(Art. 414.) and when # is very large, we get, by applying the 
formule of Art. 411. 


At = A(27) nh. (3) 


KORE ULERY (Eaas}ie 
2 e 


5 
Row ne (e “ iy 
wl Dali 5 (fel 


or, if we consider that when # is a very high number, 


(n+1)"=e nN", (n+ e.n", &e. 


A= f(2 r). nt. Cy: 

At oF is “hy : ne(Z) 

areen VOD (AY a 
At gtt3= oe 2 ane a (2 Y's See. 


If more exact formulz be required, the series of powers 


] f 
of — must be taken into the account. 
n 


(35). To shew that 


yn U, + = Ayn + ED A? uu, et 


n(n+1) (+2) ary s+ &e 
28 i 


ss die 


\ 


‘ig 
The generating function of u, being @ (4), that of u,4 , is 


— g(t). Let this be thrown into the fovte 


S1-1G-1)h 9 @ : 


and developed by the binomial theorem. If we then re- 
descend from the generating functions to the coefficients of 
t" in their developements, the theorem in question will result. 


(36). “To prove in general that 


n (n+2r—1) 
Lu Z 


Me 4 Uy + = Au,—,+ A? Up — ab 
4 2(at+3r—l)(n+3 r —2) 


1.2.3 


Aiu,_3,+&e. 


ehine 
The generating function ¢ (t) of u,+,, must be trans- 


formed into a series of terms of the form 


1 ) doe. 

rift Ge oe . > (2), 

t G SS Ne 
and their coefficients shewn to coincide with those of the 
proposed series. To geTelon. ¢—”" in powers of AG —1) 


put the latter function ae to z and we have to develope 


G )) in powers of z, = ~ being a function of z given by the 


equation 
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Lagrange’s theorem demonstrated in Note E enables us to do 


this. If we put y for : » we have 


i> yhiy= 0 
+ 
which gives 
1 n n(n+2r—1) 
a we Pt) Bee eda a re Ral He 
Snes Hay OR EAC a ape : 


whence the theorem in question results. 


SECTION I. 


Erercises in the resolution of. Functions into Fac- 


torials, to prepare them for Integration. 


(1). To resolve 2’, x, a*, 2”, into products of the factors 
r,x—1, r—2, Xc., or as it is sometimes expressed, to reduce 
them to x and its preceding values, 
ear +2 (x— 1) 

=r +32 (ex—1)+2 Ww— 1) (w®— 2) 
vt=r+704 Sa 1) +62 (a’— 1) anne (v—1)(x—2) (4 — a 


ead 
1 


Z2@e—} Lea? rego = 2(¢=1)(v=2) + &e. 


The general expression may be deduced ae the equa- 
tion 


Uy 4,=U, + - ~ Au, FEE an, + &e. 


{See Appendix, Art. 345), by making u,=y" and then sup- 


1A 


posing y=0. The values of Ao", Ato", Ke. when n does 
not exceed 10 may be taken from the table given in page (9). 


(2). To resolve x, x?, 2°, a4, x” into products of the suc- 


cessive factors r+1, «+2, &c. or to reduce them to suc- 
ceeding values of x. " 


——1+(«+1) 
w= +1—-3(~ $1) 4+ (t+) (@ +2) 
e=—1+7 (a + )—6 (41) et 2) + (e+ 1) (a+2) (44+3) 
at 1 —15 (© $1) + 25 (#+1) (© +2)—10 (v-+1)..(a+3)4+ 
+(u+1)....(@ +4) 


Ag+} me 2 4-1 
J 


oe nes 
v= be! (@ +1) 


A3 9 
Lay: 


~ (0 +1) @+ alg 


This may be deduced from the same general expression 
for u,, by putting — # for x and supposing u, = y" +" and 
then proceeding as above. : 


(3). It has been remarked (App. Art. 370.) that ‘“ to 
keep the numerical coefficients as low as possible in these 
reductions to the form of factorials is an object of import- 
ance,” and that “ this may be done by a proper disposition of 
the preceding and succeeding factors.” ‘The following ex- 
amples will shew how this is to be performed. 
ei=(a—l) rw t+i1)4+2. 
as=(x—2)(@—1) vr (e + VWa@tDW+s@—-l)r(e+l)+er. 
x7 =(r—3)...(a +3) + 14 @- 2)...@4+2) + 

+21 gl) 4 (a@+1) +2. 

In these instances it will be observed that no factorials, 

with an even number of factors enter into the expression. 
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This is a simplification of considerable moment, and that it 


takes place in general for x" +' may be demonstated with- 
out difficulty as follows. 


(4). efo resolve 2**+* in the same manner, and to 
determine the law of the coefficients. 


Assume a?=v. Then 2” +1!=v" x, suppose now 
vw” = A,+ A, (v—1)+ A, (v—1) w—4) + 
+ A, (v—1) (v—4) (v9) +....4, (0-1) (v— 4). .@—n) 
This assumption is possible because the second member is 
a rational integral function of v of the nth degree, and being 
reduced to powers of v, and compared with v” will afford 
n ++ 1 equations of the first degree for the determination of 
the indeterminate coefficients 4,, 4,,....A,. The follow- 
ing is however a readier and more elegant method. The 
above equation being identical in v must hold good what- 
ever numbers are substituted for v, hence if for v we write 
in succession 1, 4, 9, 25, &c., we get 
"=A, 
a = Ay + (2*— 1”) A; 
3 = A, +(3*—1*) A, + (8*— 1°) (3*— 2") A, 
&o. == 78. 
Whence we derive 
bet, 


gan 12" 


2 SSR nes Sy Raymer 


ee re om - y™ 
(32m 1?) (37— 9?) (2? wy 1?) (2?— 37) (1? ~ 9?) (1°— 3?) 3 


and so on, the law being evident and the general value of A, 
susceptible of direct expression in functions of x. 
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Such then being the values of A,, A,, &c., we have 
sa lta ID fon A,+4,(2°— 17)+ A, (2*— 1°)(a*— 27) + &ce. § 
= Ax 4+. A) (27—1) a(R &ce. 
v being equal to 2’. 


The law observed by the coefficients is not a little re- 
markable. It extends too with a slight modification to cases 
of much greater generality, and it will hardly be thought 
irrelevant to the present subject to propose and resolve the 
following problem. | 


(5). To develope F(x) in a series of factorial terms of 
the following form 


F@)=Aj)+ A, @—f)+ 4.(¢ ~f)(@—f) + &e. 


(x) being any function whatever of x, and f,, f,, &c. par- 
ticular adie of any other function jf; corresponding to oe 
values 1,2, &c. of x. 


A process exactly similar to the foregoing, viz., the sub- 
stitution of fi, fy fy &c. in the succession for x and the 
determination of the coefficients one from another by means 
of the equations thence arising gives 4,=F (f,) or, for bre- 
vity’s sake omitting the parentheses 


2: pains = EF}; 
oh EA eee 
+2) ; iy ff, a ae | 
ie a Sel ee a Ee 
AS Geh),. Gop Gh Uo (f,—fi)” 
7 NI Phi Ff. 


(fA) —f)- Go fA) Af). h-fot 
Gy ody boaleae der) peter et We 
i—-f~) fife. (fr-fr—i) 
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Several consequences follow from this theorem ; ist, If 
F (x) be any rational integral function of x of the n degree, 
and f, any function of x whatever, it is easily seen that all 
the values of the general expression for the coeflicients after 
A,, must vanish of themselves, giving A,4,=0, 4,4.,=0; 
&c. to infinity, which is one of the most, general and singular 
properties of rational integral functions : (2dly), If #(#)=2" 
and f(x)=2’, we get the series of coeflicients investigated in 
the last question: (Sdly), If F°(v) = any rational integral 
function of x, and f(x) = 2° we obtain a set of coefhicients 
proper for the resolution of such a function as 


a. (x?) 
into the. form 
A,w+ A, (vx—1) r(#t+1)4+&e. 


which will often be found exceedingly convenient, and of 
which we shall give examples (See Ex. 9, 10, of this section). 
(4thly), If F (#)=any rational integral function of » and 
f (x)= £2, we obtain general formulz for the resolution of 
any rational function into preceding or succeeding values of z. 
(5thly), If F@)=(1 +4)’, and f(*)=2x, we get the binomial 
theorem. 


These instances will suffice to shew that this mode of 
developing F(x) is not a mere matter of idle speculation. 
Other and still more extensive applications of it will shortly 
appear. 


(6). To resolve x’, 2*, v°, 2°", the even powers of x into 
factorials where the preceding and succeeding factors occur 
symmetrically. 


This cannot be done, it is evident, by resolving them into 
factors x, c+], r+2, &c. because the degree of any ex- 
pression such as 


A, v+4,(@—-l)a@wteltk&e. 
“age: 


18 
The object may however be 


must necessarily be odd. 
Pu se oi &c. for the factors, 


accomplished by taking v + ; 


when we shall find 


vs 1+(2e-1)@rtl)}, 
wm | 14+10(2x—1) (Qr+1) 
+ (2 r—3) (Qr—1) Qxr+ NC r+ 3) } 
2° = oh 1+91 (27-1) (Qt 1)4+35 (2 x—3)..(2 043) + 


+ (22—5)... (2945) 2. 


For 2" ;—put (22)*=», and supposing F(v) =v 
f)=2 v--1)*, we have 
Fie FiO vide eh ees 
BS a Ras Lf, eo ee 


and we shall therefore have by the general theorem above 


> and 


demonstrated (Art. 5. Sect. 2.) 
"= 4+ A, (v—1*) + A, (v— 1°) (v—3*) + & 3 where 
A= 1, 9 
13% gen 
A= EN, 

173? Pog! 3 et Ea i 

12 gm 5 

(? 1) (gy ch : ‘ 
hie ei: 1?) (3?— yee 1’) (6? “at $*) 


sos maarer wire tee Bones 
(1° 3%) (175%) 


v" 
Now since (22)? =v, x” = =,» and we therefore have since 


2—-VP= f Aw)-1} { Yo)+1 }=2Qr—1)(2Qr+)), 
and so on, the following final result, where A, &c. have the 


~ values above written 


i9 Cues 
aM = §A,+ 4, (2e—1)(2Qa+1) 


+A, (2x—3)....(224+3)+ &e. t. 
_ In the same way may such a function as I (47), any even 
function of wv be treated. 
(7). ‘To complete the factorials 
xv (a+ 1) (a 4+ 3), and (Qa—1) (2X + 1) (2x + 5), 


N. B. By completing them is meant reducing them to the 
others in which the terms follow the order of an arithmetical. 
progression. 


They are respectively equal to 
xv (e +1) +a (@+ 1). (4 + 2), and 
2(2a—1) (2a +1) + @a—1) 2r+1) Qa+ 3) 


(8). Reduce (2 x 4+- 3)® to preceding values and (1 +a)* 
to succeeding ones of zx. 


(2 y—1) (2a—3) (24-5) 4.18 (2 x—1) (24-3) + 
+76 (2 r—1) + 64=(2 4 +4 3) 
(v + a)? = (@-1)*+ @a—38)@+1)4+(@4 1) (r+ 2). 
(9). Reduce x (2? + 2) to factorials in which the pre- 


ceding and succeeding factors occur symmetrically. ‘The 
application of the theorem in (Art. 5. Sect. 2.) gives 


@ (a*-+2)P=924+9 (a#—1) (#7) (+1) 
+(x—2)(v—1) x(x4+1) (@ +2). 
(10). Reduce («°+.) (2 2*—6)° in the same manner 


Ce + v) (2 a>— 6) = —198 ++ 56(4@— 1) a“ (x +1) 


20 
F424 (4-2) W—-1) a wt hate 
+176 (a —3)(@ — 2)(@— 1)a(w1)(et+ 2) (H43(4 +(e — 4). oe 
(0 +4), 
(11). Resolve (a*+ 1)? into the smallest possible number: 
of compiete factorials. 


(#41) = = } 289 + 1140 (2a—1)(2r+1) 


+ 998 (2a—3)(24—1)(2441) (2448) 
4-84 (2Qa—5)..... (224.5) +(2a—7)....(20 +7) fee 
(12). Affect u,+,.uU,4, with uw, and reduce it to. 
succeeding values of u,. N.B. By affecting it with u, is, 
meant introducing w, as one of the factors of the result. In 


this and the following examples w, is understood to have its, 
difference constant, so that 


“= aobhar, An 2 bh. 
Then, u, 4.4 ut, 4\,-< Ut, dpe SA 
(13); “Aitect w,— Flue ee with iu, 
U,U, 4 2h. UF OR SU, Uy a 


(14). Reduce (u,_— ,)*. (ut, 4,)* to succeeding values. of 


(UE a) alge gee 
Un qi, ett Uda VOWEL eS gee 


+ 23h Up Uy 4 aa OU, uy ip 


(15). Affect u,_, u,4,. U,4, with uw, and reduce it to, 
factorials consisting of wu, and: its succeeding values. 


Ans. Up Ue, Ug 5. gables thay 41-2 .u,~643. 
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iw 


(16). Reduce wu, U4, U4s U4, Ur 4,9 to complete 
factorials. 


WAITS, Ug fol, ti, FSB, 1m ds Ugg 8 Ait a NTR tee 


(17). Reduce” w).- 2,42) x aod plat 


Bee he Bp 3 
complete factorials. 


UO Eh gy Rn an) Bae OS a Sy 


+(m—n) (m—n—1) hk? .u,.. me OL 


Pea fit). each ee WA oat UL ns Bad peer fe 


‘ 


¢18). Affect U,z—_. U,—pUz yy with U0 
Up Upp Urty — Shu, U, 4 +AQRu,+ak. 


(19). Reduce w,?.#,4 ,° to factorials in such a manner 
that all the terms shall be positive. 


Moins. atlases LOW Ue ke. edhe a 


49 B ity ate U, 4444 Bu, Uy + 1° 
(20). Affect-u,44-..-U;4. with u,. 


Wg a sacle Upc, = Mens te lat mca tM hn OU tes F 


+) 2—1) i u,.. Up ge Fi (A Dew bh". 


(21). Reduce u,....u,4., to factorials ending with any 
value Uy tem +e 2 


U,, » a « Ugen dl Us 4m ec. -Upt+m+n 


i (n-+.1).m 
1 


Bites mnt’ ese Uytmtn 


nm+1).nxm(m+)1) ;, 

ted rex MOET D peti Whe bu pop Balai 
Lee . 

(att) n(n—1) xm (m+ 1) OM +2) 5, &c. + Sc 

= 1.2.3, een 


22 
‘The investigation is easy if we employ the principle explained 
in (Prob. 4. Sect. 2.) by assuming 
Age MTG Gee A ets et DRE nt te 
+ B Uy tem+ei: ee Uy +e m+tn a Kc, 


and making U,4 44) Ue+m+o9 &c. vanish in succession, 
which will give so many equations for determining A, B, 
&c. one from the other. The two last expressions are from 
Emerson’s Increments. 


(22).. Affect ies, with u,, 
a Uy Uppy tat B—-NIhu,+aP.h’. 
(23). Affect Un tg Ure Baby? with Us) 
thea Met a Mrpy Suelo 1 Met st eth +y—3) hist, 4 + 
+(a@8 +-ay+PBy—a—B—7+1)Fu,+eBhy7.h. 


(24). To determine the general law observed in these 

reductions, or, to reduce the function 

u u u % Oucy 

ta Kh Be XhY a 
where the number of factors is to a series of complete 
factorials* commencing with u, and proceeding according to — 
the succeeding values w,445 U,+2, &c. u, being as before 
equal toa-+hr. ; 


Assume 4, + 4,u, + 4, u,uU,+41+ &c. for the series 
and make xv in succession —2 oe (¢ he 1) >- € ae 2) ; 
h h h ) 


&c, so as to cause the factors u,, w, 44, &c. to vanish in suc- 

cession, and the resulting equation will give the coefficients 

in succession just as in (Prob. 4. Sect. 2.) Or we may pro- 
. >4 — Pita aa." 

ceed by supposing v= Ax, Fwy sul. Wea as Xe. 
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or, (v= +a+ah\(uta + Bh). &e. 
and f, = —-a—(«—-l) fh, 


and at once substituting these values in the general expres- 
sions there given for the coefficients and reducing. In either 
way we shall obtain for a final result the following general 
and useful 


THEOREM. 
SBT NE bs 
S, =atB+y+&c. 
S, =aBtay+Phy+&c. 
ee as Rec 
Then will 
ga Mpg egy * &e. = fh" S,, 


ete | 


Ae u,{ Ao. S,_,-Ac?.S,_, +A. S8,_,— &e. } 
de we Ale § KS 9 

+g eet 5 G+ Oy— a oO. boone Ce 
bye grea: Hat 

at ettgnen hi Ue Lee Poe Oe KOS eRe. 


R—1 


The terms Ao°.S, in the coefficient of 


Uy 


“ ee? 
A370, S, — A?o'. S,—, in that of eS: 
being of themselves equal to zero are for brevity omitted in 
the respective series within the brackets, to which they belong. 
Nevertheless to preserve the symmetry of the equation, they 
ought, if not set down, at least to be understood, being in- 


U,U,44 and so on 
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eluded inthe law of the other terms, and ¢his remark ts to be 
considered as applying to all similar cases, A° 0° being unity and 
Doe, A?o, A®o', Aro, Ao’, Ato’, Kc. respectively zero. 


Some particular cases of the general theorem deserve to 
be stated separately, as they afford transformations which 
which we may have occasion to use. 


(25). To resolve wu”, into succeeding factors affected 
with w,. Here a=f=&c.=1: and 


me 


ES sh ne A” + ——U, X 
n n (n—1) a(n—1) (a—2) , 
FD 0 et A ce ei ee 
$ Od Bae re oe 5 
Aad 
u,u, x 
Siete 
se (n— 1) A302 Bee 
i, 3 a a 
hi —3 
3). _~<_—“‘y_ Ub, uy, , oN 
Pir a ec ae 
f2@— DG?) ato — Beet + Ke. 
1228453 , 


But this is not the simplest or most elegant form in 
which this equation can be expressed. If we complete the 
series within the brackets by inserting the deficient terms at. 
their commencement, and then separate the symbols of 
operation from those of quantity they will become 


A, ae n(n-~l), P ius n 
afi ad ty ape! a eae eA) 


—1) 
2) 28, 2 @-D 
2 a, = 


© aad 


0° — xc. } = + A*(1—0), Kc. : 
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Now the reader will find it demonstrated. in Art. 17. 
Sect. 7. that the expressions A(1—0)*, A*(1 — 0)", &c. are 
respectively equivalent to 


(= T)*.. 5A oe A? 0" + Alo .5 9 ae AMY, 
(— 1)". § Ato” — Aro" +.... A 2, 
(= Lyf. § AP oP e Ato at's OCC. 


or, inverting the order of writing their terms, to 


= A ONE AZT Oo Flos HAA 
ob At ota AMO. os . eral ofy Ke. 
so that by substitution we shall have 
A” 0° — A? = ' oP ~c ee EA”. 
a", 4 Hh" + i a mS 
Ate — ABS ghee si aa ee ae , 
1.2 Ftd Te oi hi 
AAO Atta ote te Oe * 
if oR SEEEPY Tac 7 ean Gk 7, Urkddte +5 


+ &c. 


The reader must not be startled by the employment 
of o as an algebraic symbol in such expressions as A(1—O)”: 
He will call to. mind that this and similar expressions are 
mere abbreviations and have no meaning beyond what is 
expressed by their developement. The transformation in the 
latter part of this problem cannot, however, be compre 
hended without a previous knowledge of those more general 
properties of the functions A” o” which will be ‘hereafter 
demonstrated, and is only inserted in this place that things 
relating to the same subject may be kept together. 


(26). To resolve u*, into u, and succeeding factors 
nt 2 ple ; 
u,"=(—1)"* ae Kos ie "Ut, 1 ¥ Bo. ses, (ds} 


* 1 
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If in this we put n +1 for n and divide by u, we get as 
follows : . 


1% of i LA? m 4-1 
Pe a a 
I 2 


— I 
 aganecen | Oat 


A* 0 graye NR w— D | 
BAS hy) bane. $5, Oy. 


(27). Let u,=atha, w,=a'+Hx. To resolve (u,)" 


into #’, and succeeding factors, wv’, 4 ,, Kc. 


(athxy= a (F +x) 


ae ices Wa) +h. ra Agee 08 Re 


» 
or 8 ate . f al 
3 (hy) = V4; « (2 “we a 


> if 
where «@ = ——_—__ = 


— eee 


Therefore in the general expression (24) writing wu’, for 
u, and making /3, 7, &c. equal to a, we get as follows: 


Tig =) Sim a 
G(R yn —1 Ate Ly ais ) 
“st — A@— ————— a” ? 4 ° 
Ge Sik cayatgo er Lie Sake 
+ - = PL his ee Ce (nd) a®—* A? g? — ec. ) 


+ we. 


Now, it will be proved in Art. 17. Sect. 7. that the 
series 


ne ! 


fe 
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— afar watt + ai 


+ A? San <a 20 + a Ke}, &e. 


which the separation of symbols of operation from those of 
quantity (as in the last example but one) produces from the 


In ——y 


coeflicients of the several terms i u,, &c. and which have 


for their abbreviations respectively 
—A(«@—o)", + A (a—o)’, &e. 


are equivalent to other series, the respective abbreviations of 
which are 


A A 
(— 1)" +! ______. gn, Crahh Verte cite Dae 


(1 + A)° (144)* 
(—1y' +3, ‘lth Eg Ke. | 
(1 + A) 


the series themselves being 
eee It $a ot Sat or 


a CEE Mae tae arnt, 
ts 1,2....(n — 1) 


ae pte ator ; Bae, 
, a(a4+1)... Aah ae ehh cots gen. 
on Le ein 2) 
and the term @” itself is shewn by (Art. 17. Sect. 7.) to be 


baa 
equivalent to (— 1)”. Pee , or to the series 
1+A ; 
a(a+1)... Lorne anon} : 


ca 
‘ Sank n ee a ieee 
Tee x “Vote er Rrra 
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Thus we arrive at the following equation 


I’ % § 1 ; A A pe ere : 
eh (ee = eee Oe Qs Tide 
: h e a a 1 
(1+4) (1+ A) 


m™—2 
Male ‘ hi” 


—+————~ 0 
(’+A) 12 


which affords an indefinite number of different ways of trans- 
forming any given expression of this kind. For example: 


u',u',4, — Ke. 


A Me 
(+4) 


0 


0 


pee x 
(28). (xay'=(—1)". nee 24 


A? abe A, 
o” a (x+1) eee &e. 


t CLAAN Rael 


SECTION III. 


Exercises in the Reduction of Fractional Expressions 
to Integrable Forms. 


 . 


1\> Reduce so ee ‘ 
(1) educe a1) 4S) ES) to an integrable form 
It becomes 
1 3 
(@+1)(@4+2) (w+ 1) @+2) (w+3) 


1 ; 
2. —————— > = 
@) (x + 1) (x +°3) 
a I aay! | 
~ (@+1)(@+2) wD @4+2) 438)’ 
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(3), RE BR en entire (8 hriorg 
Uy Uy to Uz 4, U, Ug + U, Uz 4, Uz4o 
+ og where u,= athe. 
Uz.-.Uyag 
(A ee eT LY fee ES oar ON 
& (+2) (%+3)(t+4)~ wel) @(e@41) (442) 
| 19 27 
-+ oe 
ki a oe nov) dee (x + 4) 
(5) 3 Xr —4 ae 2 1 
(40°—1)Q@r—7) 2° (24-1) (2 a4)) 
13 | 1 | x 96° :- 
Pema @18) (2 tae ty (xi 5) ote (27+ 1) 
52 
Se ae ia Ml eh LS 
Or F yi Se + 1) 


(6). Theorem (from Emerson’s increments,) 


1 bi ane A is 2(n—1)h 


— &e. 


This is immediately deducible from (Prob. 21. Sect. 2.) 
_ by making m=1, writing »—1 for n, and dividing the whole 
equation so prepared by w,....U, 4. 


(7). A rather more general theorem (given by the same 
author) is the following : | 
1 hae (n—m)h 
Uy en Uy + m Uy 4 mUytmti 
n—m)(n—m—1)h? 
4 um) ) 


Uy tm be tem + Ue + m +2 
¢ 


— &c. 


which may be proved by a process almost precisely the same. 
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These two transformations are not without their use 
facilitating reductions of a certain class. For instance, 


1 - 
(8). To réduce to an integrable form, 
e—14ztea 
ede 2h oi 
= SS 
Uz +o u, Uy Uy es Uy Uz 4 Uy ea 
therefore 
1 Se | Qh ne 2h’ 
Uy my Uz +2 U,y— Uy Uz — g Us +4 Use iss *4et+a 


(9). To reduce in like manner 


Uy, « Uy ys Uets 


1 1 3h Oh ce 
= — ———_- + 
Uy +5 Uy +2 Uy, 4 9+Ur 4s Uy tae ts 4st, 
6 fF 
alae S ST = Ga PT Te 
a, ae, 

and 

1 SSS Ane RG 
Uy Ug 4 Uz es Uys + Uzta U,...-Uz 4, Uys + Uys, 

6 hs 
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SECTION IV. 


Exercises in the Integration of Equations of 
Differences. 
(1). To integrate the equation 


Vie ie (w+1)u,= ] e Q.. o°8 (@ +1), 


The complete integral is 


up=(C +2) x%1.2 


Sa EE av 
C being an arbitary constant quantity. 
(2). Us41 — pa*u,=ga™ 
cg Mor bate, gae— 0° 
uz= C.p a Bieta gl 
(3). (+1 $4.4, —au,} —a’ 
; I 
HC. a at he A ee 
‘ C7 + 1)? 
=C.ta— fh sant 
ae erie get gr eat 
| In this Example the integration of ry 7 cannot be per- 


formed in finite terms, unless we express it in a series the 
number of whose terms is variable. This we have done, and 


in many cases (as we shall see) such a result is useful and 
‘satisfactory. 


(4). Urey ™ PU, “t- Meat 22! O 
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wae aE) 25 
+70. E24 GY ah 


'C and ?C being two arbitrary constants. 


(5) aide ate a(r+2)u,.,+b(4+1) (@+2)4,= 0 
U,= | ee A ee 3 § th at + *C . t 
a and @ being the two roots of u*+ au +6 = 0. The inte- 
gration is performed by assuming 


fs Pala BO cars tee les 


(6). Uy po FOP Ue +b PM ue gt pT 

# (e — 9)” 
wee gt" | Carter 28¢docs oS elena 
‘ x q’ + apgq+bp* 


a and f being the roots of 


(7). tegat 2-6 (t41 ie 4-0 (2) 9+ DESO 
 (w) being any function of x whatever ; 
pe P oe —1)x 
1Cat+?C B* + eli psy beepers 
; af a® PES 
P » (x) denoting (1). @)...-6 (2), and a and §# being 
roots of w+taut+b=0. 


(8). Urygt ap’ Uy yor bp trsat cp. u,= O 
w(@+1) 


wap? {'C.a®+7*C. f° 47°C .y*} 
a, By y, being the three roots of 


w+ U2 + ba a 
P P” Pp 
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(9). by +. nt py h—s +b p” , yg bs gt sree kp” u,=0, 


# (4+ 1) 


Pum. feta oO gees. Cae 
a, B,....v being the a roots of 
7 a 1 ome EL b 2 mae % c un— k 
“ + pt + ai + aa” MeN CER ey 


P 
(10), Us yg4 2Us4 + bU=X, ; 
u,22'C a t7C , B+ et Sth He jee. 
b a Bp 
a and @ being the roots of «*+au+5=0. 
(11): A” u,=X,; 
w= 'C $°C.¢ +30. a+...."G a" +" X,y. 


(12). Au,+ A*u, = 42u, 
U, = 1G 2? a 2C .(— 6)". 


_ 9 @ +9 
r+1 


+ foci ae =. 


(18). (© + 3)* wea, 


Un+y 


_is to be integrated by the help of a given particular integral 


= U, f. 
wet 
v x 
sig ed 4 to (ety 
y r-t-l r+ 


(14.) Us a 2 UW, +. l= 3 


The substitution to be used is w,= cos vz. 
a 
E 


3A 
(15). wy, — 407,02, $1) = 90, 
be tel Chg Ore 
The substitution is v4, = /(— 1). sin vu, 


(16). @,—44,U,4,bta(Qu,+u,,,) = 0, 


e L aa 1 
Substitute © . ca Soni 
V,+ 1 


‘equation, — cos w, for v,, when it will assume an integrable 
form. 


for u, and again, in the resulting 


(17). Ur, + QU, Ugy i. a(4 Usg— Us 4 *) = 0, 


v%, +1 
2v,—1 


Substitute 2 a. for u, 


(18). Ura Ueyi tls =AU pat Ueyit %), 


Assume wu, = ,/(a). tan v, then will the equation for deter- 
mining v, be 


Uy 4 2 +t: Ve 4 i “I; 0, = 0, 


whence finally 


Toe V (a) tan $*C , cos=2* 4 2C. sin 232} 


3 


(19). The same substitution will be found to succeed in 
the equations 


Ugg Ue ts Uy + A(Usey es — Hey, +4) = 0, 
Up +9 Uz 4, U, — a (t, 44 — CT ee a U,) = 0; 


Ue 4g Uy 1 Ue + (Uy ype FU — U,) = Oz 


(20). To integrate,the equation 


Uy 4 Uy — O41 — U,) +1 =0.~ 


Laplace, Journ. de P Ecole Polytechnique, Cah. 15. 
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Differentiate it relative to x, and it becomes 


du, 4. 
es ES 
dx 


du, 
Cok at ae er — (a aa u,) 


But the proposed equation gives 


— Uerite tl, 
a) a 
Uy4, — Uz 


so that by eliminating a, we find 


AUR, d u, 
LL A 9 
Pur soe leit, 


and integrating 


wk d Lae ss aed d u, 4 

i 1+uw’, 

Ai being a certain function of a to be hereafter determined. 
In fact, since both this and the proposed, are each of them 
complete integrals of one and the same differential equation, 


the one can be nothing more than a transformation of the 
other. Now this latter is equivalent to 


du, 
Of =A 


d . ° 
because 48 aot is the same function of w,,, that 
u r+ 


du, 
1+2’, 
(relative to the characteristic A) and gives 
du, 


e ] + u’, 


is of a. This equation is immediately integrable | 


= Ax+C 


C being an arbitrary constant. To determine the function 
du, 
1 + u*, 


A of a we first have to assign - Now this is arc 


(tan = 4#,) or, tan—* (u,), hence 
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tan—'u, = Av + C 
u,=tan(Aar+C) 
therefore, “4, =tan(dx+ C+ A) 


_ wu, + tan A 
7 pouyi tana) 


But the proposed equation gives 
1 
uy, sip ie 
al 


Ae 
1—u,.- 
a 


, . ; ; ] 
which compared with the foregoing gives tan 4 = -, or 
a 


A =tan—'+. The comp!ete integral then of the proposed 
a 


au, = tan Sx.tan—"(4) + ct 
& a7 


which, although in appearance transcendental, is easily freed 
from that form, and reduced to a particular case of the inte- 
gral found in the Appendix. Art. 386. of the more general 
equation there discussed. The same method applies to certain ~ 
other equations, for which see the author cited. : 


equation is 


(21). To integrate the more general equation 
U,4 1, U, — a, (Uys, ea u,) tis 0; 


The proposed equation gives 


apr j + U,U, 4, Be j a Ui, 4, 
but by (Art. 28. Sect, 1.) we have 


Aten ats = tani ( one ) 
1 + U,4, 4, 


at. 


Therefore this beconies by substitution 


I 
2 tatiana —atan 7° 
a 


& 


and integrating 


1 
fall i # ee tan * 


a, 


or taking the tangent of each member 
§ — I ] 
“u,=tany C+ 2tan-'—¢, 
t a, 


The preceding is a particular' case of this, a, being there an 
absolute constant. 


SECTION Y. 


Exercises in the Integration of Equations of 
Mixed Differences. 


Ir will be necessary in the following cases to adhere to 
the notation of partial differences we have before employed 
(See Appendix. Art. 357, 364.) viz. 


d - Mae 8) ee ae Mad a8 
dar Tae RL EE ey : 


and so on for the higher orders of the differential coefficients, 


thus 


( d Nice a ma d”™ +” Ue y 
N\da/ \dyF "9 da” dy" 
The same mode of referring the symbols of operation to 


their proper independent variables may also be conveniently 
extended to the characteristic A, as follows: 
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A A 
aR / bik <2) = a 1- u 
Te tay “Usiyd Ay Usy ty a, 9 


Ce Ca) reas 
(a) ttm FG) tn 8 
Ay 7 ae my a5 By Pm at Cc. 


These two different modes of varying the independent 
quantities x, y, may occur together, as in the expression 


A d ¥; — Gtstiy _ FU, 
Az day dy dy ; 


and others of the like sort, and it is manifestly a matter of 
indifference in what order the operations denoted by A and 
dare performed. Equations of mixed differences determine 
the form of a function by assigning a relation between these 
derivatives. In Appendix. Art. 387. we have considered 
mixed differential equations with one independent variable. 
We shall here give a few instances where more than one are 
involved. 


(1). To integrate the equation 
d 


Us i,y = dy” 
This gives TP oe (+) ? (y) 
) ; ey d y > 


¢ (y) being an arbitrary function of y. ‘The reason is evident; 


for if we take u,, =  (y)) we have u,,, = - p (y); whence 
Y 
: d \? ; 
we derive u, y= G) ¢ (y), and so on. 


d 


(2). Suppose 7 U, 
a Ppa dy vy y2 


es by y= a 
Se eer 
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ins 
Assume Usjy=U ob 4, Ve yy 
and 
A ei 
Acryl 4108 Oo Une ; 
Ly 
ai Ege 
= @ .é *“fav,4.,—,,} 
also, 
d § 
Gs. “dy Uy y = a’ Sar As, Uz, y 


The equation then Becties by substitution and reduction 
v, =-—-V7 
+1,y d y #,y 
which has already been integrated, and thus we get 


tyne) 909 


¢ denoting an arbitrary function. 


; uN 
(a): a Uy by a (=) Us ys 


Assume u, ,=a"* . v,,,, and we find for the integral 


Uy gy () i p (y) f 
4), tera t(Z) urs t 0 (2) uno, 


: Assume, u,,,=p*.v,,, and we get by substitution and 
| division of the whole by p’, 


2 d d™?* 
P Us + 2,y ap Gy tetueth (F) Ve y=O, 
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In this equation the sum of the indices +2, +1, 2 
below the v in each term, and the corresponding exponents 


O, 1, 2, of the symbols of differentiation His the same: if 
y 


sy 
v= (SF) ow 
we shall have 


Vz +o,7 = VUstiyy =(5) Vzy4 > (5) ¢ (y), 


and the whole equation is divisible by this function, leaving 


then we suppose 


po—ap+b=0, 


to determine p. Let a and f be its roots, then since the 
proposed equation is of the first degree, and either 


5 ah Ce) p, (y) or B* . ( zp) (y) separately satisfy it, 
their sum is the general expression for Uz, y, 
Re fac) Cay 
Us gy ae (=) ?, (y) “tr B . G) Po (y) 
, (y) and ¢, (y) being two arbitrary functions of y. 


d 2 th d\? 


nip i 8 lh mm Dy (5) U,, y=O. 


Let a, 8; 7) &c. be the roots of 


Cait) +b I — Ae Ee HO, 


~ 


then | 
uy (T) 4 (y) + B. (=) °. (y) + 8c. 


@, (ys $a (y),-- --Pn(y) denoting m arbitrary functions of y. 


Al 


But here a remark of considerable importance offers 
itself. It will immediately be observed that the process by 
which the above two equations are integrated is entirely 
independent of the nature of the operation denoted by a 

y 
It might have been any other, and thus we might by the 
same process integrate 


A 2 
Usp n,y a. lrtamiy +b () Ug te nmQy ress 
‘ Ay j Ay : 


fect heli U,,, = 9; 
| Ay é 


or yet more generally 
Us ten, y 7 .4@¥. Uy ten—a,y +b Vo Up aen Lay ie 
Secale = 3s wah) SWE. 0p 


where yu,, denotes any linear combination of the differences 
or differential coefficients of wu, relative to y, of whatever 
order we please, nor does its generality stop here. 


(6). To integrate the equation 


A \? Aud (<) 
aoe aa ting b(—) u,,=0 
e) ot or dy ‘ dy ithe 


Bey 
Assume Ug ye" .€ % Uy yy va 


a 
_and we get by substitution, and division by a’.e7 ¥, 
d de WABI 8 g 

| ie Se Vstay 4a “dy (th + b. (~) Yny g 


d d 
Ee tee HOt ust Tt) +b Tv f 


| a 


+ of Sa®’—aat+b} Uy ye 
a 


A2 


Let us for a moment suppose v,,, = “(< rn hey (y), then 


it is evident by the preceding Sh ai bie this’ equation 
will become 


Oo 
O = (P— 4445) Up ayo ZO Haat) Oot yy 


] 
+ See Pveoae 7k apy 
the factor a?—aa+é being found in each term, if this be 


made to vanish the whole is satisfied, so that provided « be 
assumed a root of the equation 


a?—aa+b=0, 


any error we may have made in our value of v,,, is corrected, 
and calling @.and f its two roots we see that 


a Le aalga)) $,(y) and P*.e vy. Ge) Po (Y)s 


each satisfy the proposed equation, so that 


we (EL) pee (se ae 


(Canyae as ate ak 
prong at Ge sates 
hk. (7) lg , =, Oe 


A process similarly conducted will be found to lead to the 
following result : 


ean eae ‘ (7) + (y) + Ate R. (=) 0. (y) + &e. 


: 
: 
: 
| 
| 


A3 
Where a, 8, 7, &c. are the x roots of 
UO — OU ye oe bh REO, 
and ¢, (y),....,(y) are as many arbitrary functions of y. 


a 
d NG 
(8). u,, fetes a (< Uz—i,y,2 sp b GS) Uz — 9, y, 59 


ett (2) ¢ ty) + 8. (2)% y (2) 


¢ (y) and Wy (z) denoting arbitrary functions of y and z. 


SECTION VI. 


Exercises in the Summation of Series by the Inte- 
gration of their general Terms. 


As the integration of any function leads directly to the 
sum of the series of which it is the general term (Appendix. 
Art 389.) the following examples may be looked upon as 
exercises in that part of the inverse calculus of differences 
which relates to the integration of explicit functions. To 
sum then the following series, 


Q). 10k se 8835 4 Fat Gen 
S, denoting the sum to x terms, we shall find 


ie x(x +1) (4+2) 3 +13) — 
Sa OSC ML TO mre 4 


(2) 14+ S*+ 544+... -.42 4-1) = S, 


_ (4.2% — 1) (12 2 — 7) 


S, 
15 


AA 


(3). S,=14+2p+3 p+4 pi +&e. 
| Suna) oP he sap) 


nn 
Sum to infinity (when p< 1) = S = ne 


10 14 Subae 
se tae ena bee into Pith ECs 
4), 7 Ee a ee ae ee 
Q apa 
v 


) 
Np ae ge i UB abate 
3 (+1) («+ +3) 
a ee ee 
M21 4+ /2) C+ V2) (2+ 2) 


1 
PMS ORO" NOR aD Urea MBL eM a oh 
ab (2 + (2) (3 + 2) : 


(5). 


x 


Sy sb ose an’, csp Se ak gh 
Sie rae J 
(GO) TS Oat Ok Pec. 
§ _ «(6 234+ 16 2° 4+9 4-4) 


do. 


(7). 2.5.844.8.1448.14.26416.96.504 &e. 


5. — 36.9% + 84. 9% 4 56. 2°— 176 
Sh. Mee 7 ° 


See Appendix. Art. 374. 


3 9 Q" 81 
29.79 79.245 rhe 


pam NSS 
8) Ue Re ag oh 


Stee a Avid aoe Oe ay i 5 Dies 
43254 (— 3) 4 


] 


20" 


Ad 


i | 3.19 5. 19° 
9g). ———_—__ pi ES IES ———_———_—— ‘ 
(9) 2 5 BMbls eB hl D1 Pg 
19* 
2 . See Ex, 11. 
~ 87 (3a42)($x4+5)(3a4+8) a0 n 
ile 718 .112 
(10). aa Nase en 
1D oan SRST 87 os. bed 
Py 19? 
Fo ee ge a ae, See Ex. 1]. 
4 8(2r+4+1) (2243) 
(11). To sum the series 
; 2 
p 4 (ptq)-s < (p+2q)s5 Lo gtne 
Uy Uy Uy... Um — Uy Uys Uy = Uy Uy es Um ay 


whenéver it can be done, and to determine the condition 
which must be satisfied to render it practicable, (w,, u, 5 Us 5 
&c, forming an arithmetical progression). 


The (x + 1)" term is 


(p+qa) s° 
Uy Uy 41 Spe nteteer atte Uy ee m—1 


Now the difference of a function 


is easily found to be 


A Qi Ung a Used ie tay) J 


: 
: 
. 
' 


Ugo ss acer by 4m —1 
For uw, substitute 2+ and the numerator becomes 
(A { 6-1) a — m—1)hk} —A(S—1) ha) &*, 


which compared with (p + qx) 5°, that of the function in 
question gives 


ng CI AS 
(s—l)h 


46 


and thus we get for the sum of the series 


and for the equation of condition 
Pp a m— 1 
gq he Seo 
also when s< 1 


od 


The two series immediately preceding this example are 
particular’ cases of this. 


2 2 2 3 
(12). } Vy Arig Otis 2°. 4° 37.4.4 


Q 4 x— 1 
Pag ich Sains Fe Be ae 
3 $3 r+ 2 
baa 9? .,-O? 32, 93 


pea Bes Sale ig 


(14). To determine in what cases the function ~ 


(p+qu+rx?) 5 


is integrable, and in those cases:to perform the integration. 
Assume for the integral 
(A+ Bx) 5s? 


1 RR ine (2.) 
uy 


and by comparing the difference of this with the proposed, 
we shall find 


Ps 


Ay 


sm tT v 


ae “Gt s—1 “(s-1I)h 


iP te wal - hh? 
_and for the equation of condition 


7-1: ++Q)'= 


a NR ge or (2) ttt hy. 


s—1 


W Heievet this holds good, the proposed function is 
directly integrable the integral being as above (a). 


If we resolve the equation of condition (b) with respect 
to s, two values of s (real or imaginary) will be found which 
render the proposed function integrable. This may be yet 
farther extended, and by a process of the same nature the 
following theorem may be proved. 


(15). TuHeorem. Zt is always practicable to assign such 


values of 8, real or imaginary, being the roots of an equation of 
the n", degree that the function 


(at Bx +t+yx*+...... ¥ XE) ost 


shall be directly integrable, a, By Vy... Vy being any given quan 
tities, and U, being of the form ath x. 
(16). . To integrate the function 
est)? 
(he +a)(kh2n+at+hy’ 
or to sum the series | 
2 2 
1 (! + ) 4 
(a +h) (a+ 2h) a 


Qr a +h 4 
eS eee Real Pe 
epommes 9 ¥ e: + 3%) ( a ) 


A8 


This function satifies the equation of condition (b) of (14), 
and we shall therefore find for the value of the integral, or 
the sum of the series to r—1 terms 


ioe a’ a res a Ny 
B2uth heta 


or, determining the constant, and writing «+1 for 2, 


a Safa ft), hiz—a (253 ee 
‘Ba +h) kG Dana 


This comprehends as a particular case the two series 
summed in (12) and(13). As series of this sort are not 
without their interest, especially when considered in an ex- 
tended point of view, a few more cases are subjoined by way 
of farther exercise. | 


2 1 3 ] 4, ] 
17). XK ee ie 
OTe. 3 ig ae gt Gy Xe t &e 


ll 


. 1 1 4 1 
S, rsa $s Sai. 
4, (Qr4+1).3°§’ 4 


(18) 7et Gx kong. reat SS 
ays : 3 = 1 
(v@ + 1).2? 
1 6 I 7 l 

19). xX = + x — + _# 
(19) 1 2.3.4 ge 3.4 5 gs oe 

S is i . Spotl 

" 2 i@ +1) (@ +2). 2 eae 


(20). 1+243+4....¢2 284). 


Seal 


(21), 1° 4+ 074374 00 t= ie 
> th. 2g 


AY 
(22). 134+ 234+ 334+ .... 43 


= 241) @H2) @+3) _ 2 OHI) (+9 , 2@+1) 
ets A . ] g 


3 ‘G ms eye 


(23). 1°+2"43"4+....2"=S, 


x(x+1) - ate SE NES + | 


| BR ly 2.5 


S.=(— 8 ah s Ao”. 


ee oe 


+ AX GM #(t+1)....(%+4+2n) | 
he ray eee Cat © 


See Equation (a) of Art. 26. Sect. 2. where h=1, w=x+1. © 


The same sums may also be exhibited as follows: _ 


(94). 1 eRe pote SAEED, 
| 1.2 
| rd 
(25). Peed. ata sheet + 


(22-1) 2xr+1)Q2t+3(- 
re 


ee FN: 4 
(26). 134 a4 ....a0 GOUFETDETS . 


v(x + 1) 
+o, 


1€2r+1 
(a7). 14 498 es 


=. 1)(2 See 
410.22 Sis \(Qrt+ Li | 


fi Qr—3)(2r—NQx +1) Ax +3)2z +5) 
- 5 


* @ 


50 
(28). ee 
(flys. -@ +2) rae + 1) 
toa ee : : 


(29). In general; 141 4 Q™4' 4 0... 0@4) = 


=A ae @ eee 


+ &e. 


riser Sst Ess 3) 


where the coefficients are those given in (Art. 4. Sect. 2.), and 


J 
1% + 2 + te OU" = Saree 


3 
—-4,+V.A,—1°.3?. A, + &e. 
the coefficients here being those determined in (Art. 6: 
Sect. 2.) 


oe 


(30)... 148454....@4e—1) 42". 


(31). “+34 57a. @r= iy = 
 @r—1).22.r+)) 
Fe ENTRY nd Te 


(32). 1 4+3°+5*+....@r—lP= 2xt— xt 
(33). The general expression including all these is 
4 3" 4+ 5"+4+....Qxr—))"= 


(417. A ot + of ee At} 
A : 1 1.2 


a) 


(Qe +1)2@xr+3)—-1.38 


Q sh Pica 


oy | 


(34). (@+A)"+ (@4+2h)'+ 43 hy'+...(@4+.0h) = 
i i ot) a ik 


where vu, =a +her; 


See Cay SEE pene Meteo tats AOE ane, 
] 9 1,2 
Mates Meta Me &e. 


Expressions for the sums of the powers of the natural 
numbers were first given by Wallis in his Avithmetica infini- 
torum for the purpose of applying Cavalerius’s method of 
indivisibles to the quadrature of curvilinear spaces whose 
ordinates are rational integral functions of their abscissa. 
Their theory was treated in a more general way by John 
Bernouilli, and after him by Euler, to whom we are indebted 
for the general theorem for the expression of = w, in a series, 
whose numerical coefficients (from their identity with those 
found by John Bernouilli in the case of =”) he called by the 
name of that Geometer. The expressions given in the above 
and some following examples for these sums are different 
we believe from any yet noticed, and seem to be the simplest 
their nature admits. ny 


(35). cos @+cos30+cos50+....cos@r—1)0= 


sin 2 6 
= cos x 6. Append, Art. 373.) -- 
(36). sin 0+sin 36+sin50+4....sin (2 a be = 


\ tira @ 


.sin 2 @. 
sin @ 


(37). cos 4+ cos (6+h)+ cos (0+2h)+ we 


° v 
3 gh Stor G) 
cs | 6-+(e~1).h} =cos } 0+ == BEEBE sn'e 
| 7 sin G ) 


<i 


52 


($8). sin 6+sin (0+h) +sin(0+2h) +. 


: | sin ( (Gi) 


sin { @+(*— 1).4} =sin 
sin (Gt) 


sin 


(39). 1.(cos 6)? + 2 (cos 2 6)? + 3 (cos 3 6)? + 


..% (cos 70) = een 


At 6 
1)é— : 
rane RS ah fee C5 
(40). sin 8,cos + sin2@.cos3W+...:- ‘ 


sinxgd.cosQ@r—1)v= 
sin 2(< +4) 


=sinS,+2(5+¥)} poe nis 


+sin} +2(5- he mee aes) 


] 1 
41), ——-—-—-—_——_ Gi: SN at ee 
( ) Caw che SIGE cos OO heoa ae 


1 
FO Satna we Wet Fay re 
Fone DTN dy ¢ 


Gee, fan ee De en Wee UATE. 4. Geet 1.) 
sin @ | 
] 1 

et sin 8, cos 2 0 cos Gp ain 6 


I 
Herod Geos 4 Gian ee 
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1 1 
Di Sit a Ye et oe Ce ote , 
cos. sin 204 1)0' ee = er eke ta] sin @ 
1 1 
(4) Fhulen 86) abdolsn De. 


sop 6 Laie ave, 
sin 3@. sin 4 0 
§ = —cotan w+1) 6 + cotang 0 
a sin 0 ‘ 
] 1 
CS eee Wee ae I Ae pe See! 2S Bee elk 
( ) cos @. sin 2 0 sin 20.cos 30 


1 
Pe ea Se ee a Ce 
cos 39.sin 48 % 


gy —(- DT" +cos2 +6 | tand 
; cos 6. sin 2 (x +1) 0 cos 0° 


1 1 


+ (45)iS: shoei 
a sin 8. sin 3 @ sin26.sin40 ° 


i  — XC. 
7) ine . sit 5 6 
S ; 1 (It! 2 
P em man ———_—_— + ki 
2.cos9€sind.sin26  sin(#+1) 0. sin (%+2) 6 
See (Art. 20. Sect. 1.) 


1 7 1 


(6). cos0.cos30 cos26.cos40 3 


sh oop! . 0 * 103 ge 
cos 3@.cos 50 


i ; 1 (—1y*! 


°F cos 8. cos 2 8 Y cos (e+ 1)0.cos(a + 2) 0 


* 2.c08 8 


See Art. 22. Sect. I. 


D4 
(47). tan 6 + Stan & +i tans + &e. 


See Art. 14. Sect. 1. 


val oat Z e cot 2 0, 


~2.cot 20. ~ See Lacroix, Translation, 


Art. 57. 


(48)._ (tan 6 + 2 (tan 5). + G tan “) + &e. 


> ‘ 
ng = - =) + es 1 


Cai: . tan nay 


8 4 1 
3 a (tan 2 6)? @? 


See Art. 15. Sect. 1. Also Lacroix. Translation, Art. 57. 


(49). tan 0. (sec 6° + (4 tan) (sec 5) + 


a3 € tan ) (3 sec 5) + &e. 


cos wife. 

<i GE Te OP REN 

‘ (23 aa ) (sin 2 6) 
Bie | 

SS cars = aaa ; See Art. 16. Sect. 1. and 
c 
Translation, Art. 57. 
ie i a 1_f 
(50). 2 ie eee ge aaa 


St Bes ead +! A rf ly (Art. 7° Sect. I.) ; 


. (Art. 6. Sect. 1.) 


] 1 1 ] 
52). 3 ator a . e ° 
( os Oud as Son hata enaain Go) ite 


0 . . 
S,= cot = — cot.27—'@; (Art. 18. Sect. 1.) 


1 


(53). gegen mae 4 ———z~; + —. +e. 
(2 . COS 3 (4 . COS x) (8 COS =) 

RA AOP yp ee aT | 

(sin 6)" (2 ge Ay) 


1 
= Gin oy we (Art. 17. Sect. 1.) 


(54). sin 0 (sin a) +2 sin : (sin >) aw 
+4 sin : (sin =) + &ev 


S, = 1 (2 sin = — sin 20) 


- anes . (See Art. 8. Sect. 8.) 


56 
(55). (sin 0)#+4 (sin =) + 4°, (sin -) + &e. . 
S,=(a-*sing)y — (Sty 


ae sin 2 0\? | ) : 
Sat - ) 3 (Art. 9. Sect. 1. 


‘ - 


‘ (56). tan @ (tan ») + 2 tan (tan =) + 
+ 4 tan =(tan =) + &ec, 
S, = tan @— Sagar ; 
Qt 


S=tan@—6. — (Art. 11. Sect. 1.) 


a 2 9 2 4 
(57). Ce z, C 2 ) 2 Ge 4 i) e 


eS) 4 ke. 


(<5 8 6 
ha 
aac (<< OF 5) ~~ sin a 


(68). To assign the value of the continued product, 


P, = tan 0 (tan 2 0)! (tan 4 0)'.. ..(tan 2° 0) 
If we sum the series 
log tan 6 + Slog tan 2 0 + 1 log tan 4 0 + &c. 


to xv+1 terms by the help of (Art. 19. Sect. 1.) and then — 
transform the logarithmic equation into an equation of factors 
by the well known property 


™~ 


a.log A+b.log B+&c,=log (A*. B’. &e.) 


57 
we shall find for the value of P, 


4. sin. @? 
piece eet 


ae 
(2 sin Q* +1 ay 
and if P be the product to infinity, P=4. sin 6°. 


(59). To sum the series 
: . 
+ tan—? : 


tatiana oe eS IEEE NEY ete 
1+414+)/ 1+2+ 2 


4. tat —* reach + 


1 +343? 
or, as it would stand in the ordinary notation, 
1 : 1 
arc.( tan = -——_->—___.) + arc ( fan = —__.) + &e, 
( chi er? . ( 1+2+42° 


to x terms and to infinity 


l Rey —1 1 . Ne ze e 
ee arg. tan (eke 5 = os (Art. 25. Sect. 1.) 


1 —l1 1 
(60). tan is > + tan 3 > + tan pecan ae 
5 2. AM sth ; ="; 
4. 2au+ i 4. 


Deducible from 26. Sect. 1. by taking A+v0=22+ 1. 


I ih: 
: acer tan a 92 tan—' — + &e. 
(61). tan ; + 2.tan 56 + 568 


the progression of the denominators being 


443, 4.84+3-2, 4.87+3 .2°, &e. 


S,=2.tan—* 3 _ rie S=1— as (See 29. Sect. 1.) 


* Wi 
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1 1 1 ) 
62). ‘tan aiettan 2 hs Mai te Sea 
2) 4 isu 27 
Oo 
Tee, +tan 7? = 
34+5 2x 
oO 
8, = tani hs — tan et S$ =tan— 


(63). To determine in what cases the function 


1 
tan —* ——_______ 
Pat +rrer 
is immediately integrable, and in such cases to sum the series 
Oh hi 1 
tan! ee fan =) Bee 

ptqtr prqyytr = 
Patatienes : + &e. 


p + Re tie a ges 
Let the function in question be compared with the second 


member of the equation in (27. Sect. 1.) and we find 


Poth Hi 


2 Wy 
ea? ='0; CRT OT, B=~ Yr), 


besides which there remains an equation of condition to 
be satisfied, viz. 


g—Pr=4(pr— Ie thee ie tk us 9e 
Whenever this equation then holds good, we have 
= tan—' +, & C— tani tee ae 
Prq¢trrer’ gG—-r+2rer 


The series 59, 60, 62. are all particular cases of this, 
and their general terms will be found to satisfy the equation 
(a). Other examples are the following. . 


59 


(04). Let, the general or x term of a series be 


1 


oy SSCA tee SS Se 
10 x? — 24 7 4 12 


S, =tan—'(7) + tan—"(l0r— 7); Sz A + tan! (7). 


(65). Let uv, = tan—' hae All ? 
34247 — 8x — 8 
then 
Daye tats) (34%. 4-13) — tan—'(13); S= tan" ; 


1 


66). Ce = Bh eR Sera lie 
(66). Let uw, = tan rio 18? 


then 


1 
S, = tan—'(742 +31) — tan—'(31); S mito diss F 


I 


; u, = tan! ——___________ 
(67). Let u, = tan SATS ae 


S, = tan—'(26¢%+5) —tan—*(5); S= tan —* = : 


The series (47, 48, 49, 50, 53.) are due to Mr. Wallace, 
who gave them under a somewhat different form, among a 
variety of similar ones in a paper communicated to the Royal 
Society of Edinburgh in 1808, as formule of approximation 
to the arc of a circle (when continued to infinity) to which 
purpose their rapid convergence, even in the most unfavour- 
able cases, well adapts them. In fact we have by (47) 


= (2.cot2@ + tané@) + $tanZé@ + &c. 


chy a 


60 


in which if we notice that 2 cot 26 + tan @ = we have 


the reciprocal of the arc, expressed in the form delivered in 
the paper alluded to. The series (50) when continued back- 
wards by writing — x for x gives 


a ef ie 
1 a?—1) ey wade | iain 
— © +-. +. He = 
fae 4 ay euacy 
ay re Sa | a” +1 a’ + 1 
Tay 1s wits ee ea 
Bed Se re ane 


and this sum, when the series is continued to infinity will be 
found to reduce itself to 

CAS ete 

Greece 


This expression is accordingly given by Mr. Wallace in 
the same paper, as affording means of computing the loga- 
rithm of an insulated number (a high prime for instance), or 
at least its reciprocal, at once. It is true the operations are 
laborious on account of the multiplied extractions of roots 
and decimal divisions they require, but they are not on that 
account less valuable. Regarded in the light of elegant for- 
mulz in the inverse method of differences, these series assume 
a higher rank in the scale of analytical estimation, in propor- 
tion to the difficulty of that field of research, and the little 
reason we have to hope for any farther progress in it. For 
this reason, I have added the series (52, 54, 55, 56, 57.) 
which are of a similar nature, but have not been noticed by 
him. Of these (54, 55, and 56.) afford in like manner, for- 
mul of approximation to the arc of a circle, viz. 


¢ aca UR een BN. ? 
+ . a 6. i 8) 5 au! : a; Too ; 
; sin sill I + 2 sin 5 (sin =) +Xc. $ 
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Q? = Gam yt “ 


+ § Gin 0)* + 4 (sin =) + 4° (sin =) + xe. } ; (a). 


6 = tan §— § tan 0 (tan ae + 2 tan : (tan “) + xe. } 


These all converge with the same degree of rapidity after 
a few of the first terms, viz. nearly according to the powers 
of 34, but for actual computation, the formula (7) far sur- 
passes the rest in convenience. They differ from Mr. 
Wallace’s in giving the immediate values of the arc and its 
square instead of their reciprocals. 


The continued product (58) is due to Mr. Babbage: the 

summation of the series of reciprocal sines (52) may be 
_ obtained from it, by taking the logarithmic differential rela- 
tive to @ and vice versd, the latter may be derived from the 
former by integration: The method, however, in which we 
have here presented them has the advantange of exhibiting 
the principle on which all transformations of the same kind 
ultimately depend. 


The series (59) and (G0) are noticed by Euler in the 
Comm. Acad. Petropol. ix, 1737. p. 234., as well as by 
Spence in his Logarithmic ‘Transcendents. By the former 
they are given as particular instances of a general formula of 
| great neatness, at which he arrives by a kind of tentative 
} method, but which may be obtained very shortly thus : 


Na 
SinceA. tan. 1a, /=s fan-4 (=), 28, 5ect. 1, 
f M1 40upu, +, 


therefore we have 


= tan ~-' —— — = C+ tan~'xz,. 
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Thus we get for the sum of the series 


shin | pees ts tan—"$ Ug— Uy, vy 


ores u, u, 1 + u, uU, 


ma let ; U, — U,y—, t 
ee SEE SIPN TL) CAI Face ao > 
I + U,, Uy 


the following expression 


— 1 — 1 
tan u, — tan o's 


Which is in fact Euler’s formula, for uv, being a function 
of a of a form perfectly arbitrary, its particular values w,, w,, 
U,y....U, to any extent we please, may be looked upon as so 
many arbitrary and independent constants, and may be repre- 
sented by separate letters, a, b, cy &c., which done, a very 
trifling reduction will give the formula in question. ‘These 


series of inverse tangents in which the numerators of the 


fractions under the characteristic tan—' are unity, and the 
denominators integer numbers (as 59, 60, 61, 62, 64, 65, 66, 
67.) are extremely remarkable on account of the facilities 


they afford for extending the integer evaluation of the func-— 


tion tan—'(v) or as Spence denotes it 'C(x). (64....7) 
have not, I believe, been noticed, nor has (61) which is not 
included in Euler’s general formula, but may be derived 


without difficulty by a method similar to that by which that - 


formula was originally obtained, from the following equation 


tan—'2 ed coe eee Reet (a). 
n 47? +3n 2n 
which the reader will have no difficulty in verifying and 
which is analogous to a theorem of Borda for calculating 
the logarithm of a number, by means of three preceding 
logarithms and a series. The same remark applies to this 
class of series as to the rest: they are properly and naturally 
examples of the application of the inverse method of differ- 
ences, however they may have been originally obtained, and 


it may not be amiss to shew how any equation such as (a) _ 


ae 
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expressing a relation between three values of a particular 
function may become the origin of a similar series, 


(68). To sum the series 
tan’ ( i ) + 2 tan—" ( : ) “Te 
424+3.n ; 32 nv +6 n 


i 
+ 4.tan—'(__*+ __) Ste. 
250n4+12n7 *° 


The (a + 1)™ term is 


Pate taty 7 : u 
Fe A Fa Oa be ee =, 1° 
Li@wrsrat H 


Now in (a), let 2°n be written for n, and the whole mul- 
tiplied by 2*, and we get 


1 7 
oF tan 4 one = 
4 (2?nP +3.2°n 


tan ns — 9 tan—? 1... 


1 
22 Fin 22 
a The second member of this equation “is evidently the 
complete difference of 2* fan—? = » So that integrating both 
members, 


1 
>) a=", 08) fant Lo 
iy : + On 


and if the constant be determined as usual we find 


1 ; 
Da 2. tan tan 
2° n 


i 


(69). Let f(z) =n, f(n) = 423+ 32, 
fn) = Af (nP + 3. f (2), &e. 
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Required the sum of the series 


] 
—— — ho AE | — &c. 
2 f° (2) Phe f (an) crea Fa) : 


The (r+1)" term, or U4, is 


1 
2f*(n) 


Now if in the equation (a) we substitute /* (7) for 2 and 
multiply the whole by (— 1)” we obtain 


Uys = (— 1%. tan—! 


(— 19%. tan’ +(— 1). tan—' os 


Sf? (@) 


ey 
pen (72) 


= 2(— 1). phe ee 
2 f* (n) 
The first member of this equation is the exact difference — 

of 

1 S 
f*@) 
because the two terms of which it consists are the successive 
values of this function due to the variation of x, with contrary 
signs, and that without any regard to the form of the func- 


tion f* (7) considered as a function of ; the second member 
is equal to 2 u,4,3 Hence 


(— 1) +? .tan™' 


1 
2Ury. = A.(— 1) Tt tan—* ~— 
| | FO 
re Nt 1 
Phan a Mi RS tan —* — + C, 
2 F*(@) 


whence we obtain for the sum of the series 


; 1 
S.= $$ tan—*~ + Sy anes 
=4 ~+(—}) GS 


1 
Ss = 2 Gan ws? 
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for, whatever be the value of v, the quantities n, f(#), f? (#)s 
J? (”), &c. form an increasing series which diverges with 
extreme rapidity. Thus, if »=1, these successive values are 


1, 7, 1393, 10812186007, &c. 


If m then be any integer number, 


: and the following 
3 1) 


values may even. be altogether disregarded, in a nume- 
rical point of view. If we have detained the reader too long 
on this point, its close connexion with the quadrature of the 


circle, will induce him to pardon the digression. We will 
now resume the subject. 


(70). The series 1, 5, 17, 53, 161, 485, &c. is a recur- 
ring one.— What are —its scale of relation, —its general 
term, and its sum to a terms? 


eter scale Ss arar tees hee 
‘The. general term is... ... 


The sum is 3*—ar—1, 


(71). Which of the two series 
Pe Oe So. 9, On IAs 05, OOo Sg Oct! 
1, 0, 3) 25 5) 10, 24, 51, 247, &e. 


is a recutring one, and what is its scale of relation ? 


(72). ‘To shew that 
sin 6, sin 2 0, sin 3 @,.. .,..8in x 6 
and cos @, cos20, cos3@,...... cos x @, 


form two recurring series, and to find their scales of relation. 


The reader will remember in order to prove this, that the 
character of a recurring series consists in the possibility of 
expressing any term by one or more of the preceding terms; 


multiplied by invariable quantities, 
e 4 
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SECTION VII. 


Problems and Theorems relating to the developement 
of exponential Functions, and the properties of 
the numbers comprised in the form A” 0”. 


Tur equation 
ay 
A*u, = (e"° — 1)*u, 


discovered by Lagrange (See Appendix, Art. 358.) and the 
yet more general theorem of Arbogast demonstrated in the 
following article, render it desirable to possess some general 
formula, to facilitate the developement of these and similar 
expressions. We have already seen some of the uses to 
which the numbers comprised in the form A”o" are appli- 
cable in the theory of series. In what follows we shall lay 
_ before the reader a connected view of their properties, which 
bear directly upon the point in question, and afford an easy 
and general solution of the difficulty. But their application 
is by no means confined to this, and before we quit this sub- 
ject we shall point out their use in one or two other instances 
where they may be introduced with advantage. 


(1). Prositem. To develope f(e’) any function what- 
ever of ¢’, in a series of the powers of t, or to determine A, 
A,, A, &c, in the following equation, 


te) = ee AL Gad, Pie a ge Cee 


Let f(1), f'(1), (1), &c. denote the values acouimed by 


d i cu , &c. the several differential coefficients a 


e 


> [> 


6 i 


or derived functions of f(@) when # becomes unity. Then 
by Taylor’s theorem we shall have (4 being any quantity) 


fQ+4 =f) ph fee + &c. 
Since this is true whatever be the value of 4, suppose it 
equal to e’— 1, and the above equation becomes 
F(O=FfQ) ee (e’ — 1) +L Oe —1y + &e. 
The coefficient of #* therefore in the first member f(e‘) 
is equal to the sum of its several coefficients in the terms of 


the second member. Now, the coefficient of ¢ in f(1) is 
f (1) x0" being £(1) when r=o and zero in all other cases. 


ee oe Ee it tye Wee ae. 


ney SEB 
In £ (?— 1), or J CD (et a $1) itis 


f' (1) 2? — 2.17 + 07 ee? A? of 
1 le eAAS # 1.2 jaa ea Ch 


and so on; (as is evident if we consider that the develope- 
ment of e”’ in general is . 


° 


1 nM. gr ape Line sdb RAL Le 
] 1.2 ] 


n* 
# + &e.) 
ee 


Let these be collected together, and we find for the valucan . 
of A, or the coefficient in f(e) 


LO Ke 47 Darra te. } 


Now let the symbols of operation be separated from those 
of quantity, and we get 
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a 


i | § FOa, sf az paid 
mor coe i .e Saheinlen eS 


ry at! + A)o’ 
ee yh Oe en 


f (1+A)o* being understood (as in all similar cases) to have 
no other meaning than its developement, of which it is a 
mere abbreviated expression, each power of A being under- 
stood to be separately affixed as if by multiplication to the 0° 


which follows. Hence this general ss 


THEOREM. 
fe) =f) + fC +A)o + alte +A) 0? + &e. 


which will be found to comprise all the properties of the | 
numbers A” o” we shall have occasion to employ. 


(2). CornoLtuaRy. Hence, if by any of the usual methods 
the developement of f(e‘) be obtained, or the value of A, 
assigned, that of f(1 +A) o* may be obtained in functions of 
x and vice versa, for we have 


yA glee + Ajo’ 


TAnsesk 


and, 
FPA) OS ee ae 


For example, we shall have, 


(3). (l+Ayo=l, (14 A) 0° =9%,....01 -AYor= nn’, 


whatever value we assign to x, whether positive, negative, 
integral, fractional, or even imaginary. For, 


let f(1 + SO) = (1 + 4)", then f(e’) =e”, or since 


li 


n* 


Ii 


t’ + &Xc. 


eve es ee 
Lie 
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we have 
bi Boe Ay oo 


the value of f(1 + A)o* to be found. 


Suppose for instance »= — 1, and we have 
] 
tie a ee. Liem d re 
Meng" Geary 


Now the first member of this (by the definition) has no 
other meaning than 


S1—-A+ A? — &e. } 0° 
or, o — Ao + A’o’ — &c. 
But in this (as in all other such series ) we may omit all the 


terms after * 0°, they being each separately zero, by the property 
of these numbers, (Appendix, Art. 350.) so that we get, 


Om Do EA OF go Ste en Ys 
or, merely reversing the order of writing it, 
Af of — Alo +E Ao® Foo? S1,;- 


whatever be the value of x. It may not be amiss to verify 
this result by a numerical example, suppose for instance r=5, 
and taking the values of Ao’, Ato’, &c. from the Table 
(Ex. 33. Sect.-1.) we have 


120 —240 + 150—304+1]=1. 


(4.) Again, we may prove in like manner, that 
flog(1 + A)}”o’=0, 


unless #=., in which case its value is 1.2....#. For since 
(log ey" =t", the coefficient of ¢” in the developement of this 
function (regarded as a function of e’) is zero unless 7=n, 
in which case we have 4, or A,=1, and 1.2....n7 4,= 
ek Ae ne 5 


(5). Thus taking x=1, we have 
EY Sas on: ue A‘ of 


Rae ea ; 8 88 eee = 0, 
1 g x 


for every value of w greater than unity, which may in like 
manner be verified by numerical substitution. 


(6). {los + A} *. f(A) et = ae@ea 1) a 


1 Re DAA)". “ 


The coefficient of z* in the developement of t". f(e&—1) 
is evidently the same with that of 7*—” in | that of f (e’—'1). 
The former coefhicient is 


Jj} log Ort sn te A Le 
pa 


fer 


d the latter, -— =. ee 
SE een eg eee Shans 


which being equated, the proposition is apparent. 


Aye is a 


(7). KN oe ee ro Ge vt mn § 


eases 

An immediate consequence of the foregoing, changing 
only x into #+n, and making f (4) = A—”. This equation 
enables us to continue the series, 


PNT ma a BNC R ee 0 


backwards, to any extent, according to one uniform law, 
though it must rather be regarded as a definition of A~"o! 
than in any other light, since the value of that expression (or 
its equivalent =” o*) is not fixed by assigning only the superior 
limit (0) of the integral. 


(8). Prope. To shew that whatever be the value of », 
FRALTAYS tes nw POA). 


Tx 
Take the identical equation 
ts § (e*)" t = f (e™). 


The coefficient of ¢* in the first member of this equation 
(regarded as a function of e’) is by (1. Sect. 7.) 


dar ld Ope F459 lec 
1 eee Secpeeegie ° 


but, in the second it is evidently equal to #*x into that of. 
the same power of ¢ in f (ce), or to 


yt SL + ADO 
ieee ee 


Equating these the transformation in question results, 
which is often of great use in eluding igi troublesome deve- 
Beeman, Thus for instance. 


, 1 " 
@). {1+ VA+d) pnt ==. +ayre, 
f(+ AY —1}™of= nt. Amor, 


SL1+CUL+A"} "or = a. (Q+A)" oO" 


(10). To prove the following very general i of 
the numbers comprised in the form A” o”, 


S f+) +i (G miter 2 On. . Jt.) (Oh 


' fsa+a- ~t (te yte sl 2Oep cigs. utd 


whatever be the form of the function elt ae by f. 


Y 


Suppose 


S(@)=A,+4,¢ + A,# + &e. 
then will f(e-) = 4,— At + A, ? — Ke. 
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Hence, it is evident that their sum / (e)+ fe’) contains 
no odd powers of x, and their difference f (¢’) — jeans 
even ones. The coefficients therefore of ¢”*— ‘in the develope- 
ment of the former, and of #** in that of the latter expression 
are respectively zero. Now these expressions, put under 


the form f (e’) + f G) and regarded as functions of ¢ give, 


by applying the general theorem (Ex. 1. Sect. 7.); for the 
aforesaid coefficients, the first members respectively of the 
equations (a) and (6), whence the truth of the proposition is 
apparent. It may also be derived from (8) by making 
n=—1. Many particular cases of these theorems assume a 
very remarkable form, thus: 


I 
(11). If we take f(1+A) = —— | 

( ) LL se Oy 

we have by (4) 
ie UT a 

or 

oi A? 0” Aen ely es Ang 
2 +? Je Y3 gr. 


(12). If we suppose f(1+A) = §1—-(1+A)}", we 


ave f aK RNG Teak » and the 


above theorem gives the two equations 


A % 


1+A 


and. 


2s). Zn n A p20 ~ 
(Sa) ts (ir ares | 
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both which may be included in one, by writing it as follows: 
A nr 
EE PS ON oe oJ 2 oF 
ae 2.) 0 (—1) Be 0 


(13). Let us take a transcendental form of f, and suppose 


f(U+A) ={= log (1+ A), 


then we have it demonstrated (in Note N, p. 683 to Lacroix, 
Engl. Transl.) that 


Fit) +f(=5) = Zilog (1+ A)’ 


but by (4) it appears that log(1+ A)’o*=0, unless 27=2, 
or r=1, therefore (this case excepted) 


f( ] Jor afl bare, 


1+A 
which substituted in (b) of (10) gives ° 


FILA) oH = 0. 


Now the form of f(1+ A) in this instance being the 
transcendent, 


d A Quy Fay 


our equation becomes 


rae o Ao oz" INE or” 
ME. Sm Bie es of aes 


which will be found verified in every case (v=1 excepted) 
by actual substitution of the numerical values given in the 
table. To such an extent may the separation of the symbols 
of operation from those of quantity be carried, without the 
possibility of error or misconception. What value the first 
member of the above equation assumes, when the exponent 
of 0 is odd, will be seen hereafter (22. Sect. 8.) 
* kK 


TA 
(14). THrorem. Let f, (4) and f(A) be any two 
functions of A, then will the following equation hold good 
fA. (A) AAP CT=Ai (A) fA) Lote $% 


where in the second member, the unaccented A is to be 
referred to the unaccented powers of 0, and the accented to 
the accented powers. 


Let 
fAi@é-D=4,+ Ait + 4,0 + &e. 
fra@- J =a,4+%6 +4,P + &e. 
then will 
f@—-l)xfié-l= 
A,a,+ { A,a,+ Ava, $t+ { A, a,+ A,a,+ Aya, {P+ &e. 
The coefficient of ¢* in the first member of this, by the 
general theorem in (1. Sect. 7.) is represented by 


Sf 4+ Ale ie EA) Poe 
Livnotee aa ¥ 
tf, (A) Se me 


while in the second it is . 
Ay ayitAS 6 hay Heddy, (6). 
But, because 4, and a, are the coefficients of ¢* in the 


respective developements /, (e’— 1) and _f, (’—1) we have by 
the same general theorem 


ite ded es Oia ; 2(A ak 
Rea tie fs eae 


yaaa ea ion aed Bere ou Rade & 
hence we find, 4,_, = SABA a Sc. 
[wate penal ye 


ue = f, (Ayes. a, ACE &e. 
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and by substitution, the expression (6) becomes 
1 | 
Sf (A) or A(A)e + EA (Am f(A) e+ 
= oh CAYO Is fatal On ce. + nee 


Now let the symbols of operation be separated from those 
of quantity, keeping the powers of 0 distinct from each other, 
by the system of accentuation explained in Appendix, Art. 
355, and it becomes 


ee Cy foto}, 


which compared with the expression (a) renders the pro- 
position evident. 


(15). By a process precisely similar, we may prove in 
general that 


§fi(O) x fi(A) x f(A) * &e. fof = 
fil) f(A. &e. fota to’ + &e. $*. 


(16). Hence also we may shew that whatever be the 
value of 2, 


fa + ay fldte=flayiate}’s 


(n-+-0)° being developed in powers of o as a mere algebraic 
symbol, and f(A) being then applied to each separate power 
so produced. For, if in the foregoing proposition (14) we 
write (1+ AY for f (A) and f(A) for f, (4) we see that 


bay f( Ajo = 


(LE AYo". f (A)O&+ = + AY om. f(A)o+ &e. 


Now by 3, Sect. 7.) it appears that 
(Q+Ayo sw, tA om! =n, Xe. 


16 
so that the second member becomes 
n.f(A)o+ se -f(A)o + &e. 


which separating the symbols of operation from those of 
quantity, takes the form | 


F(A) } wf od+ =n tol + ae es ee xe. } 


live 
=f(A)in +o}% 
(17). As a particular instance of the application of this 
let f (A)= A” and let n= —1, and we shall get 
Ties 


A*“(— ] O) a oO” 
(1 +o = roa, 


or since A”™(—1.+ 0)? =(— 1). A” (1 — 0); 
A” 
bite eae 
(1) of Ato — AMF ho + ook AT eee 


u 


A"(1 —of=(— 1. 0 


This is the transformation we have already had occasion 
to employ in (25. Sect. 1.), and that made use of in (27. 
Sect. 1.) may be derived precisely in the same manner; for 
if instead of putting #=—1, in the theorem in (14), we put 
n= —a, still supposing /(A)= A”, it becomes 


A” (— a + oy = bt SOD Lge, 
ChisyA), 
whence, 
A” (a ae “= (— Py A =O e 
, (1+ A) 


and the use of these transformations in simplifying pretty 
complicated expressions, and reducing them to a manageable 
and even elegant form, is in the instances alluded to (and 
expecially the latter) by no means contemptible. If we make 


ri 


m=:0, the terms of A”(a—o)* after the first (A°a".o°= a’. 
A?’ 0’ = a’) all vanish, and we have simply 


a 


af =(— 1. 


Lay 
(1+ A) 
as we there asserted. Other uses of the transformations in 
this and the last number will shortly appear. 
(18). THEoREM. f(A){(a+0).(6+0)’.(¢+o). &e.t = 
=f(A).(1+A'y*.(1 +A". &c. | 
§ (oto) .(oto". (oto. &e. 3 


The A’s and their powers being referred by the accents 
over them to the powers of 0, affected with the same number 
of accents. 


To demonstrate it, we have 
f(A) (ato). (O40 = 


at f(A)(b + 0 + za" f(a)e (b +0)! + &e. 


=a’. Sorf(ayo” + 4b" f(A)o + 
apy Ts cha 22 qv 
cei Lara = by f(A)eo + Saat 


+ Fata} br f(a)o + Lur—'f(d) 0 + &e.t 


sae A 1) > y &e. + &e. 
ee 
Now we have, Y= (1+ Ayo!; BW—' = (1+ AYO"~'5 
&c. by (3. Sect. 7.) and substituting these values in the above 


expression it becomes 


a" Sa + Ayo” .f(Q)o+ + (1 + AY oa fF CA)-08 Sc. { 
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+ =a" af + A)’ o! f(A) +e (1+ Asoo" f(A)o? +8e.! 


v (er — 1) 


.&c. 
bre 


In this we may now separate the symbols of operation 
from those of quantity, by employing the system of accen- 
tuation, and we shall have for the value of our, expression, 


GO flLAye A+ AT) 5, a Fo" ol + KX. 


+ a f(A) + any § ovo + Bo oh xe. } + &e. 


The series within the brackets have for their abbreviations 
respectively, o° (0 + o’)’, o' (0 +0')’5 a (0 + 0°), &c. and 
writing these in their places, and at the same time replacing 
a’, a®—’, &c. by their values (given by 3. Sect. 7.) 


aes (1+ Ato! pi) Se OA 0? rcs 
our formula once more transformed will be 
FCO) A+ A" { Moto} -L +A) 0% + 
x 
saa f(A)(1+ 4") fol O+o0"Y + Ao" + &e. 


and again, finally separating the symbols of operation from 
those of quantity, it will become 


f(MU+A¥C $Aa'yfore'y (ores 2 OF Ty Oe RE. » 


=f(A)A+ AY A+ AY} oto) Coro)’ § 


and by a similar train of operations the theorem in question 
may be proved, to the full extent of its enunciation. 
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SECT ION VIII. 


Application of the foregoing Theorems to the deve- 
lopement of particular Functions, the Summation 


of Series, &c. 


in powers of f. 


Cis To develope 


ite’ 
] 
fC) == At At + AP + &e. 


1 ° ea 3 a 


eC HAN 8+ A 
Therefore, by Ex. 2. Sect. 7. 


er cic) fo 


1 fi 
Lfias (cue 2s bea 0, 
Le Bn eae pai PA 
we 1 se Ao a 
ter Fiery 4 =e: + e 
Pes ee eee vis ie 
0° ] 
| 2 2 1 4, 
A,=0, and so on, so that 
1 ] 
= - z + ig &c, 


{ah AO et 
This is the great advantage resulting from the employment 
of these functions: any series of them such as 
a.0+bDAd+e A?ot+ &e. 


however complicated, necessarily breaks off in a limited 
number (x+1) of terms, and thus enables us to assign in a 
comparatively simple form, the general terms of an unlimited 


i 


“a 
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variety of developements, which would otherwise be scarcely 
expressible without having recourse to the combinatory an- 
alysis, which ought never, in my opinion, to be employed, till 
every artifice of abbreviation, and every refinement of analysis 
has been found unavailing. 


(2). To devolope (e¢ —1)” in powers of ¢, 
fe) =C-1y"3 farsa) oar A—ltor=s AX; 


nm pl n ,2 
A’? tds pmnilaiady pi &c. 
] 12 


(ef — 1)" = AY + 


npn nm p21 
CAI AIRIE. Pt Nestled ON SB te esc 
Duds ota Lana eae? 


This elegant expression was originally given by Mr. Ivory 
(Leybourne’s Repository, 1804. Quest. 60.) and afterwards 
by Dr. Brinkley, Phil. Trans. 1807. 1. Both these Geo- 
meters arrive at it, however, by a different method from that 
above pursued. The former mentions it only incidentally, 
nor does the latter, who pursued the subject much farther, 
seem to have perceived the system of which it, and several 
more of the truly beautiful theorems he has given in that 
paper, form a part. To him, however, belongs the merit of 
introducing the numbers comprised in the form A” o” among 
the data of analysis, as objects of ultimate reference. I ought — 

] 
1+é’ 
above given (1. Sect. 8.) is also to be found for the first time 
in his paper. 


in the form 


too, to notice that the developement of 


(3). To develope i : in powers of #, 


e — 
t log (e) 
eT an AS: 
fit A)o= log (i + A) a tua ie 8 lia sao 
Ginny 1 Q  ViSvieeie 
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‘and consequently the coefficient of ¢*, or 


ae ee ea ee 
| ST eee a ee 2 2 eo 


This expression for the coefficient of ¢* is given in the 
Phil. Trans. 1815.in a paper, ‘“‘ On the developement of 
Exponential Functions.” 


It has been already shewn (Appendix, Art. 408.) that the 
t 
e— | 


odd values of 4, in the developement of (A, excepted) 


all vanish, hence we see that the following equation must 
hold good for every value of x except unity, 
Ao*-} LA? 9%! i — © 3t s 


NR ody Lael fei LEN ES. ES i 
2 3 Qa 


From the same article, it also appears that the coefficient 
of ¢* in the same developement is 


B we : 
(— Lye ar i ‘ 
a A he t= 


which compared idee , gives the following very 


simple expression for the numbers of Bernouilli, 
Bageal = sO kot fC + AX) 0% 
log (1 + A) 


=(— ily. 
hj) i 


‘ : o* Ao® AN 28 ae 
oo, Boy = poe Ae tes 


Thus we may calculate the numerical values of these 
numbers, with a degree of facility far surpassing that afforded 
by the expression demonstrated in that article, for instance 


we have 


es Se ae Re Ais ek aaa Saad (he Bll 
Bier’; We Guay 2 tage | 4 Bye 80" 
and $0 on. 
* LT 
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a 


(4). To develope ( 


: ’ 
) in powers of ¢. 
e&— } 


This function being equal to (CEOY , the coefficient 
of t* will be by (Ex. 1. Sect. 7.) 


SAI? OCR ae 
le x5 A 


For the developement of this function into a formula 
adapted to numerical computation, the reader is referred to 
the paper “on the Developement of Exponential Functions” 
above cited. Or he will find the original function completely 
developed in a most elegant series, in Dr. Brinkley’s paper 
above noticed. Our object is to remark that since by (Ex. 7. 
Sect. 7.) we have 


] jee eat Be ae 1 [eae 
1....(% + n) A 1 pe 


therefore, the coefficient of “+” in the proposed function, 
or, which is the same thing, that of ¢* in 


(e Ley i pVnate 
4 VAS ree n o* 
is properly represented by Rs eee and therefore that - 
the equation 
ape n Wp 1 
(¢@— 1 = LB Gs. i” +4 yg OS ge t+? 4 &e, 
Boge 1....(a +1) 


proved by Dr. Brinkley to subsist for positive values of 
is now shewn to hold good also for negative. 


(5). To develope e® in powers of ¢. 


, t ; 2 
flea el, f+ Ajo sel tA om ere ot, 


whence we deduce 


A iy ‘ XE Os 
Pe. x 
ies Wenbag eS kiAtel imaeee } 
hs9 x 1 142 Re SGie 
r Qe 5 
Thus A\= ey A, — ey ve bem 1 3? pe 4° Xe. ‘ 
and 
Ps e+ M + 2 . yy 5 & 
== _ 242. ——— e = 
] 1.2 wd bieiano nigh 
1 q 
(6). To develope ———. and in general (a + ¢’)” in 
P f/(U +e) sa ) 


powers of z, 


f= (ates fU+A) = (tat dy, 
4 


A= ith Rk x $(] +a)+A t ae 
Rey Ais RR 
nu e win ue: 
dia Peeled elas Ri tea 
fo,...aU “Tifa "1.8 “+ay 
man I)... -—a +!) At of 
2 jE HE 4 (ay 


a ; 
and in the case proposed where a=1 and n= — = the value 


of 4, is 


RNa | § l ; 
3 gt LA 4+ SK A rare 
FE SDE 
LEST? . (24) 
see oe Ana: 
4.8....(42) , 


and in the same manner may any algebraic function of ¢ be 
developed with little trouble. 
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(7). To extend the above mode of developing /(e) to 
exponential functions of two or more variables of the form 


PE secs xt 


Let all but ¢ be regarded as so many constants, entering 
into the composition of the given function, regarded as a 
function of e. Then will the coefficient of any power of f, 
as t* be, by what has been proved, 


Sot ey Ces Cee 
Ba he. ae { 


Into this function ¢ does not enter, but, being a function 
of e”, &c. it is itself developable in a series of power of 
', ", &c. Let the coefficient of ¢’ in this developement be 
sought by a similar process. It will be : 

fi lta, 1+ A‘, &’, &e. $07.0” 
De eR SRS ey f 

the powers of A produced by this second process being kept 
distinct from those resulting from the first. and applied to 
their proper power 0” of 0, by the accents affixed to them as 
in (Ex. 14. Sect. 7.). This then will be the coefficient of 
z*.z'”, in the developement of the proposed function, regarded 
as a function only of ¢ and ¢’. Proceeding in this manner, and 
denoting by A,, y+, &. the coefficient of the combination 
rt’. t’. &c. in the final result, we have 


tis _fi{14+4,14+4, lt A ce tot 04.0%. &e. 
Chaat 1. 2PM eRe Slee cys, 2. ek eee 


(8). To develope ff &+% +’ +} in powers of ¢, #, 
&e. | te 


In this case 


AAC OG eee 


A, y, 2, &e. 
sidaigii Pe Qi eee ae NY KA VS PAPER. 


Now let K(i+A)”.(1+A4’)”. &c. be any term of the 
developement of f §(1+A)(1+ A’).&c.}. Then when 
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. this is prefixed to o*. 0.0’. &c, in the manner denoted by 
the accents, it becomes 
K 1+ Ayo. (1+ A)"o (1+ A)to®. &e. 
= K.n* .n’.n*.&c. (by 3. Sect. 7.) 
act K nNeey tit &. — K ¢! ay AY oF FY +e + ke, 


Hence it appears that the same series of terms will result 
from : 


FL AtA)U+ dA’). &e. } oF 0%. &e. 
as would have arisen from 
ft ayorteretes, 
and consequently, that : 


A fp Aye ryt +e 


_ Which is also deducible from the theorem for raising a - 
polynomial to any power, combined with that in (Ex, 1. 


Sect. 7.) and vice versd, the multinomial theorem is directly 
deducible from this. 


Hence too it appears, that the developement of 
fet’ +) is directly deducible from that of f(e); the 
coefhcient of 7*.7%.2"*.&c. in the former being equal to 

that of &#+%’+*+& in the latter, multiplied into 


1.2....(0+y+2+ &c.) 
Pe ae Bea UK Be 2 OL. 


« (9) To prove that 


1 


or? * DREN Ws ; 
2A 


sy fs Ss. 1d 


lea g | 
2g 


B,,—, being the x number of Bernouilli. 


1 
a Ee A 


20 ome f 


By (Ex. 1. Sect. 8.) 


0 is the coeflicient of 
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1 


pro in the devolopement of 
1+e’ 


» multiplied by 1.2.3... 


2 : ey 4 mee: 
(22—1), that is, to the coefficient of é* in tes multiplied 


e 
by the same quantity. Again, by Appendix, Art. 408. it 
appears that this last coefficient is equal to — (2%--1) x into 


e e t e ° 
the coefficient of the:same power in ae i which coefficient 
é _= 


Te Rais 1 


is(—i)'T’. VE Hence we must have 
6 Steoees xv 
1 | ee — 
24 ; 
WE IA Cie 7a tees bps ten ES 
° oe ee (a = = ° ot mies 
Leu ag ewe 
Dy a 
= (—1) a Sie 9 MageLy 


(10). To sum the series 
1” — 2” 4.3" — 4" 4 &c, ad inf. 
Since by (Ex. 3. Sect. 7.) we have (1 + A)o" = 1", 


(1+ A) o” = 2”, &c. therefore the proposed series becomes . 
by substitution 


S=(1+A)%—(1+ayo"+ (1+ AP o"— &e. 


or, separating the symbols of operation from those of quan- 
tity 


S 


li 


{(1+4)-U+Ayl + +Ay— &e. } 0” 


1tA os f 1 an 
a es om, 
140+.) 2+h 
because this function developed in powers of A. will neces- 
sarily produce the same series as the other. ‘To throw this 
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into a-calculable form, let it be actually developed in this 
manner, and we find 


o” A o” 2 oO” n pn 
S = + agen ee: — oe © @ + 49 ° 
2." gu, (= Fa = oni 


‘Thus we have 


[-l+1-1+8e=m3, 
a eee ies y Greta ing 
4? 
1* — Q? 4 37 — 4° + &c. = O, 
P4394 480 =<, 


14— 94 + 34 444 &e. = 0; &e. 

All the even values vanish, and it ought to be so, for the 
1 
2{1+(+A)} 
Sect. 7.) equation (b), gives 

I1+A aie 
I4(1+A) 2 


substitution of — for f (1 + A) in (10. 


in every case except when 7=0, when it becomes + =: The 


= 


_ odd values may be expressed by the numbers of Bernouilli, 
for writing 22—1 for ~, the general expression for the odd 
values of S becomes 
hi A oh ro eer( tidy Bb ad Bye 
2+A | ) 24 | 
by (Ex. 9. Sect. 8.): a result exactly agreeing with that 
deduced by Euler in his Jnstitutiones Calculi differentialis, 
Cap. vii. p. 501. from a principle, it must be ESOS not 
at all satisfactory. 


(11). The series 
"$4 9"4....a%= 8, 
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being proposed, if we treat it in the same way, we get 
S,= {(l+ A) + (1+ Ayr... Cle Ay tor. 


_(+ayt'—a+A),, 
A 


which, developed in powers of A, gives 


rlj)er (v+1)x(x—1) A* 0” 
Sax. FED yy pg EFVYECHV AM 
RRR Ee Ente 1.2.3 se 


(w+1)r....(v—n+1) 


Pay ah 
| ees ¢ oe @ 


This is different in its form, from any expression we 
have yet given for the sum of this series. It may, however, 
be obtained by resolving (*+1)" into preceding, instead of 
succeeding values, and integrating, as in (Ex. 26. Sect.2. and 
Ex. 23. Sect. 6.) 


(12). To sum the series of (10) viz. 


1" — Q" + 3" — &c. 


to » terms. 


Here S,= §{ (14+ A)— (14+ A+ (14+A)...... 
z(1+ A)’ $e 
LoGsR A) Sil De Ayr os 
Q+a ‘ 
This expression, developed in powers of A affords a cal- 
culable value of S,, the number of whose terms can never 


_ exceed n+1, and consequently the developement need never 
be carried farther. ‘Thus we have, for instance, 


1-2@4+3—....a2a(iyt'. (FEED) +7, 


1?’— Q?4 3?— tate (—1)'+! — ah 


— 2 3%... ck 


\a 1 3 1 l 
(—1)** 4(e+5e —i)- i; &e. 


(13). ‘To sum the series 
7. +27.02 + 3".2 + &e. 
to w terms and to infinity. This series treated exactly in the 
same manner, becomes 
Sa be(l Ay + RG eae. aed TAy} 
LEE HAY TE EGA) pa 
d (Set ial ; 


Let S represent the series to infinity, then 


_ t+) v= § wig tA Ve 
(i-t)—ta 1—-# (1=8(1—t-taA) 


t A tA? 
ee eb fe +O + eho 
o=7 rr Pit (1—ty 


=} toot Gere: es) A ay Mats 


f ( t y n af 
Sure abies 2 ete A 6 ; 
1—tr ; 


Thus we have as particular instances 


t 
1.¢4+2.7°43.24+k&c.= —— 
+2.043.0+4 ane 


1 Epa e +3". H+ &c { ae 
F ras Ma Ale 


The expression for S, may, in like manner, be easily 
developed in powers of A, and will then assume a calculable 
form, but we prefer leaving it in its present state. The 


reader may, if he please, supply this part of the operation. 
* M 


* 
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(14). In general to sum the series 
A,.o" + A,. 1° 4+A,. 2" + Ke. 
having given 
A,+4,.t+A,.2%+&e.= F(Z). 
The series treated as before gives 
S= {§A4,+4,(+ A) + &e.$ 0 
= F(1+ A)o* 


=n (1) oo" +2 a ore &e. 
when adapted to actual computation by the developement of 
F' (i + A) in powers of A. 


(15). To sum the series 
Qn . h . a” 7 A? 4 : hs 


S = ]” te ee 
if 4, O38 aN jE how 


This series being ihe same with 
n + 1 mn =f 
Gate ere a + Re. 


by substituting e” for F(t) and #+ 1 for 1 in the last problem | 
we find 


h(i+ A) 
a> meé ot +? 


A ot +} AZ ot +! 


= eas a Epes pie BLY ae 
1 Leg 


.-(2+1) ; 


‘Thus, if we suppose h= 1, we find - 


8 


L+5 aa Ses ae 


——————<—------~—S——— 
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+ = + + &e.=56, 


13 Q3 33 
+ ake ae + &c.=15e, and so on. 


(16). 1% 8"4 5"— &c.= 8. 


Then,- 
1A HAS us 


eee 


= i 
1+(+A)* 2(1 +A) + A? 


The developement of this in powers of A would be attended 
with some trouble, but this is not indispensable. It may be 
reduced to a limited number of calculable terms in many 
different ways, the simplest of which seems to be as follows: 

gy a) uae A Cea ae ens A 
Z2q+A) 4(0+AP  8(1+A) 
o” 1 ‘Ne 1 Lt 


—_—— -——" ™ Ord = pe RC 
Bode lt A 8 (1+ A) 3 


n 
the number of whose terms can never exceed 5 +1 and each 


term of which is easily calculated. In fact, whenever n is 
an odd number S vanishes, for, if in the equation (a) of 


(10. Sect, 7.) we suppose 


1+ 
i NY) Se 
fas Ay 
there will result 
ails Oe Oe 
1+ (1+ Ay 


and when x» is even (writing 2 for it) the value of S 
becomes 

2x 2 Qe 

> ° ¢ esee = 1 race Dmmitset Yo a 

2 4 1+A4 Ort CL + AY 
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Thus we find 


erg ae eT eee 
? 2 

1—-34+5-—-7+ &.=0, 

1 3°4.59— 74 Ke.= ~ 5 


— 39+ 53— 73+ &c.= 0, &c. 
See also Note D. Lacroix, Transl. p. 360. 


(17). ‘To complete the theory of these sums we shall 
subjoin the following example, which will call for the em- 
ployment of nearly all the transformations above demon- 
strated, and will thus, by illustrating their use and manage- 
ment, prove the more acceptable as the mode of investigation 
followed in this and the last section is, if we mistake not, 
perfectly novel in analysis. 


-To sum the series 
] 1 gee 


j27+2 ive Qzt +1 5+? 


— &c. ad inf. 


and to express its sum by means of the numbers of Bernoulli. 


Let C,,4., represent the sum of the series, or 


; 1 ] ] 

Cis es ee i BE 
] Sait 
1 1 1 

OS as tte 


Then Euler has shewn that, @ being any arc, the develope- 
ment of-sec @ will be | 


92 o4 s 6 
sec 6 = —.C, + —C,. @-+ 2. OB + &ee: 
7 73 n 


si : : oT \ es 1 ; 
So that C,,4, 1s equal to ©) x =the coefhcient 
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of 6% in the developement of sec @. Call this coefficient 4,,, 
then since 
1 ae 
cos 0 aT eo aL arn 8 a/ — 3.2 
-we have by (1. Sect. 7.) 
o 1 2 
o 7 Ula Gay. Ure Aver Ayo 
but since by (8. Sect. 7.), writing 2x for x and  —1 for x 
FrLAthyv pera Usa fas Ajeo™, 
= (—1)'-f (1+ A)o%, 


sec 6 = 


ar 
? 


we have 
bap Seite el C=)) x besa 2 DALE 2 A o*, 
Vor, 2(22) 2 CPA) A+ Ale 


which substituted in the value of C,,+4, gives 


av ti 
9G) 
2 1+A 
1.2....22) “(l+A)+l 


22 


Coe +tiS 


The latter factor of this expression coincides precisely 
with that obtained in the last number for the series 


1* — 3% + 5% — Ke. 


and its numerical value may readily be computed by the for- 
mula there given. Hence this remarkable relation between 
the two series 


1 1 1 i 
1.9.8....@0) xf 2. - chit ste} = ; 
ryt} 
=(— -G) x § 17%— 3%+ 5*— &e. } 


and as particular instances, 


1 ] I T 

Ln SECETIES Cipe— Be OCC ae 

1 3 ap 4. 

| 1 lL 3 
PRES a RR SMES 02 
1 Bak 5 32° 


94 


The transformation into numbers of Bernauilli may be 
accomplished as follows. 


eee (+A) 


(d+ AyY+1  G+A)fCU + aye iy” 


Sheen (1 + Ay—1) 
poe on ure Tor a ks 

1 ] eM ice SL 
TS 2A) (1+A4)+1 


Now, by (3. Sect. 7.) it appears that 4 "= 1, and we 


therefore have 


1p 


paMeae iin ars 8a nalanel Wicd. 
(1+A)y?+1 Q 2 (1+ Ay+1 
1 8 A Pare T t ae | 
ee 4+ Qr Bie Nie aA Ue Sd Je Niet an em Ae 
3 : Aya oS (by 8. Sect. 7.) 
a1 4 ge: ta G4a7h 
2 Q+-tA 


Now, in the theorem (16. Sect. 7.) if we make F(a)= 


3 7 = ion, it gives 


(G+ 4) 
Q9-+A 


Cli A) ed ey l ay og 
eG ee o— = 
Q+A 2 +A QJ ’ 


so that by substitution we get 


plea 1 

rani Hee eC ee) 
pare” Ee : 

Pe Nes imata 2: 2x (2u—1)(2Qx—2) | 
= ! enfte 20 ome ¥ pe at 3 
SO aw Gila. | ek oie sae ° +80.) 
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Again, we have, by (9. Sect. 8.) 


} 


oat ey 8 | 
ie a ys 


whence, 


1 a3 = — (— DF. ow — 2 y 
Q+A Q2xr— 2 


Pee OC, 


and consequently, by substituting these values, our expression 
is cleared of the symbols A and 9, and reduces itself to 


Ort sarees 
att ee ie 1 : Bas, 
Aird Coe eta Oa ce aca De | 
PRES i Ue Ne ET ee Ws icles ++ xe. } 


and hence we have, finally, 


_& uae 


C fc 
at? Lee aa. Fe oRe a 


D'x(2Zx—1) Q*-?7—1 | 


1 Uae Cs eae ald B we 
iaueten Oe 2 WINS Asa Oe aan? 


es : ails ea es Q” — B,) ¢. 
“ae SCT Te 


The practicability of expressing this function - means of 
the numbers of Bernouilli was first shewn, and the above ex- 
pression demonstrated in the Phil. Trans. 1814. The demon- 

stration there given is however very circuitous and rather 
—obscure.. The above has the advantage of connecting what 
was before an insulated result with the general theory of 
' series of this sort. 


(18). Given the sum of the series 
Aint Aelita Por itce = FoCb) 


or the generating function of 4,, required the sum of 
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A,.1".t + Ag (A$ 2"). 2+ A, ("+ O° + 39 B+ Ke. 
or the generating function of 
A, (t+ +... a"). 
By substituting for 1”, 2”,....a”, their values 
(1+A)o", (1 +. AY o”,....(1 +A)’ o” 
we find as in (11. Sect. 8.) 


»_( +A t'-C11 +A), 
RIOR LA 


So that our series becomes, 


A,t. Satie o" +A, p CFEPA ETA) 4 Be, 


= “Sf At(l +A)+4,°?(0 + AY + &e.$o% — 
= ae SA, E+ 4,0 + &e.} 
1+A 


= [F.+a)t— Apo - TS f FW 4} / 


le A 
A 


{F@+ta)—F@)y% 


(19). For example 


12 1% +92” 1” +2” + 3” 
1 Lene 100.5 


+ &c.= 


A 
ees Ales = waeSt ey, al 


2 
AZ : 
7 oS Tone Ae 
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(20), "t+ ("40") + 1" 40" 48%) 8 + &e, ad inf. 


Ss niet irae : yon 
= en i) 
A ]—t—ta 1—t 
: aes 
———— 9 1 + ——_—__. § 9" 
(r= (1—t)—ta 
Ss) acts (+ 
4 t y= cf 
oe Gey et 


(21). It is required to prove the following expression for 
the numbers of Bernoulli, 
GY OT AMigte set 


By. =(= 1". ; 12 ~ ge 
A~* +1 o7* 4-1 } 
(Qx+1)_ 
Take the equation (Append. Art. 411.) 


( B d 
= tt, = u,de— Ms ee aa === u, a &c. 
ofl 2 eae dx 


in which make u,= 2”, and we shall find for the coefficient 


ll 


=) A? o” + 


of x in the developement of = (2) 


Ges iy Bop. 


But, if we integrate the expression given for a” in. 


2. Sect. 2.) we find 


, J 
= (a”) = C+ (— 1”. Set tt— HAE? at ott 4 ce. 


If this be developed in powers of x, and the coefficients 


_ of x collected together, we shall find for the whole coefficient 


of that term 
w+ 1 2 n+ ; 
(— Dig jac Ao _ 4 — a &c. iH 


eel 


* 
N & 
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In this if we write 27 for n, we shall find by comparing 
it with the coefficient previously found 
Aovr! A? ot +} * ? 


By—,=(-t4 be Be Foot OCs 
g—.=(-}) 2 ue tC ca 


which is, in fact, the equation to be proved. If 22 — 1 be 
put for m the term wv vanishes form the integral = (2”), 
(See Appendix Art. 369.) which shews that we must have 


which has been already proved by a different process (13. 
Sect. 7.) It will not be amiss now to notice one more pro- 
perty of the numbers comprised in the form A” o” by the aid 
of which the table of their numerical values given in (33. 
Sect. 1.) may be continued to any extent, with very little 
trouble. 


(22). The numbers 
A” ans A” o” + a A” o” + a &e. 


form a recurring series. ‘To shew this, and to determine its 
scale of relation. 


Since (App. Art. 350.) | 
1) 
Ao = 1? Ae —1)+....4-.V, 


this function is of the form 
MIRE Ale hd Oh! ae bed Oy 4p ae 


It is, therefore, a particular integral of some equation of 
differences of the first degree with constant coefficients (App. 
_ Art. 389.) and is therefore (App. Art. 390.) the general term 
of some recurring series. Let now. 

Ae 
A= T+9O+5 a aeons (4 


e 
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A,=1-241.384+2.3+....(n—1).0 


» e e ° . € ® e e ° * @ ° e 2 ° ® ° 


‘ i oe eee 
Then (App. Art. 389.) This equation will be 

AM ot t™— A A* ot t™—'45...+ 4, A°0° = 0 
so that the scale of relation is 


+A,, ~A,; eel Seat yr oe An + 


SECTION IX. 


Exercises, &c. in the Interpolation of Series. 


(1). Iw any series of consecutive equidistant values of 
a function, where one is deficient, to insert that one. 


Let the equidistant values be 
Vos V3 VUngy-+ ++ Uns 


and let the deficient one be v;, so that all but v; are given. 
Assume A” 0, = 0, or that the (n— 1)" differences are con- 
stant, which will almost always be nearly the case in tabulated 
results, except under extreme circumstances. Then we 


have 
n n (n—1) aces 
A“ v,= Ea ae ie piped: Aa tae Vo = O, 


an equation of the first degree, from which any one of the 
values as v, may be determined in terms of the rest. 


(2). Given two values of any function, required to insert 
one equidistant between them. 
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Given v, and v,, required v,, 


Z , 
A*u= 0, vg—2v,+ = 05. 


Vv, — Uo + 2 

2 

(3). Given three values v5 v,, v, of any function to 
insert the deficient one v,. 


Aeu=O0; v,—34,+3 u,— v= 0, 


cs en einen ee Sena 


o 


In like manner, if v, were the deficient value, we should: 
find 


(4). Given the following common logarithms, 
log 510 = 2.70757018 
log 511 = 2.70842090 
log 513 = 2.71011737 
log 514 = 2.71096312 
it is required to insert the deficient value log 512. 
Given v, = log 510, v, = log 511, v, = log 513, and 
v,=log 514. Required v, =log 512. 
Afu= u,— 40,+ 6, + 40, +0,= 


gj, 2 Ee) - (+ %) _ 9 “oge6996 


preciselyjas the table. 


(5). In any series of consecutive equidistant values © 
where two are deficient, to insert those two. 


As before, let them be 


Vo3 Vi5.. 2 0 0 Uy he 


{ol 


‘and assuming A” v,=0 and A” v, =0, to obtain a continuous 
law of increase or diminution throughout the whole series» 
we have 


n n(n—1) 
po Sd br + eos Vi — > o *h 6 fe: = vVo= O 
ry n(n—1) 
U, sor ee Ag ge ek AT Te a i  D== 0 
AT Tae AP 1.2 ps 


two equations of the first degree which suffice to determine 
any two of the values in terms of the rest. The same prin= 
ciple will serve to insert any number of deficient terms. 


(6). Given v,, v,, 4, » U;- Required v, and v,. 
Assume A*v,= 0 and A*ty,= 0, then 


v,—- 40,+ 6v,— 40,4 u,= rat 


v.— 40, + O6v,— 4u,+ v,= 0 , 
whence 
= 3uj+ 10v,4+ 50,- 2, 
eR ET 
—~2u,4 5v,+ 10 v,— 3%, 
V3 a SMa PA A eee 


10 


——s ‘I 


(7). Ina table of the values of fd »(log =) taken 


between the limits e=Qand #=1%, we find the following 
values corresponding to the annexed values of a. 


a= 1.3826, {= 0.8038710; 


BOGSe 0 oes) 0.8936220 ; 
L320, pee ew M9 0.8935004 ; 
L831, spay es 0.8932628. 


* Legendre, Huxercises de Calcul Integral. p. 302. 
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Required the values corresponding to a = 1.327, and 
a = 1.330. 
Given Up) Us5 Vs9 , , required v, and v,. 


Us lO Oy 1200s 2 Tek. 0 8087 4b 


rn ma 
15 
foes lS a ee — 0,8933807. 


(8). In any series of consecutive equidistant values, 
where one or more are deficient, and the rest given, to inter- 
polate any intermediate value whatever. 


Insert the deficient equidistant values, and then inter- 


polate the series so completed by the formula, 
bd aaa. NS SS 


— 


Dhaai . Av, + 
For instance, 
(9). Ina table of the values of the function tan (#) 
or arc (tan=.2)* we have given 


tan—' 10=1.471127674, tan—' 11 ='1.480136439 
an—! 13=1.494024435, tan—115= 1.504228 163. 


~ Required tan—/* (11.63). 


The values of tan—' 12 and tan—'14, first of all inserted 


_ are respectively 1.487655094 and 1.499488856. 


Let then 7=1.63, v,=tan—' 10, &c. and we find 


Vy, = 1485022707 
the number required. 


(10). Given the values. v%» U,, U; of a function, required. | 


to interpolate any given value as v,, | 
y= yo BOOM FSM yg BATT Tea 
EF 


* Given by Spence in his Logarithmic Transcendents, p. 63. 
Y vf 5 ats, 
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(11). ‘Two observations of a certain quantity were made 


at the interval of a day from each other: the first gave for 
its value a, the second —4. When was its value zero? 


* Given v, and v,, required # so that v, =0. 


Ist In general v, = v, + =, — U,) 


» 


and making this zero, 


Uv a 
fh el Soe 


3 
Oo ye ae 


which is the time in fractions of a day, from the first obser- 
yation to the moment required. Having but two observations 
we suppose A*v, &c. zero. This is the most ordinary in- 
stance of interpolation. To render it exact, we should, if 
possible, choose such opportunities for observation, as will 
allow of our neglecting A’v,, &c. that is, when the variation 
of the quantity observed, is nearly uniform. Such is that 
of the sun’s declination near the equinox, of a planet’s latitude 
near its node, &c. The rule for proportional parts in loga- 
rithmic and other tables, depends likewise on this problem. 


(12). Three observations of a certain quantity ,were 
taken at equal intervals. Its value were found to be %, 
V1) Vs, between which its value was a. When did this 
happen! 

Given v,, v;, V+ Required 7 so that v,=4, 
make 


vot = Ar + tt (8B) Aa ay os aly 


2 
whence 


1 De is | 
1 = sa {A v, —2A,) mi 


ee ae ve ce 
Yee SC ILE 
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The positive sign is affixed to the radical, because the’ 
supposition A?v,=0, or A’ v, very small ought to reduce the 
value of x to that given in the last example. If this expres- 
sion be developed in powers of A*v,, and its square and 
superior powers neglected ,we find 


na ( + er): (v, — 4) 


in which we may lhe the term 
| a 
<i CunS a). (v, — a). poesia > 
& (Avs)? 
as a correction to be applied to the value of # calculated from 
the terms v, and v, alone on the supposition A?», = 0, and 
thus in certain cases dispense with a troublesome ¢alculatioit. 
We may observe that by a proper choice of the quantities 
represented by v,, v,, &c. the quantity a may always be 
made zero, so that we have 
se USA 
2(A0,) 


for the correction to be made in this case. 


(13). Given three values, not equidistant, of a function, 
to interpolate any intermediate value. 


Given va, Vg, Vy, required v,. 

Suppose the indices a, B, yy to be equidistant values of 
some other function, thus let a=z,, B=z,, y=z, and let 
n=Z,, then will va, UV, Vy Uny be the values of the function 
v,, corresponding to the values 0, 1, 2, and x of the index x _ 
the independent variable. Let v, =w,, then u,=va, U, =z, 
U,=Vzy, U,=,, and the formula in Art. 404. gives 
2g Caw (4 S(t me Te 
gg po + 
~ (a= B)@—7) Cee = a) 

AY poMamrtose 9 cera er 
ce i oat Be 


u, OF V,, 
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(14). Three observations of a quantity near its maximum 
or minimum, are made at given times (equidistant or not.) 
From the observed values, to determine when the maximum 
or minimum took place. 


When a quantity is near its maximum or minimum, its 
values cannot be interpolated from two observations, because 
such interpolation requires the supposition of uniform varia- 
tion during their interval, which cannot be made in these 


: n | 
circumstances. In fact the funetion v,+ ; (v,—v,) does not 


admit a maximum or a minimum by the variation of n. In 
the case of three observations, however, suppose a, 9, 7, to 
be the times (from a certain epoch) at which they were made, 
and Vg» Ug vi» the observed values, then, since at any other 
time z we have v, =the expression in the last problem, if we 
differentiate this relative to 7, and put the result =O, we shall 


find 
TIM LC Sree (a?— 7*) v2 + ( — Fv, 
“Of (B—7)%— &—Y% + @— AS” 
the value of required, at which », is a maximum. By this 
formula may the meridian altitude of the Sun, or a Star, for 
example, be found when an observation precisely on ‘the 
meridian cannot be had. 

If the observations be equidistant, and the epoch be fixed 
at the first, we get 


n 


Ea aaa Bah 
BAD. ey vv 
a at v 


n 


(15). Given any number of values of a quantity observed 
at given times, not equidistant, to determine its value and 
those of its differential coefficients at 2 given instant, the 
time being supposed to increase uniformly. hi 


Let the given instant be fixed on for an epoch, and call 


the time elapsed since that epoch, ¢ being indeterminate, 
sake) 
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and negative for all observations preceding the epoch, also 
let a, 8, y, &c. be the values of ¢ at the moments of observa- 
tion, and v,, V @ &c. those of the quantity observed, and 


we have by Append. Art. 404. for its value v at the time f¢, 


Ee Pa aaa Ga) Gye. A Bs 
(= fy Gy ee SOB eye ue ae 


deve &wu 
dt’ dt?’ 
&c, when ¢ = 0, or at the epoch, will be the coefficients of 

t*, &c. in the developement of this function, divided 


The values then of the differential coefficients —_ 


~ 


respectively by 1, 1.2, 1.2.3, &c, or calling them oe ¥ 


Pp gia 
Nihal pai tak sly ak Lael &e. 
ef "eck (a Saya Bes 5 


aV Sr ti et Raa) 


I.——- = + Vg + Re. 
fds’ (a—f) @-v(a—8)-.-. ar 
1 1 
Buy 8.00. ( — Ft — tee. 
1.2. av te Gee ae 


mh = 
FETED WA 0) ed) Yeas 


The sign prefixed to the right hand members of these 
equations is the upper or lower, according as the number of 
observations, or of the letters «, 6, 7, 6,.... is odd or even. 

Laplace’s method of computing the orbit of a comet, 
turns upon the application of this problem. The formule 
here deduced are somewhat different in their form from 
those employed in the Mecanique Celeste, and perhaps, 
rather more complicated to the eye. But in actual computa-. 
tion they will, I believe, be found more convenient, the terms. 
of which they consist being better adapted to logarithmic. 
computation, and-in reality less intricate in their formation, 
and in consequence affording less room for mistakes on ie 


part of the calculator. 
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SECTION X. 
Application of the Calculus of Differences to the 


determination of Curves from properties involving 
consecutive points separated by a finite intervac. 


(1). Iw the circle, any line ACB (Part. III. Fig. 1.) 
drawn through a certain fixed point C (the center of the 
circle) and meeting the curve at its. two extremities, is of a 
given length in ail positions of the line. It is required to 
determine whether any other curves possess the same pro= 
perty, and if so, to include them under one general equation. 
In other words: Required the class of curves whose diame-. 
ters are invariable. 


Draw any line C/V, and let the angle MCA=0, CA=r, 
CB =, and suppose r = ¢ (0) to be the polar equation of 
the curve sought. Then will r’'=¢ (@+7) and since by the 
condition of the question r +7’ =constant=2 a, we have the 
following equation for determining the form of ¢, 


o (0)—o (047) = 2a. 
| Suppose now z= 0 or 6= 72, and this equation 
becomes | | 
o(r2z)+9 Sa.(z@+1)} =2a. 
This is in fact, an equation of differences; for, if we 
suppose @(m z)=u,, we get p{7.(z+1)} =u4,4,, and 
| Upt U,4,=2a4. 


. Now, this equation deprived of its last term 2a, is 
evidently satisfied by cos 7 z, because 


cos 7 z+cos ™ (2+ 1)=0 
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Hence the complete integral is 
u=atcC. COS 7 2, 
C being an arbitrary constant, or rather according to the 
remark in Appendix, Art. 368. an arbitrary function of 
cos 272, or in general, any quantity which does not change 
by the substitution of z+1 for z 


Hence, restoring the original denominations 
r=a+cos 9. f(cos 2 6), 


where under /(cos 2 0) are comprehended all functions of 6, 
whether algebraic or transcendental, which do not change 
when @ + 7 is substituted for 6. Thus if f(cos 26) = 0, 
y=a the equation of the circle. If f (cos 20)=, we have 


r=a+db.cos@, 


which represents a curve similar to that in the figure, whose 
algebraic equation is 


(r= bx +7Y= a” (x? + y*)- 


(2). Instead of supposing the sum of the parts AC, CB, 
(Part III. Fig. 1.) constant, let their rectangle be invariable. 
Required the class of curves possessed of this property. 


Retaining the same denominations, we have now 
| rr'= a’, or 9(0).6 (4 + 0) =a 
which treated in the same manner, by supposing om z and 
¢ (=u, gives 
Uz,+Uy,t, = a” 
which is evidently satisfied by 


% 2 
Ue all oa * 
because cos 7 (z7+1) =—cos7z. This then, containing an 
arbitrary constant C is the complete integral, and as before 
replacing C by an arbitrary function of cos 2 7 z, and restor- 


ing the value of z. 
r= (6)=a.f(cos 9 ayes? 
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Thus the oval whose equation is r = a e°°*® satisfies the 
condition, but it is also satisfied by an infinite variety-of alge- 
braic curves, as we shall now shew. 


We have already remarked that f(cos 2 4) may be any 
function which does not change by writing 7+ for 0. Let 
F (cos 29) be any other such function, and it is evident that 
the expression 

F (cos 2 6) + cos 6 
F (cos 26) — cos 6” 


by that substitution has its numerator and denominator in- 

verted, because cos (7+9)=—cos 6, hence if this expression 
1 ' 

be raised to any power such as cos 0, or eR &c. whose 

cos 

sign only is changed by the substitution, the function so pro- 

duced will remain unaltered. We are at liberty then to sup- 

pose (f cos 2 6) of the form 


n 


F (cos 20) + cos 6 + cos 0 cos 6 
F (cos 2 0) — cos 0 2 0)— cos 0 
which value being written for f cos 2 @ in the expression of r 
above found gives 
F (cos 2 6) + cos 8 
T= 2S ae ee 
F (cos 2 0) — cos 0 
which always gives algebraic curves by assigning an algebraic 
form to the function F. Thus, if we suppose F (cos 2 0)=1 


and 1 =— > we get for the equation of the curve 
y =a.(tan $0)”. 


If we suppose 
F (cos 2, 0) = Ae —B*. sin 6) ’ 
B 
which evidently remains unaltered by the substitution of 
7 +0 for 6, we get 
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py ee a*— 2*., sin 6 

¥ Ta@aB { 8 .cos6+4/(a*— 2”. sin 6%) } | 
which is the equation of a circle, the pole round which the 
angle 6 is reckoned being any ‘point however situated. In 
fact this property is proved to belong to the circle in the 
35th and 36th propositions of the third book of Euclid. 


(3). The conchoid is produced by the revolution of a 
straight line round a fixed pole, one of its points being sub- 
jected to move in a straight line, while the other describes 
the curve. To find a curve, or class of curves, susceptible 
of being described like the conchoid, with this difference, 
however, that instead of the directrix being a straight line, - 
it shall be another branch of the curve itself to be found. 

The straight line CM (Part III. Fig. 2.) is to revolve 
about C, so that JZ M' cut off between the intersections © 
M and M’, with the two branches 4M and B M’, shall 
be constant and =a. Draw MP, M’ P’ perpendicular to 
CPR. Let CM=r,/ Ci =r, C P=2, PM=y, CP aa, 
CM = y. | 

Therefore 7° —r=a, orr =a+r. we 

Assume y = $4/(a? + y’) = ¢ (r) for the equation of the 
curve. ‘Then, since the same equation is common to both 
branches, we must have also y/= $(r’). 

Now, by similar triangles CPM, C P’M', we have 


' r 
Yi ae erat? 

ss 
Therefore | 
$Y) _ 9M (etn _ or) 

! as ee ae PTH WR MA COR e aS 
vr r ‘a+r rv 
an equation from which the form of ¢ is to be determined. 
Let ry =az, then a +r=a(z+ 1) and if we suppose 
oe) = u, we have 
az : 


Uy 4 = Uys 


iit 


whence, u, = jf cos 272, and therefore 
! ry 
J =f (cos 2.2). 
r a 


Thus if we suppose Si (cos 2 x ey = sin 27~, and ob- 
a a 


serve that 2 = sin MCP = sin 6, we have 


sin @=sin2a7_, orr=a. ali, 
a Qa 

the equation to the spiral of Archimedes, in which the next 
inferior convolution of the curve, supplies the place of another 
branch. In fact, the preceding analysis does not take in the 
condition that M and J’ should lie in different branches, but 
the following solution will apply to the strict letter of the 
enunciation. ; 


Let CM be regarded as a negative value of r, answering 
to one half revolution more of the line CM in which case 
the geometrical equation +’ — r = 2a will be represented in 
analytical language by (0) + (a + 0) = 2a, and thus the 
equation of the problem (1) resolves this case, provided we 
select only such curves as have the property described. 


Thus in the result 
r=a-+cos@.f (cos 2 6), 


when 6<7, rv must be positive, and when greater, negative, 

or at least, if in any part of the variation of @ between o and 

r, r becomes negative, it must be negative in a higher degree 

n the corresponding part of its variation between and 2 r. 

Such a curve is 

1 
r=a(its.), o@+y-arsay 
sin 0 

ind an indefinite variety of algebraic curves, among which. 
re some which satisfy the geometrical property r +r=2 a, 
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with one pair of branches, at the same time that r—r=2ae 
is satisfied by another pair. 


(4). Required the nature of the curve AM m[ (Part III. 
Fig. 3.) when the line AMM revolving round A has the 
gum of the m'* powers of the segments 4 M, AM’ constant, 
or yet more generally, when one segment AM’ =r' is any 
assigned function a (r) of the other 4M =r. 


As before, suppose y=¢ (7), then we must have 7/=¢(r). 


as — 7, we have 
ae 


Now since r’=a(r) and by similar triangles: 


pa(r)_ $7) 

a (r) r "4 

an equation for determining the form of the function ¢. 
Now it is evident that if any function f(r) can be found 
which does not change when @ (7) is written for r, the 


equation 


¢ (7) = f(r), or o(r) =r fl) 


, satisfies the above, now Laplace’s method explained in 
Appendix Art. 398.) affords a general solution of the equation 


fiem} =f, 
and thus the complete solution of the problem may be had. 
In the particular case proposed, however, the function a (r) 
is one of a very singular class of functions, which render 
_ the application of Laplace’s method extremely delicate, and 
moreover unnecessary. It will be observed that since 
ry 4 7'™ = a”, therefore 
yo = a(r) = V/(a"— r”)- 

Hence we have a (r)=aa(r)=a' (r)= Ya"—(@" —1")= 

—+y. The function in question is therefore one of those 


which may properly be called periodic functions, under which 
may be. comprehended all which satisfy such equations as 


i13 


@(y)=r, a(r) =r, &c. and which are possessed of a 
variety of the most elegant and useful properties, which this 
is not the place to enumerate. However, it is here to our 
purpose to remark, that any symmetrical function of r and 
a (r) has the property we wish, viz. that it does not change 
by the substitution of a(r) for 7, because r becoming a (r), 
and a(n), a?(r) or r, these quantities only change places by 
this substitution, which, as they are similarly involved, does 
not alter the value of the function. Let us for instance 
suppose (in the proposed case) 


f(r) = te (r) =r eles ai 


and we find 
Py = rr." /(a" 7). 


Similarly, the equations 
y n 
b. (*) =r+\/(a"—-?r, 
r 
and by = gq” yn} ooh se NO &e. 
may be shewn to satisfy the condition of the problem. 


The cases where r+r' =a, r"™ +r" =u", 7.7 =a, were 
proposed long ago in the Leipsic Acts by John Bernoulli, 
at the same time with the celebrated problem of the Brachy- 
stochrone, as a defiance to the mathematical world ; but it 
does not appear that their real object, or the point where 
their difficulty rested was perceived, either by their proposer, 
or by any one of the numerous and eminent geomieters who 
gave solutions of them. ‘The attention of mathematicians 
being, however, immediately occupied by the extraordinary 
controversy of the Bernoullis, and the discoveries of James 
relative to Isoperimetrical problems, to which that of the 
Brachystochrone gave rise, the present questions were allow- 
ed to sink into a degree of oblivion, from which, it will not 
‘be amiss if we attempt to rescue them. ‘They were proposed, 
as J. Bernoulli expressly states, with a view of calling the 

ads 
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attention of geometers, to a case where the Cartesian methods 
of reducing the conditions of a geometrical problem to an 
equation entirely failed, while at the same time the differen- 
tial calculus afforded no assistance; thus presenting a 
difficulty which seemed quite unexpected, and'of a different 
kind from any which had yet been felt. This difficulty is in 
fact the solution of a functional equation, or the determination 
of an unknown function from an*equation, such as those 
of (Prob 4.) where it enters under more forms than one, but 
Leibnitz, L’Hopital, Newton, and Jas. Bernoulli, all of whom 
resolved the problems *, were contented with the first par- 
ticular forms of the unknown function which presented 
themselves, without attempting to discover any direct process 
by which the functional equation might be resolved, and_ 
which in cases of a little greater complexity, constitutes the 
only analytical difficulty to be surmounted. It is rather sur- 
prising that this was not observed by Jas. Bernoulli, who 
distinctly reduces the problem where 7 .7’=a* to the ‘deter- 
mination of the form of an equation, which shall remain 
unaltered by certain changes made among the variables it 
contains. His solution of the problem which requires: that 
r°.r shall be invariable, is erroneous, and for a very obvious 
reason, the neglect of the constant in the integral 
fee , and indeed he himself calls his solution “ dubize 
x. log x 
et suspecte veritatis.” 


The subject was resumed by -Clairaut in 1734, in a 
memoir communicated to the Academy of Paris, in which he 
resolves several problems by a method professedly grounded 
on, and equivalent to that employed by Newton in the solu- 


* Newton’s solution, though extremely elegant, turns on a 
peculiarity in the case proposed. It is an application of one of 
his own discoveries respecting the sums of the powers of roots of 
an equation, and a very happy one, but the question seems not to 
have struck him in the light we are now considering it. 
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tion of Bernoulli's problem above-mentioned, developed, 
however, with great ingenuity, and applied in particular to 
one problem of no ordinary difficulty, ‘To determine the 
nature of a curve, such that the intersection of any two of 
its tangents which include a given angle, shall always be 
found in a given curve.” It was in the solution of this 
problem, that Clairaut first discovered the class of differential 
equations treated of in (Art. 270. of the text) whose general 


form is : 
df. 


and which has procured him with some, the unmerited praise 
of having first discovered the particular solutions of differen- 
tial equations ; our countryman Brook Taylor in 1715 having 
deduced the same conclusion in the same manner, and made 
_ the same observation on it *, in integrating the equation 


ayy Ny 
if oo C-— — J aos keene 3 
(y dx ats 


which is evidently a particular case of Clairaut’s general 
form. Since that period many geometers have occupied 
themselves with the solution of problems of the kind in 
question, remarkable examples of which may be found in the 
writings of Euler, Voss, and Biot. : 


(5). To determine a class of curves possessed of the 
following property: viz. that supposing a system of lines, 
a in number, originating in a fixed point, and terminating 
in the curve, to revolve about this point, making always 
equal angles with each other, their sum shall be invariable. 
fen es 

% He differentiated, and obtained an equation composed of two 
factors, one of which leads to a final result free from differentials, 
but containing no arbitrary constant, which is, says he “‘ Singularis 
queedam solutio problematis.” See a clear and impartial statement 
of the whole in Lagrange’s Lecons sur le Calcul des fonctions, 


Lect. xvil- 
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The angle made by one of them (r) with some fixed line 
being 4, those made by the others will be respectively 


Sb — 
2 tes aa co hay eae Cas ee 
nn 71 i 


Consequently, if r = @ (6) we must have 


$ (8) +9(0+=")+ iron CB do paar ea 


na being some given quantity. Suppose 0 = ~"<, then 


Qari 2 mal eo) 


6+ —_——= i" ' 47, and so on. If then we make 
n 1 
G97 Z 
o( =wu,, we have 
n 
U, Pu, ee My SM 


The several particular integrals of this equation deprived 
of its constant term are 
4 3 2 Q9(n- 1)7z 
Os cos ——____—_— 
n n 


Or 
cos ; 
rf4 
for the sum of the series 
cos A+cos (4+ B)+....cos § 4+ (z—1) BY 


being 


t 1D : tees 
vanishes WheneNer rasa isa multiple of 7. Now, if either 


of the above cosines be put for w, in the expression 
Ue AU gi ale sa we Mace g eg 


a series of this form will arise. ‘These functions then severally 
satisfy the equation 


Us Fe ae tee ae a eee 


17 
Of course the complete value of u, in the proposed, or of 
? (0) 1s 


9 4aZz 


Viste : 
u, =a + C,.cos + C,.cos +s 
n 


Y (2 ae DS Pa 
e yy — + COS ———_—_____——- 9 
vl 


but 6= aa also C,, C,, &c. may be arbitrary functions of 
n yee 


cos 2 mz, that is, of cos 76. 
Let them be represented by 


fitcosn0), f,(cos 26), &c. 
then | 


p(§) =r =a+cos 0.f, (cos 20) + cos 20.f, (cos n 9) + 
tea +cos (n—1)0.f,—, (cos n 0). 


It is easy then to assign an unlimited variety of algebraic 
curves which answer the condition. The simplest is that 
whose equation is 


r=a-+t b.cos9, 


which we have already noticed in the case of # = 2, and it 
is a very remarkable property of this curve that it answers for 
every value of 7. In other words: “ In the curve whose 
‘¢ equation is 


(x2 = bx + y?)? can a? (x? + y?) 


“if a system of any number of radii terminating in the curve, 
«¢ and making equal angles with each other, be made to revolve 
“ round the origin of the co-ordinates, their sum will be 
<¢ invariable throughout the whole extent of the curve.” 


(6). In the parabola, any straight line being drawn 
through the focus meeting the curve both ways, the tangents 
at its two extremities include a right angle. To what class 
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of curves does this property, viz. that two tangents so drawn 
shall include a given angle, belong. 

Let P and P" (Part III. Fig. 4.) be the two points in the 
curve, PTQ, P’ QT’, the tangents; M P, M' P’, ordinates~ 
SM=x, SM =a', SP=r, MSP=0, MP=y, M'P'=y' 


Then, since ZPQP=OTLP OTT. PIS + PTS: 
and that tan PTS = Hh and tan PY TS = — cas because 
dx dx 


it hes on the contrary side of the axis of the abscissx, there- 
fore if we suppose PQ P’= A, we have 


fated ee / (a), 


, 


‘Now, the points P, P’, lying both in the curve, “ must 
- 


be the same function of 6 + 7 that otis of 6, because the 
e 


same equations belong to beth, hence if we suppose 


dy _ 


As = $(6), we have oe = p(r + 8) 


and supposing z = 8 and u,= ¢ (6) the equation (a) becomes ~ 
T 


tan 4A = SOS 
PER pha pa) Paes 
or . 
U,+1U, — cotan A.(u,4,—u)+1=0. 
This equation we have already integrated (Sect, 4. 20.) f 
and by applying the formula there obtained, we get . 
u,=tan(A z + tan—' C) 
that is, C being replaced as before by an arbitrary function 
of cos 2.7 2, 


#(0) = tan $2 + tan~"f (cos 26) 2 (0), 
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Now we have y=r. sin 0, and 2=1r. cos 4, which gives 
dy _dr.cos? + rd. cos? 
dx dr.cos0 —rdé. sin 0 


which put equal to # (0) gives a differential equation between 
yr and @, viz. 


\ 


dr _cos@ + (@).sin 8 ta 
r (8). cos 6—sin 4 


Now the equation (6) gives . 


tan Ae + f (cos 2 6) 
It 


o() = Seeks 
intanZe Vier 


This value of (0) substituted in the differential equation 
gives after all reductions 


log = = 40. cot} tan—"f (cos 20) —7—4 9h 
a 


which is the polar equation of the curve sought. Suppose, 
to take a particular case, f(cos 2 6)=0, and we have 


log = = {De . Cot (A==0) 


Tv ° A— 7 
= -log sin ( 0) 
; tA > cee 7 


and consequently | 


Ss At nies 
Pasa. +sin 0g 
(a 


which always gives algebraic curves when the angle 4 in- 
cluded between the tangents is commensurate to the whole 


A-—m 1 


pee 


— 
— 


3 
Oca 9 


. ° a 
circumference. Thus if 4 = 3° we have 


and. 


a 


. 6 3 
(sin =) 
Z 


>) 
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the equation of a parabola, the origin of the co-ordinates 
being in the focus. 


If 4 = 7, or the tangents at opposite extremities of the 
line are parallel, the general equation gives 


log ~ = fd. f(cos 2 6), 


because the form of the function f being arbitrary we may 
replace cot tan—'f(cos 26) by f(cos 20) without infringing — 
on the generality of the equation. ‘The equation in this form ~ 
includes, 1st the logarithmic spiral, by making f (cos 2 0)=4, 
_ and @dly all curves consisting of four ‘similar parts arranged 
_in the manner of quadrants round a center. The reader 
' will find other solutions of this problem by Messrs. Wallace 
-and Ivory in Leybourne’s Repository, (New Series Quest. 
_172.) which are well worthy his attention. 


_ Euler, and more lately Ivory, in another solution of this 
‘problem (Thomson’s Annals of Philosophy, Oct. 1816.) have 
shewn that it admits no solution unless in the cases when the 
tangents are parallel or include a right angle, but this limita- 
‘tion arises from the assumed condition that the straight line 
PS P’ shall not cut the curve in more than two points. If. 
we admit, however, that the points P, P’, may lie in different 
branches of the same curve, our solution above will apply. 
Mr. Ivory’s final equation is (in the general case) a functional 
equation of the form # (px, Pax) =O, in which a? wv = a, 
and where the function / is not symmetrical, This he pro- 
perly remarks is an impossible equation. If, however, we 
admit that different values of the function ¢ arising from 
radicals, &c. involved in it, may be used in @w and in gag, 
‘the impossibility vanishes and the equation may be satisfied. 
‘This remark on the nature of such equations abstractly con- 
sidered, is due to Mr. Babbage. The problem just solved 
affords an illustration of its geometrical signification. 
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(7). In the safabale the two tangents PQ, P’'Q, (See 
Part III. Fig. 4.) always intersect in the directrix. To gene- 
ralize this property, or to find a class of curves such that 
tangents drawn at opposite extremities of any line PSP’ | 
passing through a given point S shall always meet in a 
straight line given in position. 


Let 4 Q be the straight line, and let S_4 perpendicular to 
it be taken as the axis of the x, then retaining the construc- 
tion and denominations of the last problem we have, sup- 


posing SA = Yand AQE=Y. 


STa=2— ys AT= Xm by, 


Consequently 4 Q =— au . AT,or 


, ] 
Ya~ A(X 2) ~y; (a). 


Similarly we should obtain » 


iy a dy oy wu) =H, 
and equating these we find 
ay 
. Hoi) — (y'— y) 
ye dx d 
a dy’ dy : 
dx dx 


| Now the condition of the problem requires that this shall 
be constant. Denoting it then by 2a, we get 


dy? dep dye dy ey 
a (4 aa We cnteda ty > 
or, 
/ dy 
Qa xia’) 4 'y (= (Qa - 2). by. 
ad x 


* © 
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Suppose now 
(2 a—2). od J. ah 


z being some quantity, which changes to z + |] when 2, #» 
change to 2’, y’, then we shall have 

ty 0 3 =U, OF -AUu, = O 
and of course 


u, =constant. 


But since the points P, P’ are so related that (by similar 
triangles) 


Therefore the function % does not change by the change of 
we 
x,y, to x’, y’, or of z toz +1, hence the constant in the above 


equation may be a function of J and denoting this by 
Lae 


we) » we have 
(2a —2). 24 4 yf (2); (b. 


This equation is integrable at once, by putting “ = 4 which 


gives 
dx a du Bion 
c(Qa—x) Q2au—f(uy ” 
whence 
I 2 fs a 
8 5 rp rhe cee fae (c)- 
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Suppose, for instance, f(u) = — eran then we have 
U 


+ log (u’ + 1) = log c, 
x 2 pat 2 

@gaiy +1)=0’, 
or, replacing the value of w and reducing ‘ 

F ew + y? — c(Qa fee i 
which is the general equation of a conic section about the 
focus, and it is easily seen that the straight line in which the 
tangents meet, is no other than what is called the directrix 
in some treatises en conic sections. The conic section itself 
will be an ellipse, parabola or hyperbola, according as the 
angle between the tangents is acute, right, or obtuse. 


The conic sections also satisfy the conditions of the » 
problem in another way, which, taken in conjunction with 
what has just been proved, may be considered as affording 
a very elegant property of these curves. 


2a 
If we assume /(u) = + Tare find 


# 


log + = log (uw — 1) = loge, 


Ga— x 
which reduced, as before, gives 
yo — ir =e (Qa — 2)’. 

This is likewise the general equation of the conic sections, 
but whereas in the former case the origin of the co-ordinates 
was in the focus, and the straight line in which the tangents 
meet, the directrix ; in this it is just the reverse. ‘The origin 
of the co-ordinates being now in the intersection of the axis 
with the directrix, and the tangents meeting always in a line | 
drawn through the focus at right angles to the axis (that is, | 
in the /atus rectum indefinitely produced.) The reader may | 
consult the Mathematical Repository, iil. p. 39. Quest. 267. | 
for another solution of this question by Mr. Lowry. 
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The final equation (¢) of this problem presents a peculi- 
arity which ought to be remarked. It is evident that by 
properly assuming the form of the function f(w), the integral 
in the first member may be made to have any form we 
please, and therefore the equation may express any con- 
ceivable relation between # and uw, or » andy. Yet it is 
equally. obvious, that it is not every possible curve which 
satisfies the conditions' of the problem, but only those of a 
certain class. The function f(w) then cannot be absolutely 
arbitrary, but must be subject to certain limitations. Never- 
theless, if we recur to the equation (4) in which the function 
f was first introduced, we see no obvious reason for admitting 
any limitation of its generality; for the first member is 
merely the analvtical expression for the distance 4Q (which 
is easily proved) and as the second remains unaltered so long 
as the ratio of x to y remains the same, or the point P’ lies 
in the same straight line with P and S, this equation appears 
to be nothing more than a mere translation of the condition 
of the question into algebraic language. The elucidation of 
this delicate point depends upon the theory of eliminations. 


Whatever may be the nature of a curve, if we put J — Us 


we may eliminate either y or x between this equation and 
that of the curve, and thus both # and y are expressible in 


: dy. ; 
functions of uw. For the same reason =~ is so expressible, 
and therefore the first member of (4) is in all cases reducible, 
by the theory of elimination to a function of wor%. But 

x 


it does not thence follow that every curve possesses the pro- 
perty in question, for this function may have several values, 
and in all the excepted cases actually has so. It appears 
therefore that we are not at liberty, in assuming f (i), to 
substitute any form susceptible of more than one value, but 
provided this limitation be attended to, it is in all other 
respects arbitrary. If we put therefore for f, only rational 
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functions, we are always sure to arrive at satisfactory 
solutions, but in all other cases it is indispensably necessary 
to ¢ry the solution obtained before it can be relied on. Con- 
siderations of this, or a similar kind, apply to most problems 
of the.nature now under examination, and will obviate any 
objections arising from the necessity of limiting functions 
which seem at their first introduction perfectly arbitrary. 


(8). Required the class of curves which possess the 
following property, that any ordinate PM (Part III. fig. 5.) 
being erected, and normal M P, drawn, and at the foot of 
this normal, another ordinate P, J/, erected, and another 
normal M,P, drawn, and so on, then the subnormals 
PP; P,P., P,P, &c. shall all be equal to each other 
in the same series, however they may differ in different 
series, arising from a different position of the first ordinate. 


Let the abscisse AP &c. &c. be represented by 2,, 2,, 
x,, &ce. the general term w, being some certain unknown 
function of the rank it holds in the series or of z, and let the 
ordinates be y,, y,, y., &c. ‘Then the subnormal 


dY, dy, 
PP, = 9.703 P,P, =, .772 5 and soon 
hence, 
di dy, 
2, = Ly + Yor sees =U, + IY, ay 


and, in general, whatever be z. 


coin) bie dy. 
ake Sn ner 
2 
Orig ; 
dy, 
Av, = Y;.>~ ° 
dae 


_ Now, by the condition of the problem, the series of sub- 


normals 


126 
are all equal, therefore this equation is to be integrated on 
the hypothesis of y, . sal being invariable by the change of z 
aX, 


to z+1. It may therefore be supposed an arbitrary function 
of cos 222 or (which comes to the s same thing) of tan 72, 
which let us call Z, then, 


Moss Zy Pand Ai Zi 0; 
whence integrating 
Be sm My hah Le 
Z being another quantity of the same kind, or another arbi- 
trary function of tan zz. But we have * 


dy, 
Ye. 75 


z 


and from these equations, we have only to eliminate z and 
we get a differential equation between x, and y, (or as we 
will now call them, w and y) expressing the nature of the . 
curve. Now this is easy: for since both Z and Z’ are 
arbitrary functions of tan 7z, we may suppose one an arbi- 
trary function of the other. 


Let then 


and our equations become 


e=Zz2+/f(Z); 


ou a 
Yih = Z. 
The first gives 
x — f(Z) 
Z 


or for Z substituting i“ value given by the second 
= $y =f ES) ; 


Now Z is an arbitrary function of tan 7 z ; let then, 
Z = F (tan 1 2) 


= 
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e e e ° d' e 
In this equation for Z write its value ihe and for z its 
Xv 


value just determined, and we get 


the differential equation of the curve required, which we 
see involves two arbitrary functions. In the particular case 
where F denotes an absolute constant c, we have 


ydy=ca zt, Epa 2 er oF 
the equation of a parabola. 

(9). At any point of a certain curve, let a normal be drawn 

and an ordinate erected, let a second ordinate be taken equal 
- to the first subnormal, and let a second normal be drawn. 
Required the nature of the curve, that the second subnormal 
so determined shall be equal to the first ordinate, in other 
words, that in any part of the curve constructing a triangle 
whose hypothenuse is the normal, and sides the ordinate and 
subnormal, if this be turned into a subcontrary position and 
adjusted to fit the curve, its hypothenuse shall still be a 
normal. 


The subnormal being y a » we have the second ordinate 
dy 
y equal to y or . Suppose now we take 
dy _ 
y ks p(y). 

Then will the second subnormal, or 

pOYER eS i My dy 

¥F5= oy) =0(*) 


=? }¢y)} =¢'(y)- 
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But by the condition of the question this is equal to the 
first ordinate y, hence 
p(y) = 4%» 
a functional equation from which the nature of the function 
# is to be determined. 
Take 
yY = &, and p(y) = Uz 41 
then we have 
U,+, =U, 
but the proposed equation gives 
PY) = (U4. =)y =U, 
Hence we have by subtraction 
Pusey — Pu, = — (Uy tam Uz) 
oY, 
Agu, =— AU, 
whence, 
pu, + u, = constant. 
But the two equations 
U,=P4,4,, and fu,= U4, 
give by cross multiplication 
Uz. PU, = Uz+, ~ Put i. . 

‘This function, therefore, does not change by the change 
of z to z+1, and the constant may therefore be an arbitrary 
function of it, so that 

Uu, + PU, = Fi@a -@— Uz), 


or 


y+ oy) =f Ly-.¢—y} 


from which ¢(y) may be found by the ordinary analysis, any 
form we please being assigned to f- 
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Now, integrating the equation, 


ydy 
eee eR 


p (Y) 
the equation of the curve. Thus if we suppose f(y.¢y) = 


a+by.o(y) we have 
y+ o(y) =a + by. oy) 


we find 


If a=b=1, we have x =/fydi =f , the equation of a 


common parabola, which therefore satisfies the problem, as 
does also the cubic parabola. 


(10). Required the nature of the curve, such that an 
ordinate being drawn to any point, and also a radius of cur- 
vature, a second point may always be found so related to the 
first, that the ordinate at the second point shall be equal to the 
radius of curvature at the first, and the radius of curvature 
at the second equal to the ordinate at the first. 


This problem, by supposing 


(dat + dye 
2S ae = 9 (y) 
leads to precisely the same equation 
| ey =y 
from which determining ¢ (y), the differential equation above 


given suffices to determine the curve, 
a 
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If we suppose ¢ (y) = = which evidently satisfies the 


condition, we have 


dy) VE vary at 
314 G*) iy 


ne LD? iy 
Aah ag Bi) 
or, putting a Br = py 


ydy = OPOP 
(1 + py? 

2 a? . 
ae: 
whence, restoring the value of p 

ye b) 

VAT RC) me 
the equation of an elastic curve. And in the very sameé 
manner might the problem be resolved, if instead of the 
ordinate and radius of curvature, we had taken any other 


pair of lines expressible in terms of » oh, od, et the 


he it ies 


Pe Se dy 


equations to be resolved being, first, the functional equation 
of the second order $?(y) = y, and secondly, a differential 
equation in which the function so determined is involved. 


Jt would be easy to multiply ¢xamples of this kind, but 


what we have already given will suffice to indicate the 
method to be pursued in more difficult enquiries of 
the same nature. They all lead to functional equations of 
greater or less complexity the solution of which is some- 
_ times easily accomplished by reducing them to equations of 
differences, though more frequently by considerations pecu- 
liar to themselves. ‘This problem and similiar ones may be 
resolved also by a consideration of the following kind. It is 


evident that since the radius of curvature at the second point. 


is equal to the ordinate at the first, and the radius of cur- 
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wature at the first to the ordinate at the second, these two 
functions (the radius of curvature and the ordinate regarded 
as functions of w the abscissa) must be such, that when the 
ordinate changes to the radius of curvature, the radius of 
curvature shall change to the ordinate, and therefore any 
symmetrical function of them will remain unchanged. Let 
f be the characteristic of such a function, then if & be the 
radius of curvature, it is evident that 

. ST (y, R) = constant 

will satisfy the condition, because this change being made 
the equation becomes 

f (R, y) = constant, 


which by the peculiar form of f is identical with the former. 
For R now write its value and we get 


us (dx* +d f) =a 


3 


—dxrady 
for the equation of the curve. Thus if we assume 
const. 
J 


y. R = constant, R= 
which is the case just resolved. 


(11). To determine a curve, such that a moveable point 
setting off from a given place shall return to the same place 
after being twice reflected against the curve (the angle of 
incidence being supposed equal to that of reflection) in what- 
ever direction it first sets off. 


Let PAP’ (Part Il. Fig. 6.) be the curve required, S 
the given point then if 5 P P'S be the course of the moving 
point and tangents, &c. be drawn, we have, supposing 


SM=rx, MP=y, 


, xv 
tan SPM =- 
y 


id wen ess ; ‘ . 
tart cel ete ad decreasing as w increases, 
LY 


v 
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whence we get 


tan SPT =tan(MPT—SPM) 


y_dy 

x av 

1 we ch 
v x 


r+ py 
by the condition of the first reflexion. But we also have, 
tan VPM =— sols 
dy 


and therefore 
tan HPM =tan VPH —-VPM) 


dip ye py 
SY Genk) = pe 
But, if we draw P’N perpendicular to PM produced, 


we have tan HPMe=tan P’PN = PSP = 


# aha r f ° « / ° ° 
-» y being made negative because it lies on the other 
Yy —— 
side of the axis. Hence we must have 
; 4 ee tie 5 
Ty Uy cae ee ae (a). 


a(l—p)+2py’ 


If we regard y, y’, and x, v7, as the successive values of 
two functions y and x, of a certain independent variable z, 
which changes to z+1 when the point P changes to P’, and 
if we suppose the fraction in the second member of this 
equation equal to P the equation becomes 


AG ae Ae (d). 


/ 
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This equation alone is not sufficient, as it contains two. 
unknown functions x and y. To obtain another we must 


consider that by what was before proved 
P=cotanH PM, 


and therefore P’ (the value of P corresponding to z + 1) 
will be cotan HP’ M’. But the condition of the question 
requires P, H, and P’ to lie in one straight line, conse- 
quently HP M = HP’ MM and 


Yd 4 a! nivel Ae Ee phn 
which integrated gives 
P = const = funct (tan @ z) = Z; (c). 
Substituting this in (4) it is integrable at once and gives 
ya LD wide 


‘Z being another invariable function of z. Now our object 
being only to obtain a final equation between wv and y, we 
have only to eliminate the auxiliary variable z, with which 
we have no farther concern, between the equations 


Tus yQ —p)— Wer 
a(1—p?) + 2py 


in which we shall succeed by the same artifice as in Prob. 8. 
of this section: for Z and Z’ being both arbitrary functions 
of tan « z, we may suppose one an arbitrary function of the 


other, or Z’ = f(Z) when we have. 
} you.Z+f(Z) 


in which substituting for Z its value 


y—p)—~2p2 , -(yA—p)=2p2 
Y=" p) + 2py A eer ra Sy sey) 


which is the differential equation of the curve. 


* 
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If the arbitrary function be assumed equal to zero, the 
equation is that of a circle; and if constant, that of a conic 
section about the focus. In the former case no integration 
_ 1s required. - 


If we consider attentively the above solution, we shall see 
that it contains the general principle on which that of all 
such problems depends. Let us therefore take up the ques- 
tion generally. | 


(12). ‘To determine the nature of a curve from any 
property whatever connecting two of its points separated by 
a finite interval. (See the figure of the last problem.) 


Whatever be the nature of the property, it must enable 
us when one of the points P is assumed, and the figure of 
the curve known, to determine the other, bP’, or the direc- 
tion of the line PP’, hence the condition of the problem 
always enables us to express the cotangent of the angle AZ PH 
by some function more or less complicated of the co- 
ordinates at the points P, P’, and their differential coefficients 


such as 
F(x», wy Sine gh na &e ) 


which we will call P. 


Hence by a reasoning precisely similar to that of the last. 
problem we get 


y—y=P. (a OF Ay i= bake 


But since the property is common to the two points and 
connects them with each other, the same co-tangent deter- 
mined by setting out from the point P’ will be represented — 
by P’ and may be had from P by changing a, y, to a’, 7’, 
and vice versa. But cotan M’ P’ H = cotan MP H, so that 


i agin r. or A P'= 0. 
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Consequently P must be regarded as invariable, and we have 
as before 


The problem now divides itself into two cases, 1st when 
the function P involves only the co-ordinates of the point 
P and their differentials; and 2dly, when those of both the 
points concerned are combined in it. In the former case 
the equation (a) containing only x, y, and their differentials, 
is itself the final differential equation of the curve sought. 
In the latter, however, another process is requisite. The 
equations 


y¥ —y = P@ 2), 
y= Put f(P), 
Pe Sop, 


must be combined to eliminate both 2’ and y’ and the result- 
ing equation will express the nature of the curve. 


(13). For instance, suppose the relation of the two points 
P and P’ such that a line drawn perpendicular to the curve 
at either of them, shall pass through the other. 


Here P H is a normal to the curve, and therefore, 


| Wada errs ; may 
Se as rly one (putting p = 4) 


Therefore the differential equation to the curve is 
y= wees + funct (—), 
Ke P 


ot py =f(p- 


or 


156 
If we take f(y) = 0, we have 
rdu+ydy =0, 
\ F hi + y? — Cc 


the equation of a circle. 


(14). Required the nature of the curve in which if MH 


AG Eee xy} the points P, 


be always taken equal to 
P’ shall be convertible, that is, that MW’ H shall equal 
Tet GAY ELD oe ap 


a 


E: MH dese 
Since P= arp we have. Pie THs = St ay 


therefore the equation P’= P gives 
vy +ay+ab=2u'y +ay+alb, 
aly —ysay — avy. 
Again the equation y — y = @’ — a). P gives 


a (y’ —'y) = (ar or viata eae (a) 


a 
whence 
any —-any=xa'y—xy+aa'y — axy +ab(ae — x), 
that is, 
a(y — y)-x = (ry + ab) (a' ~ wv). 


This combined with the equation (a) gives 


,_ @— x) (xy + ab) 
ie J / he ee eee 


a x 
whence it is easy to obtain 
a*b 


7) 8 is ee ; 
ny +ab 
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These values give 


patty 


pL 
ax 


which substituted in the equation 
yo PX +P (PL) 
gives 
y(a— «)=ab+a.f(P) 
or simply changing the form of the function f, 
“fps =f (* +ab 


ax 


If we suppose the arbitrary function constant and equal 
to c?, we get y(a — x) = c’, the equation of an hyperbola. 


=) <i 


SECTION XI. 
On Circulating Equations. 


(1). To find an analytical function of «, which when 
“is made to pass in succession through all integer values 
from 0 to infinity, shall assume in regular periodical rotation 
the n values a, 4, c....k, a, b, c....k, &e. 


Let a, B, y..--¥ be the n™ roots of unity, and let 


‘ a” + he OS ges RV 
i, aig PS Robie shia vs 


n 
then if we take 
P,=a.8,+6.8,—-1 ++-+---- BAS eee hs 
P, will be the function required. — The reason is obvious, 
when x is a multiple of n, the function S, becomes unity by 


reason of the property of the roots of unity, demonstrated 


in works on Algebra, but in all other cases its value is zero. 
* 
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Now some one of the values 2, v—1,....v—”+1, is né- 
cessarily such a multiple, and 2 being made to vary from 0 
to infinity, this one will be either 7, a ~ 1,....c—a +1; 
x, v—1,....&c. in rotation, so that the function P, will 
reduce itself to a, 4,....k, &c.in the same succession, and 
is therefore the function required. 


(2). To find a function P, which shall assume in regular 
periodical succession the same values as those of n other 
given functions ¢,, 6,, C,...-k Isay that 


P= a, Se+ b,. A naders Bip Oe igi pawl tee 


For, the values of P, corresponding tor = 0, 1,2,.... 
nm—1, "2 '+1,....8&c. are respectively a@,, 0., ¢,)...-. 
bts any On Xe. 


The functions described in the above paragraphs are 
‘< circulating functions,” and may be distinguished into those 
with either constant or variable coefficients, of which we have 
here instances. 


(3). Theorem. Any symmetrical function of S,, 8,_,, 

.S,—n+, 18 invariable. For when 2 varies from O to 
©, some one of the values of these expressions is always 
unity and the rest zero, and, the function in question being 
symmetrical, it is no matter in what order this takes place, 
the order of its elements being of no consequence. The 
function therefore has the same value, whichever of its 
elements becomes unity, the rest being all zero. That is, 
it is invariable by the variation of x from integer to integer 
values. Thus 


SoS, 2 Se HAS, Sean, 
Set Dee | Oe Mate ag re eee ie 
(4). Every symmetrical function of the circulating func- 


tlonstice yay yy ee P,—n+4, 18 in like manner invariable, ‘ 
provided the coefficients of P,, &c. be constant. } 
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For every such function is a symmetrical function of 

SS ie Sch Baie wil] appear if we consider that 

| by reason of the properties of the roots of unity, we have 
DIS ne He IOS ON PAS We ee kand consequently, 


Dp ae eS, ch a ecb ee Sk eed, 
Gs MW RES bao Mog ARP GT NR 
EIEN 17 CHS BAAR SNR LOT Be aS wen? ah 


Bee a0 USC Laan.) cal ah a 


Now any symmetrical function of the second members of 
these equations will obviously involve S,, S,_,,.... poison A 
symmetrically, and will therefore be invariable. Its value 
also will evidently be equal to that of a function similarly 
composed of the coefficients a, 5, &c. Thus for instance, if 
ge FUSE OOS, oy being = 2) we have, 


ay LP os, =(a.8,4+68,_,)(@.8,_, tb, 8.) 
=4a6(8,+ a6(S8,_,= ab (S7+ S,_ 2) = ab. 


(5). For instances we may take 
: Dra nick gens: See eh ata ED de Mee 
Pt Py, Ss OP ey = ab eb! Ba Rc. 


(6). Circulating equations are those whose coefficients 
are circulating functions. To resolve them they must be 
reduced to others, whose coefficients are of the ordinary 
form. ‘The preceding propositions enable us to do this. 
To begin with a simple instance, let 


7 PRN Tin nF ELS TRIES! enn O, 


where P, is a circulating function of the second degree (or in 
BORIC G7 2, Me rg Sb « Ogee) 
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Assume wu, = v,.«/(P,), 
then will 4,4. = Ve+2A/(Pe4 2) = Vee: SP») and the 
equation becomes 


Oot. s\/ (ls) oe P.. Dewy ene $i) = D; A =O; 


Vsf_ =v PRY Ae AG acres oe) ons ye 8 


Now the coefficient of the second term JS(P, P. 4) being 
a symmetrical function, is invariable by (4) and equal to 
/(ab). We have, therefore, 


Vy +2 s/f (ab). OE = + uv, = 0, 


an ordinary equation with constant coefficients, and easily 
integrated. | 


(7). A more general process however, and applicable to 
all circulating equations is to assume for the independent 
variable, a circulating function with unknown and variable 
coefficients, as in the following equation, - 


uj t+(a.S;4b6.8,.,) 4.2, +@. 8, FB. Sy Oe 


Assume u, = A,.S, + Bz. S,—1,) and we have by sub- — 


stitution and by Art. 5. of this Section, . 
Al, Se hip es 
MS Sel Ss ae bang Sly Ste 
+. S, + Be Sav § 


whence, equating to zero the coefficients of S, and S,_, — 


separately, we obtain . 
A,+a.B,~,+¢=090; B,+6.A,-,+8 =0. 
Eliminating B,, we find 
A,—ab.A,,+(«— af) =90 
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whence, A, is found, equal to 


(ONS CGR gai hea eee 


and thence we derive by the second of the above equations, © 


Be=— bt J (a b)} PCY Sit Gly og) ome 


If these be substituted in the expression for w,, we get 


a= Ch flab)}*.§ Va.8,—- Vb. S13 


__(@ Rei af), + (8 noe ba) S$, 
1—ab i 


which contains (as it ought) only one arbitrary constant C. 


(8). Suppose the equation were 
U, + (aS, £4.8,—,)u,—, +¢= 0. 


Here c=c.S,+c.8,—,; therefore this is only a particular 
case of the preceding, and so of any other constant coeflicient 
in a circulating equation. This gives, consequently, 


z= C§ flab)t*. § fa. 8, — V/b-S,_, } 
(1—a)S,+0—2)8,_, 
poe; ES TN Sg ee Ase 
1—ab 
(9). Let the proposed equation be 
' Uet, —K.u, = P,, 


where R is constant, and P, any circulating function the 
period of circulation being 7, or 


P,=a.8S,+ Dien Ng ea he Rin ID p ode ys 


(10). .Let the equation to be integrated be 
Uy ty — Re, + P,= 0. 
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where R is constant, and P, any circulating function of the 
form 


| aS, +68, —, +¢S8;—,+:...8 Sere 
Assume 
i, = AS, + BS, +... Ky. Spoons 
then 
Maas Sa Dy lta Peat Geng Dank dokvne 4e41Ss—ngy 
and the equation becomes by substitution 7 
0=(B,4,—R 4,+a)8,+(C.4,-R.B,+b)S8,_,+.. Ee 
RU EN + (4,4,-R.K,+h) S,-14, 
whose terms severally equated to zero give 
By AN ds 
C44 RB), 
A,4,=RK,— ky 
whence we get 
Cae RA St Raeit b), 


Ay inn SiR? Ay CDRA GRA EB py. 


This last equation integrated gives 
Ate Bo. $C) ae Cs, eee Mel @ifets ve CAS eee 


wT ta Set ber bs 1.0 RO 35 tek 
1 — R* . 


C, C,.... being n arbitrary constants. Now since we have 
u, = A,.S, + B,.S8,_, + &e., 


we may neglect in the value of A, all the terms but that mul- 
tiplied by S,, in B, all but that multiplied by S,_, &c. 


hl ae 
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which comes ultimately to the same as making C’, C’, &c. 
= 0, because w, can only contain one arbitrary constant C*, © 
This done we get (putting Q for the constant part of the 


value of A,), 

ae CRS Q; 

B,=C.RS,_,— (RQ +), 

K,= CRS, 541 —(R*—'O4¢ R*—* 4b R32. 4h) 
which substituted give | 


Rp Ree Oe 

tee Ne Fehon eee ata nee A are 

u R re Ss» 
Rw +...kR+a 
ELT GRO CTT 


e © e e > ° ® . e C) e e e ° e e e 


RUT Heke RP accep 


Tae pe Ser 1° 


(11). Let the equation be 
Una = dhe Pe, 
P,and P’, being respectively equal to 
4.55.4 b.. See ay eg, hey Syke, 
and 
Q Sadi 8 S,—yieties ah Becan dhs 


Making the same substitution for u,, the equations for deter- 
mining A,, &c. will be 


.  * The same result will be obtained, if we retain all the con- 
stants and investigate in general the values of 4,, B,,...... K,. If 
these be then substituted in the expression for u,, the super- 
numerary constants will all destroy each other, of which we have 
already seen an instance in Number 7, of this Section. 
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By,4, =a. A,—2 
Cro =t. 6, — 8, 
RS Oe 
AP ye eels ee 


i i i i i mn 


These give 

C,4, =4bA,— (ab + P) 

Ko Si Op oe see A,—(be. ag OE. Of Bt ed 
Gitta Bee $422. Af, 


which integrated gives 


ee ne ee a a 


A, 2 (i te 6C.S8,+.C.8,—,+ &e.} 


id Ree ..R) 


ee Se ee ee 


L 
and putting Q for the constant part, and N for (a.b....k)” 
and, effacing all the arbitrary constants but the first, as in the ~ 
last number, 


A, = CN.S,—Q, 
Bee G ANF Sf (OO 2); 
C,= C.abN*—?S,_, —(ab.Q+ ba +); &e. 


’ 
which substituted give 4 
tty SIC LAIN’ So TiGAN in ie Lect mere OF . 
abe. pias ge oy | ae 
N ¢ B K 
me ne (5 irk estate eee ae 
1—N a pen + —) F 
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: ranG tit J ree 


N K a 
AEN ee ATh 


(12). It is sometimes necessary to reduce two or more 
circulating functions with different periods of circulation to 


a common period. This is easily accomplished ; suppose for 
instance the functions were 


a.S,+ 6.8,_,, (where 2»=2), 
and 


~~ 


a.S,+8.8,_,+7-S8,—.) (where n= 3). 


To denote these and similar functions more readily, sup- 
pose we take 


sth 


“sw — sum of 2" powers of x" roots of unity 
« : ° 


1 


Then will the two functions in question be represented 
by 
ao} e 5,9 + b . s,_® 
a Ss.) +, . One rill a le Fup ep 
The first of these is obviously equal to 
2 SOS te ee te oe 
6 (6) 
whey hes Dig int ice Oa, Spe 
Because when either x, or x—2, or e—4, is a multiple of 6, 


it is so of 2, and therefore x is a multiple of 2, conse- 
quently both functions reduce themselves to a; again, if 


_a2—1, or x—3, or r—5, be a multiple of 6, and therefore of 


2, r—1 must necessarily be a multiple of 2, so that both 
reduce themselves to 4. In like manner it may be proved 


that the other given function is identical with 
‘1 
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a. §{9+8,8,,0 +7. Sis.°) 
+¢,.8,,09 +8. s,_.0 4 y-s Spowe s 
so that the two are thus reduced to the common period 
6=2x3. 


If the separate periods have a common measure, the 
compound period will be their product, divided by this 
common measure. ‘The reason is obvious. 


By this means should equations occur involving circula- 
ting functions with different periods, they may be integrated. 


(13). The following general property of circulating 
functions may be mentioned in addition to those enumerated 


in 3, 4, 5. 
Let 
P= 0,8) > BS ee 
Then 
f(P)=f a) Se+ fb) Seat e+ FE) Siang | 


or any function of a circulating function 1s iself a circulating 
function, whose coefficients are similar functions of those of the 
original one respectively. In like manner, ifs PY SG 


other circulating functions, 
las Pig nee) say eees @ isan), POL fies 20 5 +) S,—1+ &e. 
Thus for instance (if the coefficients be constant) 
Py Ei tad 6 ON 
VP PPR pA Say le ae 


we shall have occasion to recal this principle hereafter. It is 
too evident to require a formal demonstration. 


S,—,+ &e. 


(14). To determine the integrals = S, and = P,. 


Putting = S,=u,, we have u,4,—u,= S,, and this may : 
be treated as a circulating equation; thus assuming 


a 


a - « _ 
ae I NL mare oT 
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0, = Apr S; 4° By Sg PK Sea, 
»we have . 


Of ete AG ech) Sate (a ert By Sener 


ce ee ee We aw are K,) BS emete 19 
whose terms severally equated to zero give 
7 base =1+ A, ) 
Cay ay B, 
uP es K,, 


whence we get 
Aited = 1 + Ay: 
A particular solution of this will suffice for our purpose, and 


it is evident that 4,= — will satisfy it. This gives 
n 


Syl Renate +13; hp De fa mt fil 5 w.weameCe 
n ; 
and finally 
pM eS te PHT), Oy Gane ee: 
n : 


ves AES) K iicirigs t+ const. 
: = const + =(S, + Soto. Seong) 
fe aa 1 Se—n pt 


. a ene 
= const + = += { (2-1) S,—, + (n-2) Sig... 


ives ot Mesoyi dedi bie 
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Hence, if Pp=a.S, +5. S,2,+.. sks Spon4 iy We get 


= P,= const + @ + Heeb ee 
t§foO.at1.b +....(2—1)-k} S, 
; nN \ te 
din §(n—1).a+0.b+....(n—2).k} S,—1 
Bs, 72 


4 Pwo eatin 1) fee Oe yt Sees 
n j 


e * e ° e ® s. a ® e e e 


tof liat2.o+....m—-1).ft+0-k } Sine 


zim 


SECTION XII. 
Of continued Fractions. 


ay. To determine the value of the continued fraction, — 
¥ ce ; 


ie! Ce 
a) — C. 
ly + > é; 


Let the fraction be put equal to uw, Then we have 


Cie) on Os By 
— ee > 
ay + She 1 * aa 2 % 
a, | ; 


— C, 
u, Se 5 U, = 
a, 


* After the example of Burmann. 
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and soon. It appears then, that uw, is reducible to the form 


N r af e 
= , N, and D, being the numerator and denominator of a 


z 
certain rational fraction, each composed of combinations of 
M, M, KC. ¢,, C,, &c. formed by multiplication and addition. 
Let us now examine them more closely. ‘To this effect we have 


4 3nfo Mac (a, a, +4) dg FQ, «6, 
1 $$$ 
4,4, + C3 
\ 
Cy 
uly = 
5 6,43. A, +, .¢, 


1 —~————————— 
(a, a4, +¢,)4,+4,. b 


(G, Gas Beets Cay Og La, ake 
(4, 4,4, + 16, + C4 a) i: A CAE a oe Cy 


and soon. Hence, we have the following series of equations : 


= ¢,.¢, £¢,a,.4, 


2242 


6, 0,66, + (Cy. 63 FC, dg. 45) a3 Ke. 
that is, 

= N, 

N, 

hee esp +a,.N, 

=c,.N,+4,.N, 


Nir = Chg Ne pa da Ned es (1). 


ae et 


Similarly, for the denominators, we have 
Dy =a, Dy =, \¥ 4, ae 


D, = a, oC + (¢, + Ay On) ide 


Dy py = Oy, Dra + Ox of a D3 (2). 
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The integration of the equations (1) and (2) will therefore 
lead to the values of N, and D,, and therefore to that of their 
quotient u, As these two equations are precisely the same, 
the complete integral of one is also that of the other, and the 
values of N, and D, of course can only differ by reason of 
the different values of the arbitrary constants which enter 
into their expressions. 7 


The equations (1) and (2) were noticed at the first origin of 
the theory of continued fractions, by Wallis in his Arithmetica 
Infinitorum, Prop. 191. p. 192. (Opera Wallisii. Oxon. 1657.) 
as rules for the ready computation of the approximating 
limits of infinite fractions of this kind, for which purpose 
they are well adapted, as they enable us to deduce the suc- 
cessive numerators and denominators of the limiting vulgar 


fractions a 5 ) Z &c. one from the other very readily. 
(2). Required the value of the continued fraction 
c Sot c 
atewa+ act 
Here c, and a, being constant, the integral of the equation 
ING te =a.N,+4, +¢Nys 


is N,= C.a*+C’.f*, a and £ being the roots of z?=az+e. 
This integral may be expressed more conveniently for the — 
present a by changing the arbitrary constants C and C’ — 


. (to x terms). 


into C += => and Ct 3 which does not diminish the gene- 


rality of Ae equation™, but only reduces it to the more sym- } 
metrical form | 


oy C (a? ats *) aa c (etsy, + p'—"). 


* This change of the arbitrary constants might have been 
made with advantage in Art. 393. Appendix, where it would 
have dispensed with a good deal of pretty abstract reasoning, but 
it did not occur at the time. 
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Determining the constants then so that N ,=e N= ae, 
we get 


N.= ¢ Ae M7 gi vane 1 
= ay fale + A) + 2c + 8-9}, 


and since D, = a, and D, = a® + ¢, we find in like manner 


{(a* + 2c) (a" +B) + ac@*—' + fr—')}. 


= 


1 
a+4e 
So that the general expression for w, is 


. ac(a® + B*) + 2c? (a*—? + BI—1) 
 @ 42) @ +B) tac@— + Ry 


Let U represent the fraction continued to infinity, and 
suppose «the greater of the roots of the equation z*—az—c 
=0, (without regard to its sign,) and we get by making x 
infinite 

ee Bt Rar eee 
(Pit 96) a ac 


which, (as may Hoes be proved, ) is one of the roots of the 
quadratic 
U?+aU—c=0. 


Thus 
V/5 th] 
Spee ares I I 


paso hy, 7, Py; s ae 
=e inf. 5 


1 1 1 ; 
Bar amen a Cem ee 


Q+-2%+ 2% 
| sai ped ; ,.(to # terms) = pane ec A 
~1l + iy -{ ge % +(—1) : 


and to infinity = 1. 
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(3). Required the value of the continued fraction 


continued to a terms, that is, containing x fractional terms. 


The period of the denominators being a, 6, we may 
assume c,=1, a,=bS,+aS,—,, where S, is the-sum of the 
a‘ powers of the roots of z*— ] =0, and we have by (Art. 1.) 


N,4,—N,=6S,+ a8,—1,) N+ + 


This equation is the same with that integrated in 6, Sect. 11. — 
and. taking | 


N= 4. /G S, + 2.8; 3) | 
= 0, .((/biS, +.fa.8,—,), by 12, Sect. 11. | 
we have seen that v, is given by the equation 
Gee pre vela Ded eee 0! 
Let then a, £, be the two roots of 
2— J/(ab).z—1=0, 
and we have 
N,= {Va .S,—,+Vb. S,} [elo + B) +e (a ' + BT). 


To determine the constants we have N, — 1, N,—4, and 

since the value of D, is precisely similar, the constants only — 
_ being determined by making D, =a, D,=ab+1, we obtain — 
after substitution and all reductions the following value of © 
the continued fraction 


rhb fit Yo) eB EIWm $6) 
ne a b+ 2) (at Bot abe Se ai 


As before, let a be the greatest root of the equation — 
2— /(ab).2—1=0, without regard to its sign, and let U_ 
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represent the value of the fraction ad infinitum. ‘Then by 
making x infinite, we get 


= J 6 2 ta flas) 
a Jf(ab) +a(ab + 2) 
which is readily shewn to be a root of the equation 


aeIe ye gee 


a 


by substituting for ./(a 4) its value « — ey 


a 


{4). To determine the value of the fraction 


Cy Cy—} ey 


= 3 


1+ 1+ 


a 


regarded as a function of wv. 


If we would employ the preceding investigations we must 
regard w as constant, and assume another independent variable 
z, and another function of it p,, such that 


Cy = Pr—zt+i° 
This gives 
C, = prs Cy—y = Por - +--+ Creeps = Po 


: If then we enquire by the methods above delivered the 
value of the expression 


in its general form, as a function of z, and then write in the 

result for p, and its derivative functions, the functions 

¢,—-.4, and others similarly derived from it as a function of 

z, and finally put z = 1, we have the value required. But 

the following process is simpler, and less liable to mistake. 
* Wy 
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Assume u, for the value required. “Then 


{ Cy ob 1 
Sa ese ace 
i, 


“yyy = j 
He + 1k, = Uu, + Cr+13 
or, taking 


Us +1 
VU, 


“= 


De dg LT rok Be 


an equation of differences of the second order, the form of 
which it will be remarked is precisely that which determines 


N,—, and D,—, in the value N=: of the function 


tI—y1 


tay 


ORC italy Wee is aba (See Prob. 1.) 
Le ANE Sis ] 

But though the equation of differences is the same, the — 
nature of the functions derived from it will be essentially — 
modified by the different constants required to adapt its 
integral to the two ‘cases. Still, however, this coincidence 
assigns a relation between the two functions sufhciently 
remarkable. 


In fact, let (4, + C.B,) x C’ be the general value of 2,. 
Then will : 
. id, Vee ee 
© A, if Yh $ B. 3 
and 
Nog: (” thy + C" Bb. 
Dee. “A, + C" B, 


where the constants depend on the values of ¢,5 ¢,) 4,5 Aes 


B,, B,, and are easily determined. Now these expressions 
are respectively the values of - , 


% 
% 


fy Cy—1 cy 

Pts rie] 
and 

os ‘re Cy 

wee 1 ae ee o8 e 1 


(5). Having given the value of 
Cx Cy—y ¢ a! — V 
i ee ie 


To determine that of the same fraction with any additional 
denominator at the end, 


Oe Ge ; 
If we proceed as above, by putting —=? for its value we 
Pp ¥y Pp Bath, 


shall obtain the very same equation of differences and there- 
fore the expressions of the two functions can only differ in 
the values of the arbitrary constant C in the expression 
Asgit ©. Be 4; ihe Beta Now since one value V, of ACA a Pe 
A,+C.B, Vv, 
given, one value of v, is also known, being equal to 
V,.V,....V,—,. Hence a particular integral of the equa- 
tion for v, is given, and of course, being only of the second 
order, the complete integral may be ascertained by the 
methods delivered in the text (Append. Art. 382.): and the 
» constant must then be adapted to the case in question. 


(6).. To find, for instance, the value wu, of the fraction 


when the letter c occurs x times 
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«(1 +5) — a8 
BI aK Oy Sita Fe Ck a 


ae ee ee 


ns Ea at oe ye 


a and f being the roots of v* —v — c = 0, 


SECTION XIII. 
Application of the Calculus of Differences to various 


Problems. 


(1). Wouar are the respective amounts of a given sum 


for x years, at simple, and at compound interest ? 


Let P, be the amount at the end of the 2‘ year, then 
Ist, at simple interest, if A be the original sum, and r the 
interest of £.1 for 1 year, r 4 will be that of £.A, and there- 
fore the increase in one year being rd, P,+~y7A is the 
amount at the end of the (7+1)" year, but this amount is 
also represented by P,4,. Hence 


Priy=P.+rdA, or AP,=r dA, 
and integrating 
Pli=r ALK + C. 


Now the original sum or value of P,, when 2 = 0, is J, 
hence 
P,=rd.0+C=4,0r C= 4, 
and therefore, 
P.= A(l +re) 


2d, At compound interest. P, being the capital at the 
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end of the a year, r P,is the interest in the (#7 + 1) 
therefore, 


Eee Le in Lee (Glatek ie Bag 
and integrating, | 
P= CC + ry. 
Now 2, = 4, hence C= A, and P; = ‘A (14 ry. 


(2). A person places money in the funds, but gradually 
contracting expensive habits, he spends the first year the 
whole interest, the second twice that of the remaining stock, 
the third three times that of what is left, and so on. How 
long will his property last, and in what year is his expen- 
diture greatest ? 


As before, let P,=his stock at the end of the 2‘ year, 
y=interest of £1, for 1 year. 


Then + P, = that upon P,, and consequently his expen- 
diture in the (x + 1) year is (w + 1)rP,. Therefore at the 
end of the («+ 1)'8 year his stock will be 


P,+rP,—(@ + 1))rP, = P,(1 — xn) 
Hence, 
DSO kA Nees at 9 i ae 
and integrating on the hypothesis P, = A, 
P,=A.1V(l—r)(l—21r)...:.. fl—(w—1).r}. 


. . it ° . 
This vanishes when x = 1 + —, which is the number of 
r 


years his stock will last. Also, his expenditure in the xt 
year being xr P,_,, and in the next, (7 + 1)r P, will be 
greatest just before A (xr P,_,) becomes negative, because 
then having reached its maximum it begins to decrease. 
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Now : 
Aare poy) US th ae phd 


RACES, fl—(@—1.r} f@+VY)U—-«er)-zrf. 


Suppose then 
(2+ 1) —-arn—2=0, 


/C+p-3 
2:= ~+t-j-—-, 
r 4 2 


and the nearest integer less than this is the required number. 


this gives » 


if r= “ » «= exactly, Here then A(#P,—,) = 9, © 


when x = 4, so that the sums spent in the 4th and 5th years ; 
are equal, and greater than in any other. . 


(3). A person puts out to interest a sum of money (A), 
he expends annually a portion (a) of the interest, and adds § 
the remainder to the stock. What is ihe amount after & 


years ? 7 
Call it P,; then the interest is x P,, so that ; 

F 

Poe Poke bs em, or i 

Pie Ot 2D Pe =e. 4 

which integrated gives 7 : 
‘ 

PRO (Ae ie ; 

rx a 

; 

The constant C, must be determined by the consideration : 
that P, the original stock is equal to 4 which gives i 
3 

; 


CHA—-; 
x 


and — 


P,= (4-f)asnet. 
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If @ exceed the interest, and on that supposition we would 
find how long the money will last, make P, = 0, and we 
get 

y _ log a — log (a — r A) 
wey log (1 + r) ; 


¢ 


If we would find what annual sum a stock-holder may 
expend so that his property shall just last out his life, on a 
fair calculation, call x the number of years he has a reason- 
able expectation of living (calculated from the tables of mor- 
tality) then we have 


pak tad ey 
(1 +r) - 1 


(4). A has £.1000 (= 4) in the funds at 5 per cent. 
(=r). He spends the first year the full interest of his 
capital £.500, the next £.1000, and so on in regular arith- 
metical progression. How long will his property last ? 


As before, putting P, for his property at the end of the 
xt year, we have 
b sip be ES be 4 (1 +r) — (a te LyUriA; 
which integrated gives 


Pre dj@an-Bhge 2) 


r 
Hence we have to find x from the exponential equation, 
(L+r%>=ltr+pPra, 


: I 
and since r = Boe = 6.6 nearly. 


Were a more exact, value required, we must proceed thus: 
Suppose f(z) = 0, and a being an approximate value of 1, 
let a + h be the true value, then will 4 be small, and the 
equation 


St (a +h) = 0, 
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developed by Taylor’s theorem gives, neglecting /*, &c. 


E 
df (a) _ i 
F(a) +h. a = 0, : 
whence, 4 
eee and x=a +h, } 
BY, 
is a second approximation. 
In the present case, : % 
F(A) = Laks el rot a enteas 
gle =(L “br. log +7) = 7, , 
and 3 


Kite (+tr+ra)—(i ys 
GQ +nilogQ+n—r’ 


= — 0,00453, 


ts Se 4 
xe - Sey aw oes 


so that a second approximation is ® = 6.59547. 


(5). A man spends every year twice the sum he gained ~ 
by a certain business the year before. That business, how- — 
ever, becomes every year more and more profitable, and he bi 
finds his property increase regularly, as the square of the ~ 
time since he began business. In what progression do the : 
profits of his trade increase ? 


If we call P., the profit in the 2 year, the problem leads — 
to the equation 2 
P.4,-2P,=a(2u + 1), A 

whence we find ; 
Pli=4}5.07) — (22 +38) p+ Po. 
Now P,=a.1’, hence P, = a(3.2% —2 x7 — 3). x 
(6). An individual sets out in the world with a certain | 


capital (A), one-half of which he places in the funds at r 
per cent. and the rest, ventures in a concern which produces” 


~ 
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2r per cent. per annum, but which returns the interest only 
once in two years; he lives at a stated rate of expenditure 


(a £ per annum) and puts all his gains and savings into the 


funds. Required his funded property after any number (2) 
of years. 


Call his funded property at the end of the (a) year P,. 
Then, if x be an even number, the interest on that part of 


: A eee : . 
his stock (=) which is vested in trade does not accrue in 
the (# +1)" year, so that, (a being even), 

Roa =—ien + vy) P, — a, 
but when «x is odd the interest for two years at 2+ per 
ee : 
annum, accrues on the capital — that is, art or 2rd, 
hence, (2 being odd), 
Pra, Oar) Ppa + ord. 

It may not, perhaps, immediately appear how these equa- 
tions are to be treated; because in either of them, if « be 
increased by unity, the equation ceases to be true, and there- 
fore the function P, cannot be found by integrating either of 
them separately, the law of continuity being broken. To 
supply this, and to include the odd and even values of x in 
one analysis, we must have recourse to the theory of cir- 


culating functions above delivered. In fact, since the cir- 
culating function of the second degree 


a.S, +(a—2rA).8S,—1; 


is equal either to 2, or to a — 2r A, according as « is even 
or odd, the equation 


P,,,—R.P,+j{a.8,+@—-274)8,_,} =9, 


(where R=1-+7) includes both the others, and admits of any 
value being assigned to x The law of continuity being 
* x 
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thus restored we may find P, by integration, and we get 
(9, Sect. 11.) 
P.2c pak + a—2rda. 
igloos) re eae 


eer a) Res 
TL TTG ee iat 1), 
1 — R? 


and determining C so that P, = $4, his funded property at 
the outset, and writing for S, and S,_, their values 


aca art and Uo Grrr ge » we get finally, 


7) Q 
Rix A er OU reer 2 a4 +rF—1}. 
2 (r +2) v 


aie ee 


(7). The same being supposed as in the last problem, 4 
only that the part of his capital vested in trade, yields 7 per © 


cent. per annum, but returns interest only once in # years. 


Required the amount of his funded stock after any number y 


of years. 
In this case the equation 
Pia, = R.P,-— a, 


holds good for every value of v unless when x+1 is a mul- 
tiple of » (and therefore x — » + 1 such a multiple) when it 
changes to : 


lata , = RiP _ (a — b), 
where b=nyr. se In this case then we have for our cir- 
culating equation, 
Oi Pag OR OP, Hid ae Be +O Scene 


ocailes eres (a ry b) Sead eg } 9 
which integrated as in (9, Sect. 11.) gives 


a See ee Se Le 
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P,=C.R + - a — ———___ 
: a Meee R" —1 
Spb Rispesedte g B28 ROR PS, haga s 


the constant C being determined as before, by taking x = 0, 
is found as follows : 


(8). Suppose a merchant engaged in-more than one 
such concern as those described in the two last problems. 
To determine his funded property after any time. 


Let » represent the least time in which the interest of © 
funded capital can be made readily to accrue, n’, 7”, &c. the 
intervals at which the several parts of his capital embarked 
in commerce return their interest, the least common measure 
of all their intervals 2, n’, 2’, &c. or of such as differ from 
each other, being taken as the unit of time. Also let 

A’, A", &c. be the several parts of his capital so embarked, 
and 7’, r’, &c. the rates of interest they yield in the time 1. 
Lastly, let A be his original funded capital, P,, its amount ? 
after x such units of time have elapsed, r the rate of interest 
in the funds for the time 1, and a his uniform rate of expen- 
: diture in that time. Then we have 

Ae +i = Rk Ss 


+ 
unless when x+1 is a multiple of either x», #’, &c. in which 
several cases, the terms 


WO. Beg Ht TARR, 


expressing the respective sums accruing as interest at these 
moments are to be added to the second member. Employing 
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then the notation of (11, Sect. 11.) the circulating equation 
embracing all these cases is, 
Ee ee PO ho Oe ee 
—atnr AS, aya + &e. 
Take m = the product of n, n’, &c. divided by all the 


greatest common measures of any two or more of them, and 
this equation is transformed to 


Od, 8 
=~ PAL tar (Spiga + OP eel RSet ee 
en FAVS ie YO AAS BA OA Sea ad 
ge ed Blea 
Now, since | 
Ba 8) Se Se oS, as 
and | 
a=a.S,) +.8,—,” + &e. 
If we take | 
@, so 15 0, = 1... Gy Sel Ls i a So ea gee 


ie Oy in aa See, 


bee On by Oy eke al nd IO dg tO a ak eee 
- bg, ce nr A’, &e. 

Fem AS ee Se Cokie CF aA Cae ee Oy Cees &e. 

and finally 


Oi by heb ey 8 +b ee + '.s 1 = By eee Re. 
our equation will become 
Po Pe a FOS eae Spee 
THiS Vag ee eee Om cml ue ada ees 


whose integral is given at full length in (10, Sect. 11.) 


i. 165 


In this case we have 
Aw a 
n 


N=(1 +77)", 


and taking P,=A, we find for the arbitrary constant, 


caA- A E+H Defoe eae sy 


a, a, Q,...-, 


but till the particular values of n, nm’, &c. are assigned in 
numbers, no farther reductions in the form of this integral 
are practicable. 


(9). Aand B engage in play, on the following condi- 
tion, viz. that whenever 4 wins a game, the stake shall be 
doubled for the next game, but whenever .B wins, it shall be 
tripled. When they left off (after x games) it was found 
that they had won and lost alternately, A winning the first 
game. What are their respective gains and losses ? 


Put w, to represent .4’s total gain at the end of the 2' 

game, and suppose P, to equal the stake for which that game 
is played. Then, provided A win the a'* game, we have 
SP, =2 Ps but if DwinitP,,,=—3P, .Now A wins 
it if 2 be odd, but Bif even; hence in all cases, the nume- 
rical value of x being undetermined, 


Rei (oe hee Oran i) Lg; (a.) 


where S, = < the sum of the 2** powers of the roots of 
1 27—1=0. 


Again, Aw, is A’s gain or loss by the event of the 
(v+1) game. It is evidently equal in value to the stake 
for which that game was played (P,,) being a gain if A 
win, or v+1 be odd; but a /oss if he lose, or x+ 1 be even, 
hence | ; 


bet, -~ UU, = (S, <a S521) igs +13 (4.) 
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It only remains therefore to integrate the equations (a), 
(b). Now the equation (a) is that of (8, Sect. 12.) whence, 
determining the constant by taking P, the first stake for a 
given quantity, we find 


Py SPB Gh MO Sure We Sete A/G 


This given, we get, by substituting the value of Py, 
in (d), 


Us aig — Ue Py. 24/8 Se — /2 8.6} AON 


To integrate this, we take u, — A,. 8, + B,. Spying, Witte 
gives by substitution and equation of like terms 


B, 41 — 4, = Py. (/ 6)" 
wh gt {aABy DP BOLO Tor 
Oe OO Je 
Adding this and the first together, we find 
A,+., —-A,=— Py. W/6", 
and integrating 
A,=CS,+CS8,-;,- = War, ; 


: é 
consequently 


Bo CS a Se 2+ Poy’, 
and 
gt t 
ty = C~ 2 Py {Se O = 4 Sea (OY F. 


But w,= 0, hence C = } P, and finally 
yeh Py SA eR OY On OY AAAS GO) ral ee ates 


167 


for the total amount Wak A’s gain or B’s -loss at the end of 
their play. 


(10). The last prcblem may be generalized by supposing 
that when A wins, the stake of the succeeding game shall 
become any function whatever of the former stake, and of 
the number of games elapsed since the beginning, and when 
B wins, any other functions. A and B winning alternately, 
what is the total amount of A’s gain or loss? 


Here we have P,,, = PE Glee), 


when x is odd, and = f,(P., 2) when even, so that in 
general 


ee ey, Claire rte gtc), Cbigy sd). 


To integrate this, or at least to clear it of its circulating 
form, we take 


aS Be S, + 1 ELD 


: Then since f(P,, x) is a function of S,, S,_, it is redu- 
cible to the general form of all circulating functions (by 
12, Sect. 12.) and in fact it becomes 


FESO FAs BSS B® S., 
| similarly, 
A.(Ps D=fi(Ay 2) Sit fi (Bus 2) 8, ah 
| therefore 
Sehr fCAR a eo ae 7 es et 

which resolves itself into the two | 

Jeiowa, if; GA, 2) Apa =f (B,, a), 
That is, 

Apa weft Cis es 4 
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an equation of the second order whose integration suffices to 
give A, If we put w=@z and A,,=<A,, this reduces itself 
to the first order, after which it depends on the particular 


forms of f, f,, whether the integration be practicable or not. 
A very extensive case of integrability is when ) 


AUP fi 2) ap HR ky 


EE 


ee ~ 


Ti CEs Hi aje Py ot Py. 

In this case the equation for finding A,’ is linear of the first 
order, viz. . 
; 
Alms, = Oy Og» Ae (05; a, B,) 

= ag Gan» Ag + Bos +, Gor Baers «, 

In like manner, we may proceed when instead of winning - ; 
and losing alternately, the players win and lose in any other — 
regular order. : 
% 

(11). Let there be a series of quantities 4, B, C, &c. 
derived from one another by the following law, ‘ 
' 

sla 1~ 2B 1—3C ‘ 
Required the general term of the series. 4 
4 


Call the at" term u,, then the (x + 1)" being uw, 4, we 
have 


, 1—2u, 
a eee 


(@@+1).m4+,+7U, = 1 
an equation of differences which integrated give, 


Lu,=$+C.(-—1F 
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and determining C so that u, = a 


eR) Ls (24 — 1).(-— akan 
QM Ox 


Tg wed 


(12). Suppose we have 
Aza B= ?a4*-1,C=2B? — 1, Ke. 
~ Required the a‘. term of this series. 
Here Use, = QU, — 1, 
an equation which integrated gives 
Re tenaemier Genet 


the constant being properly determined. In the same way 
we might proceed, if we had 


Axa, B=f(4), C=f(B), D=f(O &e.3 


(13). To integrate the differential expression 
a aes 
SU — 2) ; 

Assume it equal to /, (being a function of n to be deter- 
mined). Then, integrating by parts, 

wda 
° JU ei: ay” 
(1 2) + (DD fsP mt daw/ (1 — 2"), 


2 


Poa 
) at De 
or, putting P, =.21"—' /(1 — 2°), and writing ies _ : 
for /(1 — 2”) 
1 Ne #, + (2n —1) (a — ak 
That is, 


Qn—-1 _ 
F,, —¥ | anes ae a rere 5 (a). 
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an equation of differences (# being the independent variable) — 
whose integral is 


Post 5 A bee (Qn — 1) 

ogee OAR Haan nirise (2n) 
§ BAe Gay } 
G TTB Cath BEA GS 


The integration denoted by the sign = not being practi- 
cable we must (as in 3, Sect. 4.) write at full length the — 
series of which the integral consists, viz. b 


_ P fe PP Pea 
1 Bek agi 1 


go ee b 
and determining C by the condition 

Be Ps Ss 

TAG a) 

we get, restoring the values of PD adi cite: 


RHR A Ebaby pony (ge a. 
Q2.4....(2n) . slated a0 


ae mo) ope 


If we only require the value of the integral between the : 
limits 7 = 0, and # = 1, since x”—*. ./(1 — 2°) vanishes at — 
both the limits, we have P,, = 0, and our equation of differ- 
ences (a) is simply 


F, 


— an —! 
= sin Vy 


roy 


which gives 


71 


» between the same limits; so 


ree L383. {2a — 1.3....(@" — 1) .G yE 
CRE ie aa 
and in the same way may all similar instances in which 
integrals are reduced by successive steps to a less and less 
degree of complication till at last they are brought to a 


known form, be treated without going through the process 
of continuation, by reducing them to equations of differences. 
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NOTICE. ‘@ 
mee 


‘Tue object of the following Examples of Func- 


tional Equations, is to render a subject of considerable 


interest, more accessible to mathematical students, 
than it has hitherto been. It is, perhaps, that subject 
of all others, which most requires the assistance of 
particular instances, in order fully to comprehend ° 
the meaning of its symbols, which are, of the most 
extreme generality ; that assistance is also more 
particularly required in this branch of science, in 


consequence of its never yet having found its way 


into an Elementar "y Treatise. 


Oct. 20. 1820. 
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OF 


FUNCTIONAL EQUATIONS. 


- ee 


Ir a function @ is of such a form, that, when it is twice 
performed on a quantity, the result is the quantity itself, or 
if a*(x) = x, then it is called a periodic function of the 
second order, if a”(v) = w, then it is termed a periodic func- 


tion of the ™ order, thus when a(r) = a — @ the second 
function, or 


a(a«)=a@—2)=a—(a—r)=a—-at+e=n. 


] 
If a(x) = : 
(x) "EERE: 
then Ea (aig at et ee ge ee : 
ey 1 l1—x—]1 Ce et 
1l-—-@ 
and 
1 
ax 1 1 ai 
ST) wn! 3 ad ret 
ermraar= ne 1 =I1l-—-l]—r=x, 


the first of these examples is a periodic function of the 
second, the last is a periodic function of the third order. 


Pros. 1. To find periodic functions of the second order. 


Since such functions must satisfy the equation ¥’*x = , 
we have 
pray "2, 
or must be such a function, that it shall be the same as 
its inverse ; if therefore y= 2, we have also v= —'y=W yy 


irs 


(2) 
or if wand y are connected by some equation, it must be 


symmetrical relative to w and y; y or Yu must then be 
determined from the equation 


* FE a, yar} =0, 


for instance, if + ~Wxr—a =0, Pr=a—4, 


hues a 
OLik evr = a, Ve =: 


Another method of determining such functions is as° 
follows: since 2 is of such a form that ~*# = w any sym= 
metrical function of x and Wx remain constant when # is 
changed into W x thus 


Fix, a} becomes F{ a, uj =Fi{va, cf, 


if therefore, we can find any particular solution of the equa- 
tion 1?” = a, containing an arbitrary constant we may sub- 
stitute such a function for it, but ~a=a—z is a particular 
solution therefore 


ya = FQ, xt) — 2, 
or 
c+Yu= F(a, Vx); 


and by changing the arbitrary function into another of the 
same form, we find 


Fix, be} =0, 


_ as before. 


These two methods of determining periodic functions of 
the second order, are not so convenient as a third process 
which can be extended to all orders. 


ae 


* Bars placed above quantities under the functional sign, in- 


dicate that the function is symmetrical relative to those quantities. 
j | 


(3) 
Assume YW « = ¢—' fa, then 
Vuxg-'foo-'for=o for, 
this must be equal to x or 
| Cah ees 


this equation will be fulfilled if f?v=v, or if fis a particular 
Solution, and if also @—' is such an inverse function that 
o—'ou=v. If therefore ¢ is arbitrary, and fis a particular 
solution of f?2 = x, then the solution of V* x= 7 is 


LPo=op fou. 
Ex. Let fx =<; then Wav = ~~ =), ines 


: =? 8 (a—5 
DRO el racers th deta 2 es 


from these may easily be derived the following periodic 
functions of the second order, 


Wema-—w nD a cee . 
x— i 
r— 2 | a’ 
C= _ 5 ii ——) Pee 
¥ Lm 1. We x 
1—2# - 
Me nee EIR wus Yl— 2% 
Tae eae fia ee 
r—1 7 fr? — I 
vostan>'( oe) yx = log (a — +’) 
COS a. COS T7 
. ni, 
ial a == (a — 2x”)™ Vu=ax— log @ — 1) 
Ee 


i da Ra’ 


. Wav = tan—'(a—tan 2) 
(o”— a”) ; 


(4) 


Pros. 2. Required periodic functions of the third 
order, or such as fulfil the equation ¥°# = 2, 


Assume Wa = ¢—'f $2, then the equation becomes 
Vin =g-'foo foo fora ofrpu aay 
which will be verified if f(v) is a particular solution of 


f?v=v, and if ¢—'is such an inverse value that $~'p v=» 
hence the solution of the equation is 


Yrs of ha, 
1 


So 1 
1 and hence v2 = 6~"(G—=55) 


more particular cases are 


one solution is 


a’ 1+2 
Po CS. 

Ms a-x v 1—32 
es a’ L Yaxr—-a@ 
ay A ay Ladies sor x 

Shae Ak— a iene 1 
a’ Dy 
= eg —_— — eee 
A eo) Wa log (1 — :*) 
( Ma 
ax” — a)” 
+ bx 
nD eae elope 
pe tbet en Wet lop ine) oath 


a 


Pros. 3. To find periodic functions of the n™ orders 
or to solve the equation W"a# = a. 


Assume as before Vx = ¢—'f ox then it becomes 


Delp pary i. 12 pa f oae Pa faba ew, 


(5) 


which is verified if f is a particular solution of f'v = x, and 
if ¢—* is such an inverse function that @—'a =x. 


It now remains to find particular solutions of /” 4 = x 
which may be accomplished in the following manner: let 
| fw represent — aa then the z" function will be of the same 

c 3 


form, or 


n Ar, + By x 
sp inicthen Set gt rey APA 
where A,, B,, C,, D,) are functions of a, b, c, d, and 2, 


these may be so determined that D,=0, A,=0 and B,=C, 
all which conditions are satisfied, if 


bv On Resp ea 
n 
(2+ 2cos =") a 
n 


at bgoxr 


d= 


B--Obe Coan + c? 


=e Re) Ge YS A 
(2 +2 c0s2=™), 
n 


amore detailed account of this method of solution may be 
found in a paper by Mr. Horner in the Annals of Philosophy, 
Nov. 1817. 


Instances of Wt x = w are 


c€ 


1 1 l+e2 
Wroae em 
| 2 2 a’? 
y= 1 
Mifeaia nig Vii spy pees 
x 1 at+ba 
t =@Q2 WA 
Wr x Wy b> ete 
C= L 


(6) 
yaa yes \/— 
fi ads 


Ad 
be Maa n 
x < 


Wy 


War =log 2—« + log @ — 1). 


All those cases which satisfy the equation y°1=2, also 
fulfil that of ¥4x = x, as well as all those which fulfil any 


; 1 
of thése equations yx =— a, V¥*°r = mye eenise generally — 


J? aaa, where «x is a particular solution of the equation 
VW? 2 == 2. 


The following particular cases satisfy the equation 
ale ame 


1 3x — 1 
= —_——— Lacs 
ge eal eg ray is 3m 
2 8 a?* 
Ris =< A BEE Pao 
ee 3$—v v 3$ac— Cu 
r—] 3°+ 3% 
1 == 3 A Mined 
ve x hi 3 —2@ 
hoes a+be 
Ao ne ee aan 
3a 
ai RY 
| i Me I , 
C=. = vt - = 
v z ;) 


Wa = log 3 — 2 + log (@* — 1). 


The principle on which the solution of the functional 
equation F § x, Ya, ax} =0 depends, where a? v=a, is 
that by substituting aw for x we have another equation 
EFfaa, ~ax, x} = 0, between which and the given 
equation we may eliminate Wax and the result will be the 
value of x a few examples will illustrate this method. 


| (oe 
(1). Given (2) Pa (en ea 
by putting — x for x this becomes 
VY (— 2) avr) =(—2)', 
and eliminating \ (— 2), we have 
Vr—-a@br= 2" —a(— ey’, 
hence 


eth eer mal 


1 — a* 


(2). Given vray — ; 


as 
a 


put = for 2, Vem abras 


and 


bs ye 


(3). Given (Wz). jae 


t 
uae 


x Zs 
for x7, it becomes 
x 


1—a2\? ,i1-—2 
. C= 
(v=) Aig SETAE 


eliminating erie by means of the former, we find 
1+ 


i 


| 


. Lt fee). 
vo ( ——CeLr ° 
¥ 1— 2 


(8) 


ty J =) 1 tt 


} — x? 


(4). Given Wav + 
putting /(1 — 2%) for 2, we have 
vA — 27) + ve =2—-2, 


and substituting this value of y 4/1 —a? in the former equa- 
tion 


Q— x | nag 3} ao, : 
i bse ia oe Soe 
hence . 
Da ital ‘ Q—at —14at—Z 
( Se 1— 


ANC y Ay oamont 


; Ya V(=2) = 
(5). Given Sees & arereny as 25) =] 


Ve : 
put Wt = 7 > TF: thus the equation becomes 


Wir + ¢w,(— 2) =1, and changing # into — «4 we have 
Ww, (—2) — 2, (&) = 1, by which eliminating y(—«) from 
the former, we find 


1—@f 
\ C= 
VA "reer, 
hence - 
be ct We Fi) rd 
li Vw ca 
(6). Given ye+itt yas, 


wee) : 
putting - for v this becomes 


(9) 


] 
eeu OS ER seg 


and by eliminating v1, we have 
x 


(7). Given Va +aV(l—2) =1, 
putting 1—2x for x, we have 
Yd -2)+(1-*®)V(@) =1; 
whence, by elimination, | 


A aa Or peat ae Mt 
L~a(b we) S beet at 


By bitty aye ogee SAN eit boone 
erat. te Rena Cd eee eT GAG 


UNA MC RAGE (MS ecle> tia Nee Al Amat 
ore en will (1 —a2)= arty ae ee 


and the equation becomes 
YWo+ey,( -2)=1, 


the same as in the last example; let f # represent the solution 
there found, then 


put Vj@wv= 


r— 2 
whence 
Oo om 
Yr= J ? 
fei 
° ° ke 
if we take for fx its value : ret, we have 
— i 
ie me ps 
x 


(10) 


In case the equation is symmetrical with regard to V# 
and waa, the process of elimination apparently becomes 
illusory. By a peculiar artifice this difficulty may be over- 
come, and it happens rather singularly that in all these cases, 
the solution which is so obtained contains an arbitrary func- 
tion, and in general the solution is the most extensive which 
the question admits of. 


: ] 
(9). Given Yar= Vee : 
he : ] 
If we put ! for a, this is changed into ~~ = Wa, the same 
| . e 
as the given equation ; it is therefore impossible to eliminate. 
| "yee 
Let us now suppose ~r=aw : + b, 


which becomes the given equation when a = 1 and b = 0. 


e 1 e . e 
By putting — for w this is changed into 
@ 
\ 


So = are +0, 


° . e ] 
and eliminating / ~, we have 
x 


3 
1—a 


if b=O and a=1, this becomes a vanishing fraction whose 
value is any constant quantity c, and we have \14=c, which 
fulfils the equation. This is a very limited solution, but the 
following plan will lead us to much more general ones. 


Take the equation 
| 
Viz=av- +upa, 
” 
which coincides with the given one when v=Oanda=1; also 


mae : : : i 
px 1s any arbitrary function of 2; putting - for a, we have 


] 
Nee = On + Up-ys 
and by elimination, 
aie + pw 
Le id 
Yr? = 


}—a’ 


Let a become 1] + 0 and wv become O at the same time, 
then 


0 O 1 ] 
1—(14+2. O+0%) 25040 .—-2+0° = 2 


and the solution becomes 

3) 

p a + ~ A fh 
: wy L= me he A 
or changing the arbitrary function 
Yrs Pr + o- 4 
in which ¢ is indefinite. 
This solution is, in fact, pea more than an arbitrary 


symmetrical function of x ance at. and nay be expressed thus 


te Gaon), 


Precisely the same course of reasoning will produce the 
solutions of the following equation. , 


(10). W(@)=¥@—-2) 
Wa = x (4, a — ®). 


(10). va=+ (G=) yanx$s, oaet 


(12) 
(12). Y@=v “Sen? 4 vr=y}i, san} 


Lier 
a files Bet 
v ees & 


(14). eee Yex=y(a, a2), where a? x = 2. 


(13). 


(15). The objection which has just been stated occurs . 


and a similar mode of meee will obviate it. The given 
equation is a particular case of 


ve +av(+) =e+ ver, 


with which it coincides, if a=1l and v=0; ; putting as 
# in this, we have 


¥(. CoerapaNds i) 


and elimination produces 


Teen 


If v=0 and a=1, this gives 


y= o Prive ee 
Yi et ie o(-*4) 


in which the function ¢ has been changed into another simi- 
lar one. 


16. GivenW(1+2)4V¥(1) —a) =1— 2’, 
put +1 for a, then 


(13) 
Vrtv(2@—a=1-(@—lP =e@r- 2, 
this is a particular case of the equation thie 
YVrtav(2—a2)=2r—-aH# +092, 


with which it agrees if v=0 and a=1, changing x into 2@—« 
and eliminating | (2 — x) from the result, we find 


Oy yp? 7 (8 = 2? 
ee he x*7— a(Quzr ON iene a) | ony: 
1— @ ]1— a’ 
or 
Qx— x v 
ses ea eres r—ag(2—2 
Vea S + fpr ag@—nj—., 
If a=1 and v=0, we have 
vas 2S 4+ ou 92-2), 
: 1 nA 
(17.) Given ae | meee 
SBN ae RES i 
a 
put pe then ; -= c= 2 A 
ay Gita es lvaeiee 
: ar 


and the equation becomes 
1 
Wie + vy, 3 = 2, 


whose solution may be found by, the method just explained 
to be 


: j 1 
Wipe 1 tpg a 4 


hence 


1 
afer neh aE ee 


Is 
L+ px 9- 
& 


(14) 


(18). Required the equation of that class of curves 
which possess the following property, (Part IV. Fig. 1.) a 
given abscissa 4 B =a being taken, then the product of any 
two ordinates at equal distances from B, shall always be 
equal to the square of the abscissa a. -If y = ¥ x represent 
the equation of the curve, then the condition expressed analy- 

tically is 
V(a@—2#).V@ta)=@. 
Putting a — « for x, and then log \- (x) = \, 2, we have 
Vic +,(2a — x) = 2 loga, 


whose solution is 


wr = log a+ pr — (2a — 2), 


hence 
log Wx = loga + 6x — 6(2a — 2), 
and 
log a ox —o(2a—x) pins 
Wr =e x E x Ee => es 
€ 
and changing the arbitrary function ¢ into log ¢, 
Px , 
vw aris a —____—_. 
ve (2a — x)’ 
and the class of curves are comprehended in the equation 
ge a 
O{2 8 =D 


(19). Given the equation 


tvett+ fy G2)? = 


This is the equation on which the composition < forces is 
made to depend in the Mecanique Coeleste, p. 5. 


(15) 


Put \, x for (2) then it becomes 


Vert w.(G-2) a 6 


which is a particular case of 
We + av. o— v) =l+vu¢px. 
Substituting 5 ~ wv for x, this gives 
vis T 
“G+ +) +V,r=1 +09(Z-2); 


and eliminating W, G _ v) » we have 


Rye ea ge a9 (G-2)o 
l1+a le Sa Ve 


making a= 1 and v=0, and changing ¢2 in 2a, we have 


] T 
dimond est Gone) 


and therefore 


ene) 


In case the coefficient of az in the equation 
Wart frvaxr = fx, is of such a form that fx .faxv = 1, 
~ the denominator will vanish, and we must then have recourse 


to an artifice similar to that which has already been ex- 
plained. 


] 
(20). Ex. 1. Letyr + 2% a ie 


1 
put Wa + (+ ORRIN ae 


(16) 
which coincides with the given equation if v=0; then chang- 


: ‘ ] 
ing # into ~, we haves 
© 


Ry be + Coat vpn) Ne eon a 
x Hk di 


and by elimination 


vO" Dx 


ee penne ect easement eS en a 


rot ta—™PLEVGR.o- 
2 Lv 


and when wv vanishes, 


9 aah 9 (a). 


Vek ? 


1 “i 
| Dt eee 


The equation in this example may be solved differently, 
as follows. Multiply by «—” and it becomes 


1 
r—*Pa tay =, 
ie 
put Ve =r" Wa, then 


1 : 
Wt Vie ee 1, 


whose general solution found by a process already explained 
is 


1 ] 
Np 2) el Pe ED 
ng xX 


hence 


G hi F 1 
Wr tee = Ot FT ODS 


(17) 


This solution differs in form from that which was pre- 
viously found, but it may be proved to be the same by the 
following substitution ; since ¢ is quite an arbitrary function 


Cx = oG —29,r + 29, ), 


e oe 1 
this gives 21°" z + «1-6 x = 2 and (a) becomes 


bet 
vaae — a" ha + ah b=, 


exactly as the last ideas. 


(21). Giver 
x % : 
vat 34 Ga) 8 (@—1y- 1 
- PTR ae OA Ci eee Sn ase 
vr—] 1 ¥ ( x ee x 
x— 1 
put Wae2= coe “ae it becomes 
tipi 1 
V2 ee (ae re aes ned FP le ae ae 
which is a nr case of 
Wiat(at+ver)y, Ge ayo an ay 
with which it agrees, when a =— 1 andv = 0. 
Put—"— for x, then 
ea i 
wv, f+ (atve—)Wrs- (7. 1N— 1, 
r— 41 Hime ki 


whence by elimination, 


te 


(18) 
(w#—1)?— 1 l+at+vgr 
1—(a +92) (a +up 


Ae 
~*~) 


and when a = — J, andv = 0, this becomes 


Yee ) 
Pee (= i) 


and restoring the value of W, x, we find 


uci eal 
meni 


Vxr= 
(z St ne aus ea 
et be a OF =) 


x an Meee 
(22). Aas OIL ie 8 VAY - @) = 4; 


Ree vl ~a)or 
TEP Al ort tl Cl Wor 


this solution was found by pursuing the course so frequently 
pointed out: another but not a more general one may be 
obtained as follows: multiply by ./(1—2”); then 


Jl -v)yrpayvVd—#)= ev (1-2), 
putting /(1 — vy) r= vx, we have 
Wiwthwyv(l-a=2r/f/— 2"), 


whose solution is Y,7= aN + or@—G$YPl — x), 


hence 


(19) 
It would not be difficult to shew the identity of these 


two apparently different solutions. 


(23). Given the equation 
i mee See + Yi 2) ms 
YViva-xa)] AWwr) : 


<. Vx ie pe Ce a DI 
= RS ris Dy then vy, (1 RPE. rae 


and the equation becomes 
Wy, # zt WY, — 2) — 1 e 


whose general solution is 


put yz 


px 
bat ie) 
hence 
COE) oan (px) 


Ya) [7+ 60 — 2)f 
putting 1 — x for x, and eliminating y (1 — 2), we find 


f{@ay ed —a2)}? 


Me Le ee Deon) 


2 2\ 2 4 
(24) Given (Yay + (VS) =P Ef yr vs; 
divide by vey = then 
778s 
Wav M priiolaits Beh 
a Pig ee gah 


xv 


. v : 
putting Y,7 = —! this becomes 


_ 


iv 


(20) 


eh ye ees 
x a 
a particular solution of which is W, #=a*; hence 
We iy 
Tae Seyi OF Wye = 2 eat 


a 
ar 


and the general solution of this is 
| me 
Wit = 2X (G, <) : 


1l+ay- 
(25). Given Phd Pir es 1 + 2° 
mr a F 


_— 


ve 


x : 
» then the equation becomes 


Wie tatyo a1 4a, 


: . 
whose solution is W, x2 = ye 


gx taro: 
x 


~ hence e+ynr_ @+)eor. 
Li eae ere: 
es Pee ae 


e 1 e e e 
putting — for xv and eliminating Ws, we find 
. A © 


] 
A Te co ee 8 


1 
at | AP- +2 Gu 
: (a? +a7") pa. $= —o(payp—r-t(g -) ( x ) 


(21) } 
(26). Given (Wy x)". (Y — x)" — (Way. (y —x)y"= 2 05 

putting Y,7 = (Wx). — x)", it becomes 

; Wit —v,(- 2) = 2, 
whose solution is W,7 =a2 + x(a, — 2); 
hence 

(Yay .Qb — a). =a tx (@, =a), 

and by the process for eliminating  (— x), we shall find 


m 
1 als 
{x@, —2)—a}* 


(27). Given Vat fu. ax = f,2, where az is such 
a function of x that a? a = 2; putting « x for x, we have 


par+ far. .Wwr=feu, 
and by eliminating ax 
ba ait afr fer 
l—fax.faxr 


If fu.fav=1 and fv —fa.f,ax =O, then the solution. 
becomes a vanishing fraction ; also the general value of ia 


is in that case fix = (/(fx).f,(v, «%) and the equation 
becomes 


VatfrvavaJffa f(a, a2); 
] 


dividing this by ./(f x) and putting instead of %, 


its value 
My 
J/(f« x) derived from the equation fx .far=1, we have 
— f( fat). Vrt Jf2). par =f@ aa), 


which is a symmetrical equation, whose general solution is 


a Syne « &) - v 
Vf TEE His mega maces 


b) 


hence 


ye VEO LG ant Px 

prt pax 
(28). Given atbédxc=VG +52), 
1-3 


bE SG me Ue 


Ob 06 ar yi 
RET ee 3 


29), Given _——— = 
9) af b+ceba b+ceur 


‘bore aoe. 
he ye 2s pm 
+ ¢ xr 


a—b 


-=4(5): 


x 
T—(—1y 
i eG Os 


(30). Given 


a 


where # is arbitrary; it may therefore be changed into any 


e e xv 
symmetrical function of x and ep airts 


(31). The three last examples are particular cases of the 
equation 


ayxr=dat, 


whose general solution is pw = a". 


Gee 


(32). oe Hoy Gua : yeh (lata pi = Gye + sy)? 


4 itm ee 
l+ae 


(23) 


(38). Given ebar=Ja’u 


Witiss ds 


(34). Given pr+ay (>) = - 


is a periodic function of the third order, or of the 


: 1 
form « r=a; putting : 


wG= 


and in this again putting 5 


for x, we have 
Yi 


=1-—?, 


— for x, we find 


aX 
Ti 1] 
ao Tea at we hae 


. pra—}t-a-y+a_* be 


1+ a 1 
(35). Given Ya + (re Pee 


put sodas, for x, it becomes 


(LED) 03 (5s =) = Saks 


Again, put 2 2 for x, and we have 


NY (a) —-ayrL= ASoe 


(24) 


by eliminating NZ GAe>» (0? = 0) and ( a= z= 3) from 
these three equations, we shall find | 


eoriy itt eD hates 


lide (1 — 27)" 


(36). reer arm ay (te lig tld eee 


the function a a= 8 is periodic of the third eae’, “and by 


the process of elimination 


aga + geo (2) io 


32 
TF pea 1l+er ely GEE) 


gna Gos Given 


] 
pe Ve 
Via io 


: ] 
Putting ee = Re » we have 


ee v 7 45 = 4, 
whose solution is 
| ook 
a ties 
ay Prt Pp, x glee 
i rane 1 in 1 > 
ox +9 $op = 
1 xv x 
hence 
' | ace ee 
Brine +9- 
] b H x 
r= 1 
ap x *, Ot —, —— 
> 1-2 


(25) 


(38). Given Ye i peg ; “tthe 


— LV 


Putting y,« = log yz, we find 


Ww, 2 tM the = log (c’), 


whose solution is found inthe last problem. Changing ¢, 
into log ¢,, we have : 


am At Mare 8 gx .logc 
Sih Satria teat log iat sae EB 
?, ¢@r + p—_—__ + 6 ——— 
r l1—27/ . 


l1— 2 


Similarly if @ a be any periodic equation of the third order. 
(39). Wwart+wWvart+wWed’roa, 
has for its solution 


ry = BEE DET PO? 
OLE PaEr+ oae 
(40). Wa.War.Wwerae, 


has for its solution 


1 pv s~} 39x .log ¢ a 
Wa PIE re bee a ee ‘ 


(41). Given Wr + fr. Vax =f,a, where aa = 4, 
Putting successively a @ and «x for x, we have 
War +faxr.Var = fie 2'y 
War+ foerye =f) a? x, 


and eliminating Wax and \ a? x from these three equations, 
we have 


NP A Sie Sa ACM AC Te 
1 + fa fax pe 2 
t D : 


(26) | ay 
(42). Given wa + fx.paxn =f,a where aa =a, 
a similar process of elimination will Behr 


To (=Dfe Tae! fama 


(43). Given the equation 
1 + fr. (wrt par) -Wr.var=0, 


where aw is a periodic function of the second order, and fw 
is any function symmetrical relative to x and ax 
Wa.War—l 
Wr+ Vax 
‘consider we and Wax as two HEE and differentiate 
with respect to them, then 
d 74 we d Wax me 
and by integration, 


an—'Wer+tan—'*Ppar= 0 copes 


T® 


whose complete solution is 


n=? pr Tee | 
ve ~ ga + pad fx 


hence 
W # IAD an 
7 Chr + far Kee 


this process is analogous to one employed by. M. Laplace, for 
the integration of a similar equation of differences. 


* Journal de l’Ecole Polytecnique, Cah. 15. 


(27) 


(44), Given 


Ce Ger? 


1 
rie a "being a periodic function of the 4" order. 


Wat ¥G 


yrs 


RRNA 4 
1—x TF, xr+i 


| o\, — Sy a 
+ fo a 
eU— 2) Pi; 2 e+ 


(45). Given ue yy + (: ’ “) asl, 


Y@ pe tey 
(as y) +. ( “) 
tp Ly THIN > 
(40). WV (ay y) 2 re ’ ) Ys 

y pa, Y) 


Va = LE MERe 
9 (2, y) ahs — v) 


(47. Given Va, y) +a (Fea ; 
- 
(y=-N7"r¥ Oo YW) 


Wy (ay y) = 
' y 
p (4, y) ie (% yee -) 


sp 
dG) +¢ ~~) 


eas mi 
p+e x Br 


(48), Given Vv @; y + fa, pv (ars Baise. 


my aesne i 1 
V F(a, y) fits av, yy, B y); 


(28) 
where a*t = 2, 6? y = y and f(a, y) is sucha function that 


f(t f@e, By) =1, 


Se eee eS ea! 


hen ny (aes F(a; Sc We 5 mat Bye, y)" 


(49). Given “Via (t22 21) 
VAD OS Pike iD it 

(50). Given W(e 9) = (LD, LE Wy, Kt 
HD) = 6G) 


(51). Given We (a, Y= vi VA Vany)s 


Pea 


W (ry =x (ery +. y%, 


(52). Given v (a, y) = Vy, 2) 
YY =X Hy F Yorors 


(53). Given W (a, y) = (Z =) YG, x) 
W (ty y) =~ 9 (3, y) ==, 9 (w + Yy, ZY). 
weg +e oh 
tae rare ate 
(54). Given Neila ee ) FU agg a 
ne dix 


ee wh 
dx? ” 


differentiating Ms BS ( Sry ce 


(29) 


putting’ +—2 for x in the given equation 


dw (x — 2) 
I, pom fe dL de bal < see ABSSE 4 
and eliminating en =) | we have 
: 2 
bo _ Wwe 


whence by integration 
Yr = bcos x +c sing, 


and it will be found that ¢c =— 4; hence 
Wx =b (cos x — sin x). 
(55). Given ¥ (a, ) = Pip as 2) 
puta —y for y, then 


3 i dv (a, al het eB 
seid y= dae 


differentiate this-relative to x, then 


dW(r, a- y)_ @wW(a, y) 


dx eur a 
which being substituted in the given equation produces 
+ @wdesege. 


whose solution is 


YQ Y= Koy te" Pys 
pand ¢, being two arbitrary functions so constituted as to 
fulfil the given equation, in order to determine them, put 
a—y for y and differentiate relative to w, then 


See on ola —y) =e", (a— y) 


(30) 
hence 
oy =~(a—y) and ¢?,y =— 9, (4 — y), 
whose solutions are 3 
gr =x a—y) and gy =(a—2y)x,Y, a— y)s 
hence the general solution of the equation is 


Ww, y) = Fy (yy) a—y) Fe? @— 24) x. Ys a—y) 


A similar mode of solution is applicable to the three follow- 
ing equations. 


(56). Given vy (2, y= S (2; ) 


Y(t, yse Cae 2) eet is), 


ey ge d 
(57). Given wW (a, y) = VO eu 


Y@,y) = HY y s ) + EEO, i). 


(58). Given ¥ (4 y) = ca (vt, ay), where ey = y> 


Wes y) =e" Os ay) 8p (ay —~y oly ay). 


® 


(59). Given V(x, y) = dy (%, ay) 
| dx 
where a is such a function that aty = y. 


Substituting successively ay, ay, a?y for Yy we have 


dw (ay 4 a *Yy) 


V7, (ry a y) = Fa iy 


(31) 


h(a, aty) = Ses SM), 


dx 
W (a, oy) = LD, 
dw 


From the given equation ‘idl at may be eliminated 
| ; | 


by means of the second, and from the fale 


© 
may be eliminated by the third equation, and continuing this, 
we should find 


d* (xy Y) 


dxt  ” 


YO Y= 
the solution of this equation is 


Va, ysipy +e" yt sin ©. doy + COSL. P, Ys 


b> di» Pas 3 Must be determined so as to satisfy the given 
equation, taking the differential and putting «y for y, we 
have, qa 


one “Y) pay —e—*h, cy FCOS H.-P, cY— SINT. Gay 
av 


the first condition to satisfy is 
PY = PAYs 

which gives 

py =xY “Ys a yy ay); 

the next condition is 

piy=—iry 
whose solution is 
oy = (@y —ey tay — YX ey CY, Oy 

the other two conditions are 


Poy =— Py tYy and $,y = ¢.%Y 


(32) 


putting ay for y in the second of these it becomes ¢, ay = 
¢, «y and this substituted in the first gives, 


poy =— G2 Ys 
whose solution is ¢,y = (a? y — y) x. (Ys moe a’y; ay) 
hence 3 
Py = (ay — ay)x, (ay, Py, ay, Ds 
and the general solution of the equation is 
Y@D=XG ay Oy FY) + 
+ eT*(@By— ary tay—y) x, (Ys ay, Oy Py) + 
+ (ey — y)X, (% Ys ay, @y) sin ® + 
+ {chy — ay) Xa(@ yy’ ey, ay, y) COs 2. 


(60). _ Given the equation yy (a, y) = Send, 
we 


where.a is such a function that a” x = 2. 
This equation may be reduced to the solution of the partial 
differential equation 


dP" (xy Y) 


a (ry y) 5 dP 


3 


and the arbitrary functions of y which occur in its solution, 
must be determined by the conditions of the equation. 


(61). Given the equation 


dw(a—a, y)_  dw(a, b—y) 
dy os dx “ 


put a2 —2 for 2, also b—y for y, then we have the two 
equations 


(33) 


dNy (2, y) dale girs bom Yo 
dy | dav 


dv (a—a, b—y) _ dW (@, Y) 


ee YG 


If the first of these be differentiated relative to y, and the 
second relative to x; then the right side of the first resulting 
equation will be identical with the left side of the second, 
and we shall have 


d* vy (a, Lge” Or (rs ”, 
dy? dx 


the solution. of this partial differential equation is 


ares y= Sb (a i y) +o, — y)3 


the two arbitrary functions must be determined so as to 
satisfy the equation; we have 


dy (a se bet (a—-xrt+y)—-¢,@—7-¥y) 
bal id Bote | 
ee “Da PSbtr—WM4 Gl ste ty. 


p and dy being: the differential coefficients of es and ws iene 
two expressions must be identical, hence 


| ((a-r—-ph=P?bta—y), 
and 

hae tisccsgori nqeat (SO Fe Fy), 
the elitrons of which ean are . We 

eo (w@ty=xyi tty a F-8y}, 
and 
yeep a @—b- 82 2m LPF, TSP DL, 


and substituting these values, we have 


TE 


(34) 
V(x, y) =fde + dy)y{TFy a—b— c—y ht 


+f (de—dy)(a—b—2x—2y) x, fa—y, a-b-Qa+2y}. 


(63). Given the equation 
4 pe 
dw (:, ) E76 ’ y) . 
dx dy 
Put fa y and differentiate relative to 2, then 
y | 


P(e y) #u(G>.) 
Wey he - dxdy 


e } \ e z e e 
Again, put- for x, and differentiate relative to y, then 
x . 


aG we fun way Y) 


i qdadape © dy? 


hence 


d* sr (hy. 9) ea WL (a, y) 
dy? Tae d x? 


the solution of this equation of partial differentials is 
Y@,y) = ro) + $, (vy): 


to determine the form of ¢ and ¢,, we have 


vo) 
du 


daSises 2 


= (ry) + vy (vy) <i “H, € ie 


digg (4) 


vY 


(35) 


In order that these two expressions may coincide, we must 
have 


| as et 1 ba 
P(ry) + ryp CD iga ae ey, 


$, () = 49 (): 


The first of these multiplied by d(x y) may be put urider the 
form 


He neeine ear Tobe (zy) = to(2) 


whose integral is 
2 
rygo(ry) =o ( — 
yo@y=o(>)> 
the solution of which functional equation is 


1 (<3, a) 
3 p (ry) ant y; oa 


the solution of the second equation is 


iQaViuGi 


employing these values of p and ¢,, we we 
Mi eigg oe (20d 
ity x= Vury.Xx C. v) + 
Fe 


sacey. (5) x ry, ce 


(cay Ten ey SRS CE ST AS a 
RAG ax Side Mide 


where a?y = y and 6* x = wv a process nearly similar to that 


by which the two last equations were solved will lead to the 
partial differential equation 


day BN (es y) dpa By (%y Y) 
dy dx Cay dy? 


(64). Given Waa =WVwWe = Ye. ; 


It is evident, that whatever be the form of a, this equation 
can always be satisfied by assuming x = «2, hence the 
solutions of the following equations, 


W(-a“= Va Lr=—w@ 
+ eee 
be ——) = ye al ate 
Le Dee ya te Ss Nae ee 
y/ 7 ai va=4/ pens 


(65). Given Va —2)= V8 x. 


Put’ gal Oo boa ores 
then yY*x= foo ‘fou =o 'f or; 
and Yir= og’ Pogo for =p" f oa, 
and the equation becomes 
o-'foQa—al=g—-i fi pa. 


This equation may be satisfied in the following manner: by 


making f a periodic function of the second order, we have 
f°’ v =v, and the equation becomes 


of (2a — 2) = o—'foa, 


or 


p2a—-awy= ha, 


(37) 
-This is satisfied by making @ any symmetrical function of # 


and2a—a. Asan example take fv =— 2, also 


Pr HLi%a—-ULS2ar— 2x, 
then 
Oe rb med f(v— X}, 


and 


vraeo'forzazi/e——_, 


(66). Given vy G Bs a) Wa 


at 


Vr=g—'fpx where ¢ and f are determined by the 
equations 
ye 


ene 
r= z and f*?x=V7. 
p a i ahi 


(67). Given Pax = V4, where a*¥ =v 
putting ~ 2 = @—'fo2, we have 
o—'fpar=o~'f? es 


determine ¢ from the condition ¢r=@awx; hence, | 


and let f be such a function that f? x = x, then the equation 
is satisfied. _ 
(68), Given YW? av = Wx where g >p and a’ = 2, 
the substitution ¢—1/@-x instead of W will give, 
p—'fPpax=go—' fi pe, 
and this is satisfied if oa = x(a, «2, a”—'a), 
and also f7—?v = v, for it then becomes 


p—'frpar=p—'froa, where $v = hax. 


(38) 


If in a function of two variables, as W(x, y), we sub- 
stitute the function itself instead of one of those quantities, 
the result is denoted thus, 


VY ja, V(a, 4¥) ita uae 625 Y¥)s 
Yiv@ yy} =v", y 


if the function itself is substituted simultaneously for x and 
¥y, it is denoted thus 


Viva, y), V@ y) tre yi? (a Y) 


(69). Given p>? (x, ¥) =4, 


By means of the substitution ¢—'f pz, for 2, we are 
enabled to reduce functional equations of any order to those 
of the first, a substitution nearly resembling it, will be of 
equal value for those which contain two or more variables, 
by assuming 


Vit, y) =O" f(A, OY) 
we have | 
V7 (a, Y =P "FL PO "Fx, OY)s GP'S PY) $ 
= G—'f (Pay PY) 
and substituting this value in the equation 
ofr Gr, oy) =a. 


Put @—'« for a, and @—' for y, also taking the function ¢ 
on both sides 


fF? (ty Y) = pa. 
If therefore we are acquainted with a particular solution, 


5 0 A 
we find the general one ; let the function 4~ be tried, then 
y 


frre, ae Qe = oa 


y 


hence A=®a, and the solution is 
an (ts 
v(t y) = Catz 


a variety of solutions may be found of different forms, such 
as 


a(zy y) 
b(t) 9) = se GE), AY gan ier gi)? 


where e@ and # are any two homogeneous functions of the 
same degree. 


‘ 


(70). If Vy) = ax bby, 
then >" (vz, y) = (a+ 5)"—'(ar + by), 


(71). If (a, y) is any homogeneous function of 2, 
and y of the degree x, 


then 


pas | yee nn? 


vhf ia, yy= iv, y) }" xiv, Lite 


(72). Given Wp? (a, y= VW (a, Y); 


ve, y) = 4 jee $ (1)- 
G) 


yp 
(73). Given 
Wi 1 
Va, y= (4, y) + ——— VQ, rite 


(40) 
f(t, p= 2G) 4 @ +e) 
eae Gaye. 29 (2) 7 
(74). Given W77(a, ¥) = Tay re 


] + (ay) 


yo aaa ye 


vie digs yo) + x? 6G (<a 


(75)... WG g) = F W (2, 9), 


| an a(t, y) 
Mah NE 


provided a and f are bahitgédlous with respect ~ wand y 3 
the first of the x + 1 degree, the second of the n"’, and also 
at the same time a(1, 1) = ACI, 1). 


(76). Given WV? (x, y) = Fv (a y). 


Another solution of the same equation is 


i a(Ly y),, 
ho MEGS) 


where a and # are two such functions, that when w = y, we. 


have also 


a(x, y= P(x, y). 


(77). Given yes (3,4) = VAs 


W (a, ne Sa- (= des be 


(41) 


a 


(78). Given "(x y) = f(a y)}” 


WV (a y)= Jarno (yt 
(w+ 2 
| t+y)o ¢) 
(79.) Given V*¥ (x, y) = {V7 (2, 9) e 
Va y= eC) + ae At) a 


20) § v 
(80). Given W*3 (x, y) thee 
y 
ji # 
+ oz 
WY (2, y=o7" a " ~ 
oS ey | 


(81). Given xVW'? (2, y =y' @, Y)s 
put ¢—'f(¢x, py) for Ya, then it becomes 
rp *f'r(pa, oy) =yo f(r PY)s 
putting ¢—'s for «, and ¢—'y instead of y, we have 
o'r. gf (ayy) =O—'y- GF (as 5 
if f¥* (a, y) =y, and f?' (a, y) = 2, this equation, becomes 


identical ; but making f(x, y)=a—a2—y, these two equations 
are verified ; consequently the general solution 1s : 


V(t, ¥y) =¢—'@— or — Py). 
(82). Given '* (a2, y).v*" (2, y) = ry, 


Yeg) =o7 (4). 


pr. py oe 
(83). Given xv? (a, y) = ay’ (x, y)s 
VQ, y= o-" iy ae PY) 


TF 


(42) | & 


. 


Various methods for the solution of Functional Equations 


may be found in the following writings : # 
Speculationes Analytico Geometric, N. Fuss: Mem. de 

Acad. Imp. de St. Petersburg, Vol. IV. p. 225. 1811. 
Memoirs of the Analytical Society, p. 96. 1813. 


Observations on various peu of ee Phil. Trans. 
J. F.W. Herschel. : 


Essay towards the Calculus of Pisnctions, C. Aree 1815. 
Ditto, Part II. p. 179. 1816. 


Observations on the analogy which subsists between lie 
Calculus of Functions, and other branches of Analysis, 
Phil. Trans. 1817. p. 197. C. Babbage. 


Spence’s Essays, 1819. Note by J. #. W. Herschel, p. 151- 
Annals of Philosophy, Nov. 1817. Mr. Horner. 
Journal of the Royal Institution. C. Babbage. 
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